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PREFACE 


THE present volume is the outcome of the teaching of electricity and 
magnetism to senior students during a number of years, and the 
attempt has been made to give such students an adequate knowledge 
of the present state of the subject, with due reference to the historical 
sequence of its development, and to the effect of modern research upon 
it. In dealing with the latter phase, the choice of what to use and 
what to leave presents great difficulty, but the idea has been kept in 
view, to incorporate that which forms a part of the general scheme, 
and at the same time has come to be looked upon as firmly established 
and not likely to be greatly modified in the near future, 

The order of treatment is one that appears from experience to be 
the best, and at the same time copies to some extent the derivation of 
the units on the electromagnetic system, ‘Thus, the transition from 
magnetism to current electricity, and from this to electrostatics, 
presents a gradual development of ideas built in the first place upon 
magnetic phenomena. ‘The theory of electrolysis takes its place after 
electrostatics, since in dealing with it, a knowledge of a quantity of 
charge is essential. The order of the remainder—electromagnetics, 
alternating currents, waves, current in gases, radioactivity, ete.—with 
a final chapter dealing with some of the results of the electronic theory 
does not call for special remark, 

The dividing line between what is technical and what is not, is 
becoming increasingly difficult to draw. - Without in any case giving 
details or design of machinery, it has been attempted to elaborate the 
principles involved, so that a student should subsequently have no 
difficulty in following work of a more technical character. No apology 
is offered for using the methods of the differential and integral cal- 
culus whenever it appeared that an advantage was gained by so doing, 
since it is imperative that a student who wishes to pursue his studies 
in electricity must have so much mathematical equipment. Endeavour 
has been made throughout to present clearly that a differential 
coefficient. is a rate, and an integral a summation. The few simple 
differential equations that it is necessary to solve have been treated 
very fully and should present no difficulty. 

The very greatest indebtedness must be expressed to the standard 
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works, such as those of Professors Gray, Ewing, Rutherford, and Sir 
J. J. Thomson, to which every student of electricity owes so much, 
and also to those lectures given in the Royal College of Science, 
London, by Sir Arthur Riicker, late Professor of Physics there, to 
whom the author owes his first advanced knowledge of the subject. 
But thanks are also due to Mr. G. Dean, M.A., and Mr. P. R. Fried- 
laender, of the West Ham Municipal Technical Institute, the former 
for valuable suggestions in the chapter on Electrolysis and the latter 
for the curves from which Fig. 333 is made; also to those firms and 
publishers who have so kindly lent diagrams. 


SYDNEY G, STARLING. 
West Hax, 
July, 1912 


PREFACE TO THE FOURTH EDITION 


Wuite the main part of the book has been altered very little, the 
latter part has been modified to bring it more into accord with the 
developments which have been made in the last ten years. Some 
account of positive ray analysis, isotopes, and the modern theory of 
the atom has been included. 

Great indebtedness must be acknowledged to those who have 
pointed out errors in the earlier editions and have made suggestions 
for alterations. 


8s. GS. 
Wersr Ham, 
1923. 
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CHAPTER I 
MAGNETISM (INTRODUCTORY) 


Magnets and Magnetic Poles.—The original observations which led 
to the development of the study of Magnetism are—the setting in one 
particular direction of a piece of lodestone or magnetite when freely 
suspended, and the picking up of small pieces of magnetite or iron 
by a larger piece of magnetite. Further, a similar polarity is pro- 
duced in pieces of steel by the simple process of rubbing from one end 
to the other with that part of the magnetite where iron filings cling in 
greatest quantity. The piece of steel will then set with one particular 
end pointing approximately north when suspended so that it is free to 
turn in a horizontal plane, and it will easily pick up iron filings. 

A knitting needle may be used for the purpose of the above experi- 
ment, and by magnetising several such needles and suspending each of 
them in turn in a stirrup supported by a single silk fibre, the ends 
which point to the north may be determined. These ends are called 
the north-seeking poles, or, more shortly, the N poles of the needles ; 
the other ends are of course the south-seeking or S poles. Jf then one 
of the needles be suspended and the poles of one of the others brought 
in turn near its poles, it is at once seen that two N poles repel each 
other, as do two S poles, but that a N pole and a § pole attract 
each other. 

When two magnetic poles are brought near to each other, the force 
between them is the most important guide we have with regard to the 
strength of the poles; in fact, we can only define an equality between 
two poles, when they experience equal forces on being brought in turn 
into identical positions with respect to a third pole. If we follow out 

this conception and imagine a number of equal poles to be produced, we 
shall then see that by combining these arbitrary unit poles, which we 
will imagine to be all of one kind, to form two poles A and B, the force 
between A and B is proportional to the product of the number of units 
in each ; for if either be increased n times by the addition of more units, 
the force is also increased n times, provided that the force between any 
two units is in no way affected by the presence of other poles. Experi- 
ence tells us that magnetic forces are in this respect like gravitational 
forces ; the presence of a third body does not affect the force between 
B 
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any other two. Hence we may say that the force between two magnetic 
poles varies as the product of their strengths. 4 

The Inverse Square Law.—The law of variation with their distance 
apart, of the force between two poles, must be determined experiment- 
ally. But here again a consideration of the case of gravity helps us. 
If we imagine two magnetic poles each concentrated at a point, the force 
between them will vary inversely as the square of their distance apart. 
The experimental proof was first undertaken by Coulomb, who, using 
his torsion balance, showed the law to be true within about three parts 
per hundred. 

A similar degree of accuracy may be obtained with the Hibbert 
magnetic balance, but all these direct and simple proofs are made on 
+he assumption that the poles of magnets are situated at or near definite 
points close to the ends of the magnets, whereas this is never the case. 
In the experiment of picking up the iron filings or of approaching one 
magnet to another to observe the force between poles, it is evident 
that the magnetic effects extend over large parts of the surfaces of the 
magnets, being very small or zero near the middle and increasing 
towards the ends. The conception of point poles, however, is a very 
important one, and we have every reason to believe that for such poles 
the jaw of force is the inverse square law ; that is 


MMo 


Force = k 5 
r 


where m, and m, denote the strengths of the poles measured in any 
arbitrary units and r is their distance apart. If the N pole be given 
a positive sign and the S pole a negative one, it follows if k is positive 
that a positive force is a repulsion, whereas an attraction is negative. 
The direct experimental proof of this law is impossible, but we shall 
see on p. 9 that the experiments of Gauss establish it with a fair 
degree of accuracy. The most important reason for accepting the 
truth of the law lies in the fact that, without exception, effects calcu- 
lated on the assumption of its truth are in accordance with experimental 
results, always within the limits of accuracy of which the experimental 
work is capable, 

Units.—In choosing our units, those of force and distance are 
already fixed for us on the scientific system, otherwise known as the 
Centimetre-Gramme-Second system, It is therefore most convenient 
to choose our unit of magnetic pole so that the constant k in our equa- 
tion becomes unity, and this will be the case if the unit values of 
m, and m, are such that the force between the poles is one dyne when 
their distance apart is one centimetre. The medium in which the 
poles are situated will not be considered at the present time ; they will 
be assumed to be situated in vacuo, or what is nearly the same 
thing for magnetic purposes—in air. Thus the unit pole may be 
defined as the pole which placed in air one centimetre from an equal 
pole repels or attracts it with a force of one dyne; and for the force 
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between any two poles whose strengths are measured in terms of these 
units, 


Force = “1 dynes Peed we! oh (1) 


Magnetic Field.—Relation (1) by itself is of very little use ; we can 
only find by means of it the force on a pole when the magnitude and 
position of all other poles are known. ‘These are never known in any 
real case; in fact, the force may not, strictly speaking, be due to 
“poles” at all; and yet it is very important to be able to express the 
force on the given pole in terms of external effects. The resultant of 
all forces acting on the pole for any given arrangement of magnetic 
bodies depends upon its position; and if the pole be a N pole of unit 
strength, the force upon it is called the Strength of Magnetic Field at 
the point, or the Magnetic Force, or Intensity, the symbol usually used 
to denote it being H. 

It follows that the force on any pole of strength m is equal to Hm, 


or ete 2 we at -. . (3) 


It must be noticed that H is a vector quantity like a force, and is 
subject to the law of addition of vectors, sometimes known as the law 
of the parallelogram of forces. 

We can now calculate the magnetic field in several simple cases, the 
general process being to imagine a unit N pole to be placed at the point 
at which we require the field, calculate the force upon it due to each 
known pole, and then find the resultant. 

Thus the field at a distance r cms. from a N pole of strength m 


is + a ; for putting m, = + m, and m, = + | in equation (1) we have 


Fe = the strength of field required. 


Field due to Magnet.—Case (i). d 

Let the point P (Fig. 1), at which nti, ia aah la ia > 
the field is required, be situated on the 
line joining the poles of the magnet <--27--> 
and at a distance d from its middle Fig. 1. 


: lt m be the strength of pole of the magnet ani / half its length, 


pielg at P due to N = at 
m 
” ” ”D ; Ss — i (a+ oF 
Since these two are in the same line, 


4 a m ped m i 4mld 
Resultant field = @—Tl @+t cS (e— Py 
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If the length of the magnet is so small that P is negligible in com- 
parison with d’, 
4ml 
Resultant field = So 
Case (ii). 


P being situated on a line bisecting the magnet at right angles 
m 
(Fig. 2), the field PA due to N has strength 


+P 
since PN = V2 +P. 
Similarly field duetoS, PB= 


m 
The resultant field is evidently PR, and from the 
geometry of the figure we see that 


PR NS 
PAS EN 
NS 
or, JRA eel PN 
m al 
thus, resultant field = PLE VEL 
2ml 
= (# +R 
As in Case (i), if J is small in comparison with d, 
2ml 


resultant field = 


ab 

Magnetic Moment.—We are now in a position to deal with the case 
of a suspended magnet, free to turn in a horizontal plane. Such a 
magnet comes to rest with its N pole pointing 
H north. The magnet is evidently situated in a 
magnetic field, known in this case as the Earth’s 
Field ; and assuming this to be equivalent to a hori- 
zontal magnetic field of strength H, the N pole of . 
the suspended magnet experiences a force + Hm and 
the 8 pole a force — Hm, the two giving rise to a 
couple whose turning moment is equal to either 
force multiplied by the perpendicular distance AN 

between them (Fig. 3). 


“. Couple = Hm(AN) 


Hm. NS. sin 6. 
This couple vanishes when the magnet has a position 
Fig. 3. parallel to H, the magnetic meridian, that is when 
§ = 0; which explains the setting of the compass 
needle in a N and § direction. 
The expression for the couple acting on the needle consists of three 


ll Wl 
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parts, H Pavading on the Earth, 6 on the position of the magnet, and 
m.NS depending on the magnet itself. The last quantity is called 
the magnetic moment M of the magnet. In the case of a fictitious 
magnet consisting of two point poles, it is the strength of pole multiplied 
by the distance between the poles, but the definition of magnetic moment 


from the expression 
Couple = HMsin@. . ..'. . (8) 


does not depend upon any such fiction, for any magnet may be 
suspended in a magnetic field and the couple required to maintain us in 
a given position measured, and M therefore found. 
If the magnet be thaintained at right angles to the magnetic fla, 
@ = 90° and sin @ = 1. 
*, Couple = HM, 


and we may from this, define the moment of a magnet as the couple 
required to maintain it at right angles to a magnetic field of wnit strength. 
We see that the expressions for the field due to a magnet become , 


, 2Md 2M 

Case (i) (2 — FP or "2 
M M 
Case (ii) (+i or = 


where M is substituted for 2ml, the length of the magnet being 2. 
An ordinary magnet cannot be said to have any definite length, as the 
pole is a collection of point poles, but if situated in a uniform field, the 
centre of force for all the parallel forces may be found, just as in 
a case of finding the centre of gravity of a body, and the distance 
between these two effective poles multiplied by the strength of either, 
may easily be seen to lead to the same definition of magnetic moment 
as was derived from the consideration of the couple in uniform field. 

The Magnetometer.—The position of equilibrium of a magnetised 
needle suspended in two magnetic fields at right angles to each other 
may now be found. 

H and F being the strengths of the respective fields and M the 
magnetic moment of the magnet, MH sin @ is the couple tending to 
rotate it into the direction of H, and MF sin (90° — 6) = MF cos 6 
is the couple tending to rotate it in the direction of F (Fig. 4). The 
needle is therefore in equilibriura when these couples are equal, i.e. when 


MH sin We = MF cos 0 
or, i f= tan 6, 


The same result might have been obtained by remembering that the 
magnet will set in the direction of the resultant field, and that the 


resultant is inclined at an angle tan 32 to the field H. 


The field F may be due to a variety of causes; later, when 
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considering galvanometers we shall have to treat it as due to an 
electric current in a coil of wire, but in the present case we may con- 
sider it to be due to a bar magnet. 

The magnet being situated E or W of, and at a distance d from, the 


pe Wa ees 


(ii) 
Fia. 4, Fig. 5. 


suspended needle O (Fig. 5, i), the field at O, due to the magnet, is 


ae and hence the needle O will come to rest when at an angle 6 to 


its position of equilibrium with the magnet absent, 


2M 
Then, GH = tan 6, 
MM sd? 
or, ii mS rm) tan 6. 


If the position (ii) be employed the magnet is situated N or S of 
the needle but still pointing E and W. 


M 
Then, PH = tan 6, 
or, =@° tani: 


If the length of the magnet is not so small that its square may be 
neglected in comparison with the square of the distance between the 
magnet and the needle, the more exact formule must be used, #.¢., 

(er) 
ed 


Case (ii) Ht (@ +P)! tan 0. 


Case (i) tan 0, 


Sas 


Fig. 6 shows a common form of simple magnetometer for carrying 
out the measurements of deflection. The needle is a short one and is 
attached to a light pointer, which may be a fine piece of aluminium 


L MAGNETOMETER 7 


wire, or a piece of glass tubing drawn out fine while soft. The sus- 
pension may be a silk fibre, or a needle-point bearing in an agate cup. 
The whole instrument is placed so that the ends of the pointer are 
at 0° — 0° on the scale when no deflecting magnet is present. 


Fia. 6, 


There are several sources of error, but their effects may be eliminated 
by taking a series of readings, provided that the errors themselves are 
small. 

(a) The point of suspension may not be at the centre of the 
circular seale, and therefore both ends of the pointer are read. 

b) The deflecting magnet may not be symmetrically magnetised. 
To eliminate this error the magnet is turned over so that its N and § 
poles change places and the readings are again taken. 

(c) The point of suspension may not be at the zero of the long 
straight scale, and therefore, the magnet must now be placed at an 
equal distance, according to the scale, on the other side of the needle 
and the previous readings repeated. 

In this way eight readings are made and the mean is free from the 
errors mentioned. In making the instrument care must be taken that 
the pointer is at right angles to the needle. If this be not done the 
zero line when the instrument is set up, will not be at right angles to 
the meridian, and the magnet will not be in such a position that the 
fields due to earth and magnet are at right angles. Consequently our 
equations do not apply. In order to make sure that the line joining 
the ends of the pointer is at right angles to the magnetic axis of the 
needle, the needle should be suspended and the positions of the ends 
of the pointer marked. Then the system should be turned over and 
suspended from the other side. If now the pointer covers its first 
position it must be at right angles to the magnetic axis, but if it does 
not, it must be bent or in some way moved until it indicates the same 
reading whichever way up the needle is suspended. 

By taking various distances and using Cases (i) and (ii) in turn, the 
relations a4 & tan 6, and Ms 

NHN 2 ; H 
short enough, the more exact relations, may all be verified. 


d* tan 6, or, if the magnet is not 


M 
Again, since the quantity a has been found, we may, by changing 
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the magnet for another, find the ratio of the two magnetic 
moments, 
M, 


M, 
a= d, tan 6,, = = d,* tan 0 


Ha 
. M, _ d;° tan 6, 
“"M. dS tan 6, 
or, by using the same magnet and transferring the magnetometer from 
one place to another, we may find the ratio of the earth’s horizontal 


magnetic fields at the two places. 


M 
- = d,°tan 6, i: as d,° tan 6, 


2 
, H _ 4,’ tan 6 
“OAL oe Gennes 


The form of the moving part in the simple magnetometer does not 
allow of great accuracy in observing the deflection, for the thickness 
of the pointer itself is quite a large fraction of the size of a division of 
an ordinary scale of degrees, and although error due to parallax is 
avoided by fixing the scale on a piece of plane mirror so that the eye 
may always be kept vertically over the scale, the image of the pointer 
in the mirror and the pointer itself being made to coincide, there is 
still the fact that the thickness of the pointer is perhaps 3, of the total 
deflection to be read. To make the scale larger would mean using a 
longer pointer, and thus a larger apparatus ; the increase in weight of 
the pointer would require a stouter support, which again would mean 
a loss of sensitiveness. What is wanted is a long weightless pointer, 
and fortunately this is exactly what we have in a beam of light. As — 
the method of a reflected beam is\so largely employed in the case of — 
galvanometers as well as for magnetometers we will consider it some- 
what in detail. 

Fig. 7 is a plan of the arrangement. F is the filament of some 
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form of electric glow lamp, and its position is near the principal focus ‘ 
of the lens L, which is merely a condensing lens, to bring the light 
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from the filament into a suitable direction. The magnetometer mirror 
is usually concave, having a radius of curvature of about a metre, and 
produces upon the scale S an image of a vertical scratch upon the lens. 
The magnetic “ needle” consists of a few pieces of magnetised watch 
spring attached to the back of the mirror as shown at M’. The dis- 
tance LS upon the scale, where L is supposed to be the middle of the 
scale, is a measure of the deflection, and for many purposes this is all 
that we require. But if the actual angular deflection is required the 
distance LM from the mirror to the scale must be found; and thus 
remembering that the reflection occurring at the mirror doubles the 


. ; : : : SL 
rotation of the beam of light, actual rotation of mirror is } tan™’ LM’ 


In most cases the deflection is so small that the angle and its tangent 
do not differ greatly, and then we may take the deflection as propor- 
tional to SL. Sometimes, instead of the lamp and lens we have a 
telescope, and in this case (Fig. 8) the suspended mirror is plane 
instead of concave, the telescope being focussed upon the image of the 
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scale in the mirror. The position of the cross wire in the eye-piece as 
seen upon the image of the scale, enables us to observe the deflection 
of the needle. 


Gauss’s Proof of the Inverse Square Law.—The two expressions 


for the strength of field near a magnet, ae Bp Case (i) and 


M 
@+Pi for Case (ii), are both obtained on the assumption of the 
hin square law, and the resulting equations for the magnetometer, 
— Pp 1 
Ht See tan 6 and - = (d + P’)! tan @, also in their turn depend 


upon the truth of the law. 
| In either case, if we measure @ for different values of d, we may 


-M 
Prove the constancy of it and thus demonstrate the truth of the inverse 


‘square law. It should be noticed that / the half-length of the magnet 
is not accurately known, since the poles are not at the ends, neither 
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are they point poles. However, / may be found to a first approxima- 
tion by taking two readings for 6 and d, in one case, and equating the » 


values of a obtained. We then have an equation in J, and this may 


then be calculated and substituted in the other determinations. This 

method is only an approximation ; it is better to use an exceedingly 

sensitive magnetometer so that reasonably accurate readings of the 

deflection may be made, with a magnet so small and so far distant that 
3 


M d M 
the relations Fe eet) tan 6, and i d® tan 6, may be used. With a 


length of magnet of 4 cms. at a distance of 50 cms. from the needle, 
d? = 2500 and ? = 4, and thus the error involved in neglecting ? in 
comparison with d? is about 0°16 per cent. In an actual case this caused 
a deflection of 15 scale divisions, with a probable error of one-tenth of 
a division. It is thus seen that the error introduced by neglecting 7 is 
decidedly less than the unavoidable error in reading the deflection. 

Employing the position of Case. (i), Gauss observed the deflection 
for a given magnet at a given distance. He called this the “A” 
position. Next placing the magnet in the position of Case (ii), which 
he called the ‘“ B” position, the deflection is again observed. 


3 
Since, a ie tan 6, ... (A), and ae: tan @, ... (B) 


2 
it follows that a = 
tan 6, 


if the equations are correct. If the law of attraction were an inverse 
law of any other power than 2, let us say n, it may then be shown that 
tan 6, 
faneo 


For, referring to Fig. 1, ‘é 
t 
Field at P due to N = @— 


Field at P due to 8 = aay 
+, resultant field 
_, @tr-(@=Iy 


= (@— Py 
: iy 1\ 
eo a) ee 
is (d? — 7)" 

nb n(n—1) P nl n(n—1) P 
_,ltat ta at 1 +7- 
ee 

nb n(n —1) (m—2) B 

ee, sieag Sh so 
ee 1Ie2Rs d® t 


Ces 


ise LINES OF FORCE 7 


PB P 
, and higher 


d 


l st eee ‘ tl | ee, 
powers of — are negligible in comparison with 7 and the expression for 


Now if FP is negligible in comparison with d’, then 


d 
the resultant field simplifies to 
2mln. nM 
d” +1 = qrti 
For the “‘B” position of Gauss, referring to Fig. 2— 
m 
 (P+PE 
m 21 
.. resultant field = —. a 
(? +P) (+0) 
% 2ml 
i (2 + py 
Tf now ? in the denominator be neglected— 
; 2ml M 
Field = wri = al 


and it follows that the deflections in the “ A” and “B” positions of 
Gauss should be so related that— 

tan 0, _ 

tan 6, if ‘0 


In-the original paper of Gauss’ the couple is calculated for any 
relative positions of the two magnets, and for the purpose of the ex- 
periment is reduced to the simple forms of the “ A” and “ B ” positions. 
d varies from 1'1 metre to 4:0 metres and the deflection from 1° 57’ 
24:8” to 0° 2’ 22-2" and the values calculated on the assumption of the 


law F « 


a agree with the observed results to within a few seconds, 


thus proving that the force varies as the product of the pole strengths 
and inversely as the second power of their distance apart. 

Lines and Tubes of Force.—A field of force such as a magnetic 
field, a gravitational field, or an electric field may, as we have seen, 
be completely defined at every point in terms of the force which would 
be exerted upon unit quantity of magnetic pole, matter, or, as we shall 
see later, electricity, if placed at each point in turn. If we imagine 
a free N pole placed at any point in a magnetic field, it will experience 
a force in the direction of the field, and on allowing it to move freely 
it will evidently follow a path whose direction is at each point the 
direction of the field. Such a path is called a line of force. The 


10. F. Gauss, Poggend. Ann., 38, p. 591. 1833, 
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conception of a line of force is important, as it naturally leads us to 
look to the medium in which the poles are situated, for the explanation 
of the forces between them, and it is this fact which makes the work 
of Faraday of such enormous importance. If at each point of the 
field, lines of force be drawn so that the number of lines per square 
centimetre is numerically equal to the strength of field at the point, 
and the process continued, it may be shown that such lines are con- 
tinuous curves, since they satisfy the same condition as the stream 
lines in the space occupied by a moving liquid; in fact, their resem- 
blance to such lines is a very close one. Owing to the discontinuity 
of such lines in space, it is sometimes preferred to surround each line 
by a tube, such that the tubes touch each other laterally and fill the 
whole of space. Thus the lines or tubes of force, by their direction, 
indicate the direction of the field, and by the closeness with which 
they are packed (number per square centimetre) the strength of the 
field. These tubes are not identical with the Faraday tubes of force, 
which will be described in Chapter V. 

If the tubes or lines be endowed with the property of being under 
tension or tending to shrink in length, and at the same time to expand” 
laterally, just as tubes of a solid material under tensile strain would 
do, the forces between poles would follow ; but we must be careful 
not to push the analogy too far. Although the idea may be a useful 
one in concentrating our attention upon the medium rather than the 
poles, we must at present keep quite an open mind as to the material 
structure of the medium. 

The tension in the lines would tend to pull N and § together 
(Fig. 9, i), while the lateral push of the lines, together with the pull 


~ 


(1) (ii) 
Fic. 9. 


of the lines to each side, would also tend to urge N and N apart 
(Fig. 9, ii). 


) 


Potential._-There is another way of defining a field of force. — 


Just as the flow of heat occurs in the direction of greatest variation 
in temperature, so the resultant direction of the magnetic field is that 
in which a quantity which we shall call magnetic potential varies 
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most rapidly. Potential may be defined as a quantity whose space 
rate of variation in any direction is the strength of the field in that 
direction. This idea is common to all fields of force, and most of the 
results obtained here may be transferred, with mere alteration of the 
names of the quantities, to problems in gravitation, electricity, etc. 
From our definition of potential we see that if V is the potential 


d 
at any point «, pm is the rate of change of potential as we pass from 


point to point, or the ratio of difference of potential to distance 
travelled, for a very small path. If then by definition of V, this 


. iV 
quantity is the strength of field at the place considered, F = — 7 the 


use of the negative sign being conventional and indicating that in 
magnetic problems the force between like poles is a repulsion, the 
potential diminishing as the distance from the pole increases, In the 


dV 
case of gravity we meet with attractions only and therefore F = - a5" 


If a unit pole be placed at a, Fig. 10, the force experienced by it 


is given by the above expression, F = — Wa The work done for 
a small movement da is then 
Fae = — © da = — av, N re 


A Fia. 10, 
‘ Vy=Vi-Vs=-[ Fde - 
B 
which means that the difference in the potential between the two 
points A and B is the work done in carrying a unit magnetic pole 
from one point to the other. 
Now consider the force to be due to a N pole of strength m 
situated at N. The strength of field at # due to this is, or F= 3 
A ma 
A AE Pope lat pee ecard 
vi=-| "ae=("| = 5 B 
Potential can therefore only be measured by its differences, if there 
is no absolute zero of potential, and consequently we cannot speak of 
the absolute potential of any point. Nevertheless it should be noted 
that there is no difference of potential between two points, that is, 
they are at the same potential, when a magnetic pole may be conveyed 
from one of the points to the other without the expenditure of work, 
and that at an infinite distance from all poles the forces are zero, and 
_ therefore all points are at the same potential. If we choose as the 
zero from which potential shall be measured, this potential at infinity, 


we see on putting B = oo in our equation, that V = “ where V is now 


_ the potential at A due to the charge m, 


: 7 Se 
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The potential at a point may therefore be defined as the work done in — 
bringing a unit N pole from infinity to the point. . 


The potential at distance r from a N pole of strength m is , and at 


. P i Upc 
distance r from an equal § pole it is ——, 
- 


Further, the work done in carrying a unit pole from any one point 
to any other is independent of the path by which the pole is taken: for 
if BCA be any path from B to A (Fig. 11), the work done is the same 

as in travelling from B to A’ along the 


iE straight line BDA’, provided that A and ‘A’ 

cal ee are equidistant from N. The path A’A, 
Cig. apa A D 3 which is an arc of a circle, is everywhere at 

Fig. 11. right angles to the field due to N, so that 


no work is done in carrying the unit pole 
from A’ to A. Hence the work for all paths such as BCA is the same 
as that for the path BDA’, and is therefore constant. 

The same conclusion is reached if we imagine the unit pole to be 
carried round any closed path, such as ACBDA'A. The total work 
done is zero, for everything is now in the same condition as at the 
start, and therefore the work done for the path ACB is equal and 
opposite to that for the path BDA’A, and is therefore equal to that for 
the path AA’DB. Hence whatever path we take from A to B the work 
done is the same in amount. 

Potential due to Magnet.—Referring to Fig. 1 we see that the ~ 


potential at P due to N is + m_; and potential at P due to S 


d—1 
Soar 
d+T 
: m m 
.. Actual potential at P = iat) 
—. 2m 
PHP 
Sa 
a— P 
M 
For a very short magnet the potential becomes -e 
In Fig. 2 
Potential at P due to N = + re 
m 
» ” ” 8 =-—= =a 
S/E+P 


As these values are equal and opposite it follows that every point on 
the line bisecting the magnet at right angles is at zero potential. For 
ae. 
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a point P on a line passing through the middle of the magnet and 
inclined at an angle 6 to the magnet, drop perpendiculars from N and 
8 on to OP (Fig. 12). 

| Then if the magnet is very small compared with the distance OP, 
we may without sensible error write 


QP = NP, and, “J er, 


Then, Potential at P=” — ™ 
NP 5 
Bee 
QP RP 
=o, 
~ OP—0Q OP+OR’ 
If, as before, OP = d, and NS = 21 aici 
we have, 
: m(OQ +. OR) _ m . 2l . cos 0 
Potential at P = ~OP?—0Q? = eS “0Q?’ 
which for a very short magnet gives— 
Potential at P = a 


The same result would have been obtained if the moment of the 
magnet had been resolved into two components, one along OP, whose 
value is M cos 6, and the other perpendicular to OP, whose value 


M cos 

is M sin 6; the potential at P due to the former is - : and that 
M 

due to the latter is zero, the sum of the two being _ f The 


agreement of this with the previous result, justifies us in resolving the 
magnetic moment into two components, and indeed justification is 
hardly necessary since magnetic moment is a vector quantity, since it 
has direction as well as magnitude, and may therefore be resolved or 
compounded like all other vector quantities, such as force, velocity, ete. 
Equipotential Lines and Surfaces.—A line or surface passing 
through points having the same potential-is an equipotential line or 
surface. No work is done in carrying a pole along an equipotential 
line or surface, for the variation of potential along it is zero; and hence 
by definition of potential, it follows that there is no component of 
magnetic field along the line or surface, and no force tending to move a 
magnetic pole along it. From this reasoning it follows that lines of 
force and equipotential lines always cut each other at right angles, 
‘since if they did not there would be a component of the magnetic 
‘field acting along the equipotential surface. 
Force between Magnets.—The resultant force experienced by a 
agnet in a uniform field is zero, since the forces on the N and 8 
oles respectively are equal and opposite, the quantities of N and S pole 


ae 
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on any magnet being equal. In fact, this absence of resultant force is a 
most satisfactory proof of the equality of the two kinds of pole on a 
magnet. Ifa bar magnet be floated on a cork in the middle of a large 
vessel of water, it will experience a couple rotating it into the magnetic 
meridian, but the magnet will not move from the middle of the vessel, 
showing that there is no resultant force acting on it. 

In the neighbourhood of another magnet the field is not uniform, 
and there will be in general a resultant force. 

Consider the two short magnets NS and N’'S’ in Fig. 13. The 


field at S’ due to NS is ee where 
x 


distances are measured from the 
middle of NS. Hence the force on 


s N s' 
Fig. 13. 


9 
S' is a . m', where m’ is the strength of pole of N'S’. 
x 


The rate of change of the field due to NS, as we increase a, is 


a(2M) _ _ 6M 
da\, x* a ~ 
N’S' being a small magnet of length J, decrease in field in passing 
6M 
from §' to N'=— “+. : 
2N ; 
ea Ns aed 
x x 
2M M 
and force on N’ = (se 2 ua a 
# x 


Hence, resultant force on N’S’ being the difference between the 
forces on S’ and N’, 


2M 9M 6M 
Force on N’S' = “ae i, — mae te 1 na 
6Mm'l 
= a 
6MM’' 
— as ° 


In an exactly similar way, we may find the resultant force on N’S’ 
in the position shown in Fig. 14, but in this case we should 
S' note that the field is always parallel to NS, although the 
variation in field is at right angles to this direction, 
N! Taking y for the distance between the magnets, 
Force on N' = x . Ms 
y 
Rate of variation of field) d@ ( 2 _ ee 
in the direction of y § dy\ y 
s N . : : ; 3M 
»*. Decrease in field in passing from. N' to 8’ =— 
Fic, 14. y* 


“4 


ae. ag ee 
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N 
SEL end | 
y 
Force on S! = ¢ whe 1}. 
ee cS 
‘ M M 
Resultant force on N’S’= — m' — (— — ——1 )m’ 
y GF y* 
_ 33MM 
= ——, 
i] 


and is in a direction parallel to NS, 
This force on the magnet N’S’ must not be confused with the couple 


Ul 


acting on it, the value of which is tie , and which tends to rotate it 


ap 
into parallelism with NS, but not to give it a motion of translation. 
The existence of the resultant force explains the following apparent para- 
dox: If the two magnets NS and N’S’ be placed on a floating platform, 
there is a couple acting on NS due tothe presence of N’S’, the value 
of which is sabe , and N’S’ at the same time experiences a couple same 
due to the presence of NS. Since these couples are not equal and oppo- 
site, it would at first sight appear that there is a resultant couple acting 
on the platform due to the interaction of the magnets, which would make 
the platform rotate continuously. Such a rotation would involve the 
continuous expenditure of energy without any corresponding supply, 


' which is contrary to experience. But the fallacy consists in neglecting 
' 


the force of translation 


acting upon the magnet N’S’ at right 


angles to the line joining the magnets, which is equivalent to a 


3MM’ — 3MM' 


couple xy 


An inspection of Fig. 14 shows us that 


this couple would produce an anti-clockwise rotation, while the former 
2MM' 


> 


would produce a clockwise rotation, so that the difference, or 


is the resultant couple in an anti-clockwise direction. This is equal 
and opposite to the couple on NS, which is clockwise, so that the two 
are in equilibrium and the paradox disappears. 

Field due to Small Magnet.—The field at the point P due toa 
very short magnet may be found by resolving the moment M along OP, 
and at right angles to OP. The former component will produce a field 

’ ed represented by the vector PQ (Fig. 15), and the latter com- 


Msin 


2 represented by PT. The resultant field is 


, ponent, the field 


PR = / PQ + PI = VG costd Fain’ = 7 V1 + S008" 8, 


Qa 
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and its inclination to the line OP is RPQ. Now, 


PO deose a 


Hence to find the direction of the resultant field at any point Pa 


make the angle QPA = @ = POV and drop perpendicular AQ upon PQ 
(Fig. 15). Bisect AQ in R and join PR. PR is then the direction 
of the field at P. Or if the perpendicular PV be drawn and bisected 


SON Vv 
Fig. 15. Fia. 16, 


at U, angle UOV is equal to the angle RPQ made between the direc- 
tion PR of the field and that of the radius vector OP, and it is the same 
at all points along OP. By drawing the direction by means of short 
lines at a number of points along OP and again for a number of 


different radii, the direction of the field at a number of points is known, ~ 


and the lines of force may be drawn with fair accuracy. 
In Fig. 16, the lines of force for an extremely small magnet have 
been drawn in this way. 


CHAPTER II 
TERRESTRIAL MAGNETISM 


Magnetic Elements.—Great importance attaches to an accurate 
knowledge of the condition of the magnetic field at the surface of the 
earth, both to the navigator for practical pur- 
poses, and to the investigator who attempts to 
describe and account for the magnetic state of 
the earth. ‘This implies a knowledge, at every 
instant, of the magnitude and direction of the 
field at every place, but it is much more con- 
yenient to represent the field at any place by 
means of certain elements or components, than 
to express it in terms of the resultant field and 
its direction. For the purpose of representation 
we choose those elements that lend themselves 
most readily to experimental determination. 
These are:—the Declination or angle which the 
magnetic meridian makes with the geographical 
meridian, a (Fig. 17) ; the Horizontal Component 
of the earth’s magnetic field, H, and the Dip or 
angle which the resultant field makes with the Fig. 17. 
horizontal, 6, and it will be seen that when these 

elements are known the field is completely determined, and may then 
be represented in terms of any other co-ordinates. But it must be 
borne in mind that the field is always changing, so that the elements 
undergo variations ; these will be considered later. 

Magnetic Meridian.—We have already seen that a suspended 
magnetic needle sets in a certain direction, approximately N and 8. 
A vertical plane passing through the magnetic axis of a freely sus- 
pended needle is called the magnetic meridian. This does not in 
general coincide with the geographical meridian, and its position may 
be roughly determined by observing the direction in which a compass 
needle will set ; but since the magnetic axis of the needle may not coin- 
cide with its axis of symmetry or geometric axis, the needle should 
always be turned over after the first observation has been made, and 
suspended from the other side. If the geometric axis makes an angle 
with the magnetic axis the needle will point E or W of magnetic 


north, but on suspending it with its other face upwards it will make 
the same angle on the other side of magnetic north. The direction of — 
the magnetic axis and of the magnetic meridian will then be found by 
bisecting the angle between the two positions of the axis of symmetry. 
In Fig. 18, NS is the magnetic meridian. For many purposes the 


Fig. 18. 


prismatic compass (Fig. 19) may be usefully employed to find approxi- 
mately the direction of the magnetic meridian. Some distant object 
in a known geographical direction is sighted by means of the slot 5 and 
the wire 8’. By means of the right-angled prism shown in section at 
P the position of the image of the wire S’ may be read upon the scale 
of the compass card. The magnetic direction of the distant object 
being thus found, and its geographical direction being known, the 
position of the magnetic meridian is determined. 

Declination—The angle between the magnetic meridian and the 
geographical meridian is usually known as the magnetic declination ; 


. 
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for nautical purposes it is called the Variation of the Compass, mean- — 


ing its variation from a true north-and-south direction. In Fig. 17. 
the plane containing H, I, and V is the magnetic meridian, and con- 
sequently the angle a is the declination. In the last described experi- 
ment the declination is found, but for its more accurate determination 
the Kew magnetometer, which will be described later, is employed. 
Dip.—A perfectly freely suspended magnet would not in general - 
set in a horizontal direction, but along the line of the greatest strength 
of field. This is represented by I in Fig. 17, and the angle 6 between 
it and the horizontal is called the magnetic dip. A perfectly freely 
suspended magnet is of course an ideal which is unattainable, since the 
mechanical support must influence the angle at which the needle will set; 
in fact, a compass needle is deliberately, although perhaps unconsciously, 
placed in its suspension in such a way that it sets horizontally, and any 
tendency to dip is neutralised by suspending it from a point which is 
not its centre of gravity, so that the result of all the forces acting on 
it is to cause it to remain horizontal. If, however, a needle be mounted 


on a fine straight axle resting on horizontal knife-edges, and if the axle — 
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pass through the centre of gravity of the needle, it can rotate in a ver- 
tical plane, and if this plane coincide with the magnetic meridian the 
needle will set with its magnetic axis along I, Fig. 17, and its inclina- 
tion to the horizontal will be the dip. The experimental determination 
of the dip will be described later. 

So far we have only determined the direction in space of the result- 
ant field I; if, then, we can find its magnitude or that of any component 
of it in a known direction, the field becomes completely determined at 
that particular locality. By far the most convenient component to 
determine is H, the horizontal component, and then knowing this, the 

‘vertical component V may be calculated. For from Fig. 17, 


V 


and again, the total intensity I may be found, 
= H? + V2 

For some purposes it is convenient to refer the earth’s field to three 
rectangular axes: OX, a horizontal line in the geographical meridian, 
true N and 8; OY, a horizontal line perpendicular to the geographical 
meridian, true E and W ; and OZ a vertical line. 

Then taking X, Y, and Z as the components of the earth’s 
magnetic field in these directions, 

X =H cosa=I cos @ cosa 


Y= H sin a = I cos @ sin a 
Z=V=Isin @. 


Vibrating Magnet.—Although there are several methods of deter- 
mining H, that which is most frequently employed is the magneto- 
metric method, its chief advantage over other methods being that it 
does not involve the use or measurement of electric currents. We 
have seen in Chapter I. how the ratio of M to H may be deter- 
mined for a given bar magnet, in terms of the deflection of a suspended 
magnetic needle, at a given distance from the magnet. The absolute 
values of M and HH, however, cannot be determined by the magneto- 
meter, but only their ratio. A further experiment is required, to give 
us some other relation between M and H. 

Whenever a suspended magnet makes an angle @ with its position 
of equilibrium, a couple MH sin @ acts on it (see p. 5) which tends to 
restore it to that position, Thus the magnet must have an angular 
acceleration, and we may express the couple acting on it as the 


product of its moment of inertia I and the angular acceleration = 
Then o + MH sin @ = 0, since the algebraic sum of the couples 


acting on it must be zero, the effect of the forces due to the 
friction, etc., in this case being negligible. Further, if the value 
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of 6 is never more than a few degrees, the angle itself in circular 
measure may be taken instead of its sine, and our equation is 
therefore— 


a’ 
I qe + MH6 = 0. 
As this type of equation will frequently occur, we will proceed 
to solve it. First write it in the form— 
d’0 
qe + P8= 0, 


where k? is substituted for sed 


It is a homogeneous equation, and we can therefore obtain a 
solution in the form 6 = et, 
Differentiating this last equation twice, we have— 


dé 


de = ae, 


and substituting the values for 9 and a in the equation, we have-— 


aver! + het = 0 
*‘_@2@=—F, anda=t/= 2 
= +k —1, 
Thus there are two particular solutions— 
= Ackv=1t, and, = Be-kv =it, 
and the most general equation to the motion of the needle is— 
6 = A&kV=1t 4 Be-kv=1t 
where A and B are two constants that can be determined from 
the conditions of the problem. Thus, if the time be reckoned from ~ 
the instant at which the needle is in the direction of the meridian, 
6 = 0 when ¢t = 0, 
. A+B=0, or, A-= —B, 
and the equation may be written— 
Bo A(ekV it ms e~kV = it), 


Again, the angular velocity of the needle is— 


= hv — LA(eeV=it ie e“kV—1t), 
and if this is w when ¢ and 6 are zero— 
Ww 
Se 


~0= rea cal er 
“i h oa \ 
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The term in brackets is the well-known exponential form of the 


- . . w 
sine of the angle kt, and so writing = 6, we have— 


6 = 6, sin kt. 
Thus we see that the needle executes simple harmonic oscillations, 
one complete oscillation occurring in time ae for, on increasing ¢ 
by this value we get— 


= 6, sin t+ 7) = @, sin (kt + 2m) = 0, sin kt 


Qa 
i . 


9 
Calling the periodic time T, we have T = = and remembering 


and thus the motion is repeated after intervals of time 


that ? = en we see that T = 27 MS 

Determination of M and H.—The moment of inertia I of the 
magnet may be found from its mass and linear dimensions. In the 
length? + breadth? 


case of a rectangular magnet, I = mass x 9 , and for a 
etna aes 
cylindrical magnet, I = mass X ee Sao ) The time of 


oscillation is observed by suspending the magnet in the locality 
occupied by the needle in the magnetometer experiment and observing 
the time of a number of swings. Then from our equation we have 


2 
MH = th and the magnetometer experiment gave us - Combining 


alee 
these we have, MH x 7 = M?’, or MH +5 = H?, so that both M and 


H are now determined in absolute measure. 


Comparison of Fields by Vibration.—It may be noticed that 
Ho = = and hence, that if the same magnet be employed on different 
oceasions I and M will be the same, so that, i = re or if n be the 
number cf oscillations made by the magnet in a given time, meee sO 


mone 


mg Ty, 
that => =-,. This gives rise to a method of comparing the strengths 
2 Ny 
of magnetic field at two given times or places; for if the same magnet 
be allowed to oscillate on the two occasions and the number of oscilla- 
tions made in equal times observed, the ratio of the two field strengths 
is known. But it must be noticed that the fibre used to suspend the 
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magnet must be as nearly as possible torsionless, and further, the | 


al 


magnet must be carefully preserved from ill treatment, mechanical or © 


thermal, or its magnet moment will not be 
the same on the two occasions. 

To determine the time of swing, the 
magnet is suspended in a vibration box 
(Fig. 20) by means of a silk support, the 
magnet being held in a double loop as shown. 
It is advisable to suspend some bar of ap- 
proximately the same weight as the needle 
before placing the magnet in position, in 
order that any torsion in the thread may be 
removed. If the suspension head be turned 
so that the solid at rest lies approximately in 
the meridian, then on replacing it by the 
magnet the suspending fibre will be very 
nearly free from torsion. The position of 
equilibrium of the magnet may be marked 
upon the front and back glass walls of the box and the magnet then 
given a small oscillation. At the instant of passing the equilibrium 
position in one direction, the time by the chronometer is noted or the 
stop-watch is started. At the passage across the equilibrium position in 
the same direction after fifty or one hundred swings the time is again 
noted, and the time for one oscillation may then be found by division. 

Equivalent Length of Magnet.—Employing the magnetometer 
(p. 9) the deflection may be found as there described, and the mean 


value of i found from the expression + =¢ tan 6 for the “A” 


position of Gauss, or = = d’ tan 6 for the ‘‘B” position. The use of 


Fia. 20, 


these approximate formule is justified if [? is negligible in comparison j 
- 


with d’, or 7p is a less percentage of unity, than the percentage error 


introduced in making the observations of deflection. The difficulty 
arises that if d is made very great, the deflection may be so small that 
the error in its measurement is considerable. Hence it is desirable 
to employ the more exact formule— 

M (@#-P) 24 ~P 

sip eny aus a OS g 

i 54 tan 6, and, — = (d? +P)! tan 6, 
but unfortunately J is unknown, the poles being distributed over a 
large surfaces of the magnet. The effective value a Lor af the length 


of the magnet, may be found from two measurements of § a we: 0, the 


approximate value of = for two distances from the eS . needle, 
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pea may then be applied as a correction to obtain the true value 
M 

of Hr 


or 


M y 
Calling j; the true value, oe) the value found for distance d,, by 
1 


/M 
using the approximate formula, and (7) that for distance d,, we see 
that— j 


P 
M_(d*-?) a(1— 7) om 
= aC 

2\2 
= ay — as si tan 0, 


ey nya a, : 


4 
Since Ld is small, we may reasonably say that d, is negligible, 


and remembering that L = 21, 


a= (it)(! ~ gaz) 
Similarly, ae (Fp, = ae ) 
 (@),- a= (a), - (aa 


a 
eee. 
* (fae~ (hae 


The quantity on the right being determined from measurements at 


two distances, \ we know the correction (1 — os to be applied to the 
approximate formula to obtain the true value— 


oe = (a) - za) = (0 - aa 


2 
The quantity eI may be taken as one constant P, and if in addition 


ha) ai 4-2) 
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erie M - P 
Papo, and, F=(q (1 - 32). 


d?— a} 


For the ‘‘B” position of Gauss the correction may be applied in a 
similar manner— 


= =(P+ Py! tan 6 = a. =e ae tan @ 


= (0 +33) 
a 
=(W0+a) 


MOtbatiiat: 2 


res tole 


“(a trate at.) 


Neglecting 5 and higher power of M4 we have as before— 


(Fi) ya +5 +5 3) = (e).0 +3-q) 


Substituting L for 21 we have— 


mo+$-B)=<G) 0442) 
Hi t8' ay a ase 


= (H)0 +49) =Gi)0 +a) 


Thus, from the deflection produced at any two distafices of the 
magnet, the true value ae may be found; or, if it is desired, the 
equivalent length L of the magnet can be obtained. If this be found 
for any magnet, future determinations of = may be made by observing 


the deflection for one distance of the deflecting magnet. 

The Kew Magnetometer.—The form of needle used in the Kew pat- 
tern of magnetometer is shown in Fig. 21. It consists of a steel tube A 
having a fine transparent scale S at one end and a lens L at the other, 
the scale being at the principal focus of the lens. The magnet is thus 
a collimator, and when the telescope is focussed for infinity and placed — 
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co-axially with the magnet, an image of the fine scale will be seen in the 


focal plane of the telescope. 


If the suspension fibre be freed from 


Fig. 21. 


(From Watson's “ Textbook of Physics.”’) 


torsion and the body of the magnetometer (Fig. 22) rotated until the 
image of the middle division of the scale coincides with the cross wire 


of the telescope, the azimuth 
of the telescope, as indicated 
by the horizontal circular 
scale, gives the direction of 
the geometric axis of the 
magnet. The magnet is then 
turned over and the position 
of the geometric axis with 
reference to the horizontal 
scale again determined. ‘he 
mean of the two positions is 
the azimuth of the’ magnetic 
meridian upon this scale. If 
the azimuth of the geographi- 
cal meridian also be found, 
the difference between the 
two gives us the magnetic de- 
clination. The geographical 
meridian is found by obsery- 
ing the image of the sun pro- 
duced by the mirror m in 
passing the cross wire of the 
telescope, it having been pre- 
viously adjusted so that its 
axis is horizontal, and the 
plane in which the normal 
_ travels as the mirror is turned 
contains the optic axis of the 
telescope. From the observed 
time of the sun’s passing the 


Fig. 22. 


cross wire, knowing the longitude of the place of observation and the 


i- 
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equation of time, the direction of the sun at the time of observation is © 


known, and thus the direction of true N and § also. 

The period of oscillation of the magnet may now be found with the 
arrangement just described. ‘The magnet is given a small oscillation, 
and the time for 100 transits of the image of the middle scale division 
across the cross wire of the telescope in one direction, either from 
left to right, or right to left, is observed. This gives the time for 100 
oscillations, from which the time of one oscillation must be found. 
This must be corrected, for the fact that the fibre, although very fine, 
yet exerts some controlling couple on the magnet, and therefore shortens 
the period of oscillation. If the suspension head be rotated through 
90°, an angular deviation of a radian is produced and may be observed ; 


then 3 — ais the twist in the suspension, and 
Tv . 
(5 = a) = MH sina = MHa, 


where ¢ is the couple exerted by the fibre for one radian twist, and is 
the very small deflection produced by 90° rotation of the torsion head. 
When the magnet is at an angle 6 to the magnetic meridian, the 
restoring couple is now (MH + ¢)@ instead of MH6, and the time of 
it 


oscillation found on page 23, will therefore be 27™\/ ~-—— instead 


MH +c 


of 27 It follows that from the observed time of swing we 


ay 
MEH’ 
have really obtained 


ies 7 
372 


4n2l 
= Hee ee Bel jue ) 


and we see that the square of the observed time of swing must be 
multiplied by the factor ( +— ) in order to obtain the corrected 


a — 
3 a 
value of MH. 

Two further corrections must be applied: one for the fact that 
the magnetic moment of the magnet changes with temperature, and 
the other for the fact that, being in the earth’s magnetic field, its 
magnetic moment is greater than when, as in the deflection ex- 


periment, it is in an E and W direction. The first of these cor-_ 
rections is made by reducing the moment to that at 0° C. by means — 


; 
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: 


of the factor {1 + g(t — ¢)}; thus M, = M,{1 + q(t —¢,)}, the mag- 
netic moment decreasing with rise of temperature : q must be found by 
a previous experiment for each individual magnet. The second correc- 
tion is applied by means of a factor in which it is assumed that the 
alteration in magnetic moment is proportional to the field in which the 
magnet is situated. This assumption is justified if the field is small, and 
further, the change in magnetic moment is proportional to the volume 
of the magnet, and depends on the position of the magnet in relation to 
the field, and the material of which the magnet is made (see Chapter X.) ; 
thus if M, is the moment in zero field or whenever the magnet is 
situated at right angles to the field, and M that when parallel to the 
field, M = M, + aVH,, where a is some constant depending on the 
nature of the material of the magnet. V is also constant, so calling 


aV =p we have M= M, + vH. 
H 
MH = MH + pH? = MH(1 + +x) 
x is always very small, and hence, when the whole quantity 
H 
MrT, is small, 
MH = MH(1 _ Har). 


ih ee : - 
s, 1s known from the deflection experiment, and » is a constant 


My 


for a magnet of any given size or material, so that the quantity MH as 
found from the vibration experiment may be corrected by means of the 


factor (1 = vi) 


The square of the time of oscillation may thus be corrected for 
torsion of fibre, temperature, and alteration of moment due to the 
magnetic field, by a single factor, and 


H 
Ty = ett +—— — q(t - )+ ean 


ict 


The moment of inertia I of the magnet and carrier may be found 
by adding a body of known moment of inertia and redetermining the 
time of: oscillation, A brass cylinder which just fits into the space D 
of the carrier (Fig. 21) is TE thee If I, is the moment of inertia 


of the cylinder, ty eS m1 gt =) and the time of vibration is now 
==) er EF: Ih 
; “MH 


I 
TY = 4° rap andy by = 47° — 


I+], 
“MH » 
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I+], T? 
ees its = T? 
dee 
from which, l=hyelp 
is 


I being found in this way, the value may be used for any number of 
vibration experiments with the same magnet, since it is a mechanical 
constant and is independent of the magnetic condition of the 
magnet. 

To perform the deflection experiment for the determination of 
M 
H’ 
attached is suspended by a long fibre. The telescope is focussed upon 
the image of the scale 8, Fig. 23, in this mirror, and the collimator 
magnet of the vibration experiment is placed in the V rests at M ~ 


the box B (Fig. 22) is removed, and a small magnet with mirror 


Lia, 23, 


upon the carrier, which may be set at different distances from the mirror 
needle by moving it along the graduated bar XY. In this experi- 
ment the deflection of the needle is not observed, as we should then 
have to apply a correction for the torsion introduced into the fibre 
when the needle rotates, but instead, the body of the instrument is 
rotated until the middle division of the scale coincides with the cross 
wire of the telescope, and this rotation is measured by taking the differ- 
ence between the various readings upon the horizontal circular scale 
with and without the presence of the collimator magnet M. In this 


a 2M 
ease, field due to magnet NS is —-, and couple on needle is am 
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: 

: 


where m is the magnetic moment of the needle. 
Restoring couple due to earth’s field H, is Hm sin 6, 


2M ‘ heed 
ae -eu= Hm sin 6, or, H-> sin 6. 


Readings for correcting as on pp. 7 and 25 are then made. 

Schuster’s Method of determining H.—For the accurate deter- 
mination of H at an observatory, Sir A. Schuster! describes the method 
of comparing it with the uniform field due to the 
current in a pair of coils (p. 58). If the coil AB 
(Pig. 24) carries current i, the magnetic field Fi due 
to it can be calculated. The coil AB is rotated 
about a vertical axis until the component F% cos a 
is equal and opposite to H. The component Fi sin a 
then sets the suspended magnet NS at right angles 
to the direction of H, which it would occupy if no 
eurrent flowed in AB, 
then, H = Fi cosa. 

By choosing i so that I'i has nearly the same 
value as H, the angle a is made small, and cos a 
varies slowly. F is calculated from the dimensions 
of the coil AB (p. 57), and a is observed, a check 
being obtained by observing the symmetrical posi- 
tion for AB, for which the magnet NS 1s reversed 
indirection. In this way H may be measured to a 
few parts in 100.000, the observations requiring Fia. 24, 
only a few minutes to make, 

Determination of Dip.—The Kew pattern of dip circle is shown in 
Fig. 25. The dip needle itself is a thin steel magnet AB provided with 
a fine steel axle which rests on agate knife-edges shown at K, K’. 

It is carried by the V supports L, L’ which may be raised and 
lowered by turning the milled head E. In making a reading, the 
observer must continually raise the needle and lower it, in order to 
bring the axle constantly to the centre of the circular scale, since as 
the needle swings it rolls upon the axle and travels from the centre 
of the scale. The body of the instrument may be rotated about a 
vertical axis and its azimuth read upon the horizontal scale H. The 
position of the needle with reference to the vertical or actual dip circle 
is found by rotating the arm which carries the microscopes M, M’ until 
the cross wires appear to coincide with the tips of the needle, the 
-verniers being then read. 

To begin observations, the instrument is levelled and then 
rotated about its vertical axis until the needle sets vertically, 
i.e. reads 90°—90°. The plane in which the needle rotates is 

then at right angles to the magnetic meridian. For, let the plane 


1 A. Schuster, Terrestrial Magnetism, xix. March, 1914, 


Fi Sin a 


; 
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AB (Fig. 26) be the plane of rotation of the needle, and let it make 


angle 6 with the magnetic meridian HB, 
Resolving the magnetic field I into three components X and Z in 


x 


OLLI TTDNGUUOUCAAETOOOO LST OCHT OAMARU OOOH AAT 


= 


Fig. 25. 
(From Watson’s ‘' Textbook of Physics.’’”) 


this plane, and Y at right angles to it, X being horizontal and Z vertical, 
X = H cos § = I cos 6 cos 8 
Y =H sin 6 =I cos 6 sin 8 
Ze AU Sins ys 
Y, being in the direction of the axle, will not exert any turning moment 
about it, and the needle will therefore set along the resultant of X and 
4. If we call 6’ the angle that this resultant makes with the horizontal, 
Z I sin 6 tan 6 
X ~Icos 6 cos 8~ cos 8 


b , ee I Z 
6 is the true dip given by tan 6= a A’ and is for the pre- 


tan 6’ = 


sent, treated as a constant quantity at the given locality. 


If now, 6’ = 90°, tan 6’ = 
“COS/O:=Ou andion=—so0 
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Thus the plane of rotation of the dipping needle is at right angles 
to the meridian, and on rotating the instrument about its vertical axis 
through 90° as determined by the horizontal circle, 
the plane of rotation of the needle will be brought 
into the meridian, and the measured dip will then y 
be the true dip. Note that if = 0, cos =1, 
and tan @' = tan 6. 

Another method of using the circle consists 
in measuring the dip in any two positions of the 
circle the angle between which is 90°. The 
instrument is clamped to its vertical axis and 
the position upon the scale FG noted, and the dip 
in this position is found. 

Tf 6 is the angle between the plane of rota- 

_ tion of the needle and the magnetic meridian, 
and @, the observed dip, we have already seen 


that tan 0, oe 0 On now rotating the instrument through 90°, 


cos 8 
and again observing the dip 6,, we have— 
ee tan 
cos (6+ 90°) —sin 3 
P | cos? § 1 sin? 6 
** tan? 6, tan? @’ and, tan? 6, ~ tan? 6° 
: ] 1 1 
Adding, we got tan? 6 ~ tan? 6, ei tan® 6, 


Errors in determining Dip.—In measuring the dip there are 
several errors to bé eliminated, and if these are small, the mean of 
the following readings will give the true dip :— 

(i) The positions of the two ends of the needle are read, in order 
to correct for the fact that the centre of rotation of the needle may 
not be at the centre of the vertical circle (Fig. 27 (i)). 


(i) (ii) (iii) (iv) 
; Fiq. 27. 


(ii) The instrument is rotated through 180° about the vertical 
axis, and the two previous readings repeated, since the 0°—0° line of 
the vertical scale may not be horizontal and the apparent dip, if too 
great in the first position, will be too small by an equal amount in the 
second position. The zero line after rotating the instrument through 
180° is 0'—0!' (Fig. 27 (ii)). 

D 


a= 
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(iii) The needle is turned over on its bearings and the previous 
four readings repeated, because the magnetic axis of the needle 
may not coincide with its geometric axis as described on p. 20 
(Fig. 27 (iii). 

(iv) The magnet is remagnetised in the opposite direction, so that 
the end which dipped previously now points upwards. This is the 
only way of correcting for the fact that the axis of rotation may not 
pass through the centre of gravity of the needle, a small couple due 
to gravity causing the needle to rotate from the position of true dip 
(Fig. 27 (iv.)). The previous eight readings are repeated and the 
mean of the whole sixteen taken as the true dip. The individual 
readings should never differ by more than a degree from the mean, if 
the instrument is properly constructed, 

Magnetic Maps.—The three magnetic elements, Declination, Dip, 
and Horizontal Intensity, having been observed at a great number of 
stations, the question arises as to how the results may be represented 
to the greatest advantage. Many methods have been employed, but 
the most frequent is to draw lines upon a map, passing through all 
points for which one of the magnetic elements has a common yalue. 
Thus three maps are required, one for the representation of each ° 
element, or the three may be represented upon one map. Lines pass- 
ing through points having the same value of the declination are 
called Isogonal lines, those passing through points for which the dip is 
the same are Isoclinal lines, and Isodynamic lines are those passing 
through points for which the horizontal intensity is the same. 

In Fig. 28 the isogonals for the year 1922 are represented on a 
map of the world drawn on Mercator’s projection. They converge 
towards four points upon the earth’s surface, namely, the two graphical 
poles, and two other points, called the magnetic poles. There are two 
chief agonic lines or lines of no declination, at all points of which the 
compass points towards the geographical poles. One of these agonic 
lines passes from the magnetic north pole to the geographic south pole 
by way of America and the Atlantic Ocean, and the other from the 
geographic north pole to the magnetic south pole through Hastern 
Europe, Arabia, the Indian Ocean and Australia. Along some line 
joining the magnetic and the geographic north poles, the declination is 
180°; the N pole of the compass points towards the magnetic pole and 
therefore away from the geographic pole. A similar state of affairs 
exists between the magnetic and geographic south poles. These points 
can be much better realised by drawing the isogonals upon a globe, 
and cannot be adequately represented upon a plane diagram. 

East of the American agonic line the declination is westerly, that 
is, the compass needle points west of true north; the isogonals of 
westerly declination are full lines in Fig. 28. The isogonals of easterly 
declination are dotted lines and lie west of the American agonic line. 
It will be seen that the isogonals are far from being regular curves. 
They reach their greatest irregularity in Eastern Asia, where there is 


MAGNETIC MAP 


If, 


v 
“» 


86 “SLT 


Sempeyl Y Punsey ‘Mequiog ‘oynosoy *ys0X MeN ‘DOpuo "OD wW useI5 ‘suemZu0-] 


wrYD ATemmpy ey) wos vorssiatisd £q poInposday 


SE 


: 
~~~ ~~ Twasyei 
bye a8] 


Pa mas oe inal a 
(O id 
rere sh a 


t----t--- 


=F 


{ soyenbz 


ou ot 


276 UYVAA AHL YOA NOILVNIIOAGd TvNOa HO 


36 ELECTRICITY AND MAGNETISM CHAP, 


a district surrounded by a closed agonic line within which the declin- 
ation is westerly. This is called the Siberian Oval. 

Instead of isogonals, the lines which indicate the direction of the 
magnetic meridian are sometimes plotted. These are called lines of 
magnetic longitude, or Duperrey’s lines, and they are more regular than 
the isogonals. They also differ from the isogonals in ConNRREIAE to 
only two points—the magnetic poles. 

The lines of equal dip, or isoclinals, are much more regular than the 
isogonals ; they approximate to circles on the sphere, having poles at 
the magnetic poles. The line of no dip is called the magnetic 
equator. It crosses the geographic equator twice, once in the 
Atlantic and once-in the Pacific Ocean, and lies south of it in the 
American Hemisphere, The other isoclinals are roughly parallel to the 
magnetic equator, and therefore correspond to parallels of latitude. 
The points at which the dip is 90° are the magnetic poles. The North 
magnetic pole was reached by Sir James Ross in 1831 and found to be 
in longitude 96° 43’ W., latitude 73°31’ N. The South magnetic pole was 
reached by Sir Ernest Shackleton’s expedition on 16th January, 1909, 
the magnetic observations being made by Dr. Mawson,’ who found the 
dip to be 90° in latitude 72° 25'5S., longitude 155° 16’ E. It will thus be 
seen that the magnetic poles are not quite at opposite ends of a diameter 
of the earth. The approximate magnetic axis of the earth makes an 
angle of about 17° with the axis of rotation. 

Theory of Terrestrial Magnetism.—As a first approximation, the 
earth’s field may be represented as that due to a short magnet placed 
at its centre, whose direction is in the line 
joining the magnetic poles. To represent 
consistently the magnetic condition of the 
earth, we must assume that the pole of this 
fictitious small magnet which lies under the _ 
North magnetic pole, has pole of the kind 
which we have called 8, or South seeking, for 
it evidently attracts the N pole of a suspended 
magnet and repels the S pole. For such a 
magnetic condition, the dip needle would be 
horizontal at such points as A and B (Fig. 29) 
and vertical at C and D, The latter corre- 

Fig. 29. spond to the magnetic poles, and the former 
lie on the magnetic equator. At a point, 
P, such that the angle subtended by the arc PC at the centre is a, or 
the “ magnetic latitude” » is (90° — a), we can easily find the dip. For 
calling m the magnitude moment of NS§, and R the radius of the earth, 
Component of moment along radius P = m cos « 
= m sin-A, 


2m sin X ; 
and the field at P due to this is RP and is vertical. 
1H, Shackleton, The Heart of the Antarctic. 
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Component of moment perpendicular to radius P is 


msina = mcosX, 


and field at P due to it, is ™°°* : 


, and is horizontal. 


. 3 
If, then, 0 is the dip, tan 9 = "5* | _* 
= 2'tan A. 


As a rough approximation this is useful, but a glance at Fig. 28 
shows that no such simple representation of the earth’s magnetic con- 
dition is possible. 

The fact that the magnetic field of the earth is probably due to 
magnetisation of the earth’s material was first pointed out by Dr. 
Gilbert, of Colchester, who constructed a model, or terella, of magne- 
tite, and showed that a small suspended needle in the neighbourhood 
of it, dips as a needle does in the earth’s field ; but he made the mistake 
of assuming that the magnetic poles were at the ends of the axis of 
rotation of the earth, and attributed the declination of the compass to 
irregularly disposed masses of magnetic material in the earth. 

The greatest step forward in the theory of terrestrial magne- 
tism was made by Gauss.! By mapping out a closed path upon 
the earth’s surface and resolving the horizontal component of the 
earth’s field along it, he obtained the quantity H cos § at each point, 
and by finding the quantity fH cos 6.ds for short steps ds, taken 
round the closed path, he found that the result is zero. Hence the 
magnetic field is not due to an electric current flowing through the 
curve, that is, there is no vertical current (see p. 231). For this pur- 
pose he used a triangle, with Géttingen, Milan, and Paris, as vertices, 
_ and found the above to be true within the error of observation. He 
also calculated the value of the potential at all points upon the earth 
in terms of the horizontal field at a limited number of places, and so 
obtained the values of the total intensity and dip all over the earth. 
The mathematical discussion is beyond the scope of this book, and the 
student who is interested in the matter is referred to Gauss’s original 
memoir, or, for a short account, to A. Gray’s Treatise on Magnetism 
and Electricity, Vol. I. 

Amongst other results, Gauss calculated that the north magnetic 
pole would be in latitude 73° 35’ N., longitude 95° 39’ W., and the south 
magnetic pole in latitude 72° 35! Si, longitude 152° 30! E.; also the 
magnetic moment of the earth to be about 0:33R%, where R is its 
radius. 

On p. 266 we shall see that the magnetic moment of a uniformly 
magnetised sphere is 47R*I, where I is the intensity of magnetisation, 


1 Gauss, Allgemeine Theorie des Hrdmagnetismus. Result. d. Magnetischen 
Ma Leipzig, 1839, 
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and therefore, considering the earth to be a uniformly magnetised 
sphere, its intensity of magnetisation would appear to be 


The saturation intensity of magnetisation of iron or steel is of the 
order 1500, and we thus get an idea of the intensity of magnetisation 
of the earth required to produce its magnetic field. The surface layers 
of the earth are not capable of so great an intensity of magnetisation 
as is required by Gauss’s theory, so that either the interior of the earth 
is much more highly magnetic than the layers near the surface, or the 
magnetic field is due to some other cause, such as circular electric 
currents flowing from east to west. The theory of the earth’s per- 
manent magnetic field is far from complete. 

Variation in Magnetic Elements.—The magnetic elements at all 
points are continually changing, and the change may be resolved into 
a number of quasi periodic components, together with sudden and 
irregular changes known as magnetic storms. 

(i) Secular Variation—The declination at all points is undergoing 
a long period change. Records of the declination do not go far enough 
back for us to compute with accuracy the periodic 
time of the secular variation, but it is of the order 
of magnitude of 960 years. In 1580 the declina- 
sion at London was 11° 15’ E.; in 1600, 53° H. 
According to an observation in 1633 it was still 
4° 5' E., and in 1659 it was zero, the compass at 
London pointing due north. Later observations 
show a westerly variation, 103° in 1709, to 244° 
in 1820, when it reached its maximum, and has_ 
since been diminishing. At the present time (1911) 
it is 15° W., and it is probable that in 2139 it 
will again be zero. It was pointed out by Lord 
Kelvin that the magnetic system is slowly rotat- 
ing from east to west, making a revolution in 

Fig. 30. 960 years, so that in 960 years the magnetisation 

lags behind the earth by one rotation, The 

magnetic north pole describes a small circle of about 17° radius, and 

the effect of this rotation upon the declination at any fixed point may 
be seen from Fig. 30. 

(ii) Annual Variations—There is a variation in declination whose 
periodic time is one year, which occurs simultaneously in opposite 
directions in the northern and southern hemispheres, the amplitude at 
London being about 2}. The maximum easterly deviation occurs in 
August, and the westerly in February. 

(iii) Daily Variation.—Changes in the earth’s field having a period 
of 24 hours are also observed. In Fig. 31 curve A gives the typical 
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variation 86 in the declination in this country. This reaches a limiting 
position about 4’ east of its mean position just before 8 a.m. and a 


+ 0:0002 
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Fig. 31. 


maximum 5’ west at 1.0 p.m. The variation dH horizontal intensity 
(B) reaches a minimum at about 10 a.m, and a maximum at 7 p.m., 
while the variation 66 in dip (C) reaches its maximum at 11 a.m. and 
its minimum at 7 p.m. 

The daily variation is not constant, that is, it does not go through 
the same course on different days. The magnitude of the change is 
shown in Fig. 32, taken from the results of Dr. Chree,' in which the 
curve O represents the variation in 
declination on ordinary days, Q that —_|5¢ 
for very quiet days, and D that for © D 0 
days of considerable magnetic disturb- 
ance, the values taken being means 
over an eleven-year period. 

Professor Schuster? has investi- 
gated the phenomenon of the daily 
variation, and has come to the con- _, way ei 
clusion that it is due to causes external ~’ 


to the earth, probably to electric cur- of] 


7 


rents in the atmosphere ; and the daily 
magnetic variations cause induced cur- 
rents in the earth, which reduce the 6am Noon. 6pm. 


-amplitude of the vertical and increase Fra. 32. 


that of the horizontal component, The 

earth currents which would produce these magnetic effects are of such 
a character that they indicate that the earth is not a uniformly con- 
ducting sphere ; the upper layers conduct better than the lower layers. 
And further, the observed daily variation is similar in character to 
that which would be produced by the motion of the atmosphere due 
to the tidal action of the sun and moon, or periodic variations of the 


1G, Chree, Phil. Trans, vol. 208, A, 1907. 
3 A. Schuster, Phil. Trans. Roy. Soc., vol. 180, Part I. 1889. 
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barometer, provided that the atmosphere is in such a state that the 
smallest electromotive force will produce current. ; 

The daily variations in the horizontal component of the earth’s 
field have been represented by v. Bezold in a very convenient form. 
A vector, representing in magnitude and direction the variation in H 
from the mean at any instant, is drawn from the point O (Hig. 33). 
During the day this vector makes a complete revolution, and its 
extremity describes the curve in the figure, upon which the appropriate 
times of day may be indicated, and the vector representing any 
required time may be seen. It is then found that for all points on 
the earth having the same latitude, the vector diagram of daily 
variation has the same shape, and by placing the axis AB in the 
direction of the meridian, the vector at any moment representing the 
variation, can be added vectorially to that indicating the mean hori- 
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zontal component of the earth’s field at that point, to obtain the actual 
horizontal component and the direction in which the compass would set. 

The daily variation is less in winter than in summer. : 

(iv) Magnetic Storms.—Simultaneous variations in the magnetic 
elements over the whole earth are frequently observed, the magnetic 
needles at the observatories undergoing rapid and sometimes enormous 
disturbances. 

Eleven-Year Period.—On recording the frequency of sunspots and 
the magnitude of the daily variation in the magnetic elements, a sur- 
prising parallelism between the two phenomena becomes apparent 

Fig. 34). 

It ba seen that the period of eleven years, during which the 
frequency of the occurrence of sunspots goes through a cycle, coincides 
with the period of change in the magnitude of the daily variations. In 
the diagram 66 is the amplitude of the daily variation in minutes of 
arc, and 6H is the variation in the horizontal intensity expressed as a 
fraction of the whole amount. The diagram is given by A. Nippoldt,! 
and exhibits very clearly the parallelism in the three quantities. 


1 A, Nippoldt, Hrdmagnetismus, Erdstrom and Polarlicht. 
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Cause of Variations.—The origin of the earth’s magnetism is still 
a matter for investigation, but the variations, although not thoroughly 
understood, have been explained on the assumption that the sun is 
emitting a radiation similar to the kathode rays, met with in a vacuum 
tube in which an electric current is passing (Chap. XV.). Such rays . 
consist of minute particles, which, in passing through a gas such as our 
atmosphere, render it conducting for the electric current. Any potential 
difference between different localities in the upper layers of the atmo- 
sphere would then give rise to electric currents, and such currents 
haying a magnetic field associated with them would, of course, affect 
the magnetic needle. Such phenomena as the eleven-year recurrence 
of the maximum daily variation lends colour to such a theory, for the 
radiation of all kinds from the sun, changes with the nature of its 
surface. Also the daily variation itself may be due to the same cause ; 
although it must not be forgotten that the changes in temperature due 
to the alteration in the amount of radiant heat received from the sun 
may help to cause the observed variations. It may also be noted that 
Bauer’ noticed a small wave-like disturbance of the suspended needle, 
as the moon passed over the sun’s disc, in the total eclipse of 1900, 
which was similar in character to the solar-diurnal variation, but 
smaller. This change took place at all the observing stations as the 
moon’s shadow passed over them. 

Lord Kelvin showed that any attempt to attribute the variations to 
direct changes in the magnetic condition of the sun must fail, as the 
amount of energy that must be radiated by the sun, in an ordinary 
magnetic storm lasting a few hours, would be about equal to the 
radiation from the sun in the form of heat and light, which takes place 
normally in an interval of several months. It is much more likely that 
some radiation, as above mentioned, which does not involve a great loss 
of energy by the sun, but which changes the electrical conductivity of 
the upper layers of the atmosphere, supplies the condition for the 
atmospheric currents, the source of energy of the currents lying in or 
near the earth itself, 

Magnetic storms are not always accompanied by Auroral displays, 
but the latter are always associated with magnetic disturbances. Also 
the form of the Aurora Borealis is frequently such as might be ex- 
plained by streams of kathode ray particles entering the magnetic field 
of the earth (Chap. XV.) ; and again, the spectrum of the Aurora is 
a line spectrum, showing that it is not reflected sunlight ; and in it the 

lines of nitrogen, argon, neon, and xenon have been detected, a fact 
which points to the conclusion that the light is emitted by the passage 
of an electric discharge through the atmosphere. 

Recording Instruments.—For the purposes of a magnetic survey, 
portable instruments arenecessary, since the magnetic elements ata great 
many places must be determined. These instruments (pp. 27-32) are 
not of great precision ; and are incapable of measuring small variations 


1 ZL. A. Bauer, Terr. Mag. and Atmos. Hlect., XV. 2, June, 1910, 
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in the earth’s field. Consequently, at certain observatories recording 
instruments or magnetographs are erected, which give a permanent 
record of the small variations in the terrestrial magnetic field. The 
three types of instrument record respectively variations in declination, 
horizontal intensity, and vertical intensity, 

The declination magnetograph is an instrument in which a beam of 
light, reflected from a mirror attached to a suspended magnet, falls upon 
a sheet of photographically sensitive paper wound upon a drum which 
rotates at constant speed, the curve traced upon it indicating the . 
variations in the declination, The instrument is thus a combination of 
the reflecting magnetometer and the chronograph. 

In the instrument designed by Watson,’ nine small permanent 
magnets are cemented in an aluminium centrepiece, which is suspended 
by a phosphor-bronze strip, the magnetic system being situated inside 
a massive block of copper, to cause oscillations to be rapidly damped 
out (p. 251). The employment of phosphor-bronze for the suspension, 
renders the reading of the instrument almost independent of tempera- 
ture, for the elasticity of the phosphor-bronze decreases as the 
temperature rises, and the magnetic moment of the magnets likewise 
decreases. Hence the deflecting and the controlling couples rise or 
fall together, with alteration of temperature. 

In the case of the horizontal variometer the suspended magnetic 
system is rotated, either by twisting the suspension or by means of 
compensating magnets, until its magnetic axis is perpendicular to the 
magnetic meridian, Eschenhagen,’ using a quartz suspension, twisted 
the torsion head until the magnetic axis was 90° from the meridian. He 
also used two mirrors upon the suspended system, so that the doubling 
of the deflection due to reflection occurred twice, with corresponding 
increase in sensitiveness. If M be the magnetic moment of the system, 
6 the angle made with the meridian, and a the number of degrees of 
twist in the suspension, 


MH sin 6 = ca. 
When, @ = 90°, ME = ca, and, MéH==teons 
H 
é aoa and, SH = S, 


Thus, a given change 6H will cause a bigger deflection, the smaller ¢ 
and the greater the value of M. Hence a fine suspension fibre is used, 
and a is great, amounting to several revolutions, in order to maintain 
the magnet at right angles to the meridian, 

As H varies so does 6, and the movement of the reflected beam of 
light is recorded photographically. 6 never differs much from 90°. 
The scale of the record is calibrated by causing a deflection by means 
of a small magnet of known moment, placed at a distance from the 
instrument (see p. 6). 


1 W. Watson, Terrestrial Magnetism, vi. 1901. 
3 M. Eschenhagen, Terrestrial Magnetism, v. 1900. 
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The vertical intensity magnetograph is usually a magnet, mounted as 
in the case of the dip circle, to rotate about a horizontal axis, the plane 
of rotation being the magnetic meridian. The end of the needle, which 
would ordinarily set upwards, is loaded until the needle is horizontal, 
and the horizontal component of the earth’s field does not give rise to 
a couple tending to rotate the needle. Owing to the direction of the 
needle being perpendicular to the earth’s vertical component, any 
variation in this, causes corresponding variation in the position of 
equilibrium of the needle, and its movements are recorded by the beam 
of light and photographic drum as in the last two cases. 

In order to respond to rapid changes in the magnetic field, the 
magnet must be as light as possible, and when supported upon knife- 
edges, any mechanical disturbance will cause such a needle to move 
about in azimuth, with loss in definiteness of the record ; also change 
in temperature produces alteration in the magnetic moment of the 
magnet, with resulting change in the position of equilibrium. 

To get over these difficulties Watson‘ attaches the magnets, which 
are 8 cms. long and 1 mm. in diameter, to a quartz plate, to which the 
horizontal suspension fibres are fused. 
The arrangement is shown diagram- 
matically in Fig.35. E is a slab of 
fused quartz, the upper face of which 
is polished and constitutes the mirror, 
The rods B and C are part of this, 
and serve both to carry the magnets 
M, M’, and for the attachment of the 
quartz fibres AB and CD. At Aisa 
spring of fused quartz, to which is 
fused one end of the fibre AB. The 
attachments at B, C, and D are all 
made by fusing the fibres on to the Fig, 35, 
quartz rods, so that the suspension 
consists entirely of homogeneous fused quartz. At D is a torsion head, 
the adjustment of which serves to set the magnets horizontal. P is a 
45° reflecting prism, to enable the readings to be made by means of 
a horizontal beam of light. 

The small adjustable weight w is placed in such a position that the 
ends M of the needles, which usually point upwards, are now depressed 
below the level of the axis, and the magnets are brought into a horizontal 
position by rotating the torsion head D, in a clockwise direction. The 
earth’s vertical magnetic field tends to raise MM and depress M’M’, 
and any variation of the field is observed by the corresponding rotation 
of the magnets and the attached mirror E. 

By the construction chosen, the apparatus is practically free from 
error due to change of temperature, for if this rises, the magnetic moment 
of the magnets decreases and the ends MM would be depressed, But 


1 W. Watson, Proc. Phys. Soc. Lond., XIX.1TI. 1904. 
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the rigidity of the quartz fibres increases with rise of temperature, and 
so the couple exerted by them increases, causing the ends MM to be 
raised. The two effects are therefore opposite, and by adjusting the 
position of the small weight w, and the torsion in the fibres, the 
apparatus may be compensated for temperature change. 

The Kelvin Compass.—Several improvements in the old form of 
ship’s compass were introduced by Lord Kelvin; the old ones being 
generally too large, and slow in movement. The Kelvin pattern is now 
universally employed, It has a ten-inch card, consisting of a thin 
sheet of aluminium or paper, on which a scale is pasted, or drawn, and 
varnished. The middle portion is removed for the sake of lightness. 


In the middle is the system of magnets (six or eight) slung on to 
radial threads, giving a system of high magnetic moment and very 
small weight. Any oscillations in the magnet are therefore of small 
amplitude and are damped out much more rapidly than with the older 
and heavier magnets of proportionately smaller magnetic moment. In 
many of the modern compasses the card is immersed in methylated 
spirit, which takes most of the weight off the needle-point, and also 
serves to damp vibrations, 

Method of Applying the Variation of the Compass.—In navigating 
a ship the officer must, after determining his true course from a chart, 
apply the magnetic variation, in order to obtain the magnetic course, 
or course according to the compass, along which he has to sail. The 


points of the compass being plotted along a 
vertical line, the deviations at each position are 


: 


tion is W, that is, when the pole of the compass 
-(N or 8) is deflected to the left hand, as seen 


. 


‘ 
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method of applying the variation (declination) may be seen from Fig. 37, 
If the variation is E, the ship’s course when west of north or east of 
south is apparently increased, and the variation 

is to be added to the true course to obtain the = 
magnetic course. Thus if the true course is 6° = mM 
west of north and the variation is a° east 
(Fig. 37), the magnetic course is (6 + a), W of 
N. If the variation were a° west of north the 
magnetic course would have been (6 — a), W of 
N. By a similar process the true course may be 
found from the magnetic course when the varia- 
tion is known. 

Deviation due to Ship’s Iron.—In addition 
to the declination or variation, which is obtained Bia. 87. 
from a chart similar to that on p. 35, dis- 
turbances caused by the magnetisation of the iron of the ship itself 
must be taken into account. In ships constructed largely of iron and 
steel, these deviations from the chart direction of the compass are 
usually considerable, and unfortunately they are generally variable. 
This necessitates their frequent determination for every ship; the 
process is called “swinging the ship.” 

The magnetic direction of a given distant object being known, the 
ship is allowed to swing round to as many points of the compass as 
possible, the magnetic bearing of the distant object by the standard 
compass on board, being taken and recorded. The difference between 
this and the known magnetic bearing of the distant object, is the devia- 
tion produced by the ship’s iron, The true magnetic bearing is 
frequently determined by sending a compass ashore and observing the 
ship’s bearing according to the shore compass. ‘The magnetic bearing 
of the shore compass is then known, since it is aad 4 
the complement of the bearing of the ship accord- 
ing to the shore compass. The deviation for each 
magnetic bearing may be applied as a correction 
to the variation, in a manner similar to that in 
which the variation was applied to the geographi- 
cal bearing. There are many ways of record- 
ing the deviations graphically, but Fig. 88 shows 
the method that is probably the simplest. The 


2 
Bw, 
“ae 


measured horizontally, to the left when the devia- 


from the centre of the compass, and to the right 
when the deviation is EH. 

Such curves must be obtained from time to time, and in different 
latitudes, since the magnetisation of the ship varies ; the chief cause in 


ae. 
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the variation being the variation from place to place of the earth’s 
magnetic field and the consequent change in the magnetisation of the 
ship. 
ees Curve.—A second method due to J. R. Napier is of great 
convenience, since it enables the curve to be plotted from the observa- 
tions without the necessity of constructing a table, and the corrected 
compass courses may be directly observed from the curve. The points 
of the compass are plotted along the vertical line, with their corre- 
sponding values in degrees. The points of the compass are marked 
upon the right-hand side of the line NN, which 
N .. corresponds to the margin of the compass card. 
ae; is ee. Lines inclined at 60° to the vertical are drawn 
|: -» through equidistant points on the vertical line, one 
< fs ue. Set being dotted and the other plain (Fig. 39). As 
fi ae the deviation for each compass course is observed, 
fy bg ><. » a distance AB, equal in length to the deviation, on 
AB oe <<, the same scale as the vertical one, is measured 
Aye 


parallel] to the dotted lines, to the left if the devia- 


Ep st tion is W and to the right if E. B is then a point 
ie ‘as aK. . on the curve. When a sufficient number of points 
‘+s, has been determined a flowing curve is drawn 
a6 <__ through them. : 

i In order to make use of the diagram, let us 


ae) 

S 

s$ 

/ 9 
a 

(2) 
/ 


\A 


suppose that we require to know the magnetic 
course that corresponds to the compass course 
indicated by the point A. From A pass along a 
dotted line, or parallel to the nearest one, until the 
curve is reached, and then pass along a plain line 
back to the vertical, meeting it at C. Then C 
indicates the magnetic course. For, since all the 
angles in the figure are equal to 60°, ABC is an 
“s equilateral triangle, and AB = AC, Now, AB is” 
.. the deviation, therefore AC is also equal to the 
PE ae: deviation, that is, the difference between the 

> > > magnetic and the compass courses, and since it is 

W, it must be subtracted from the compass course 

Fia. 39. to get the magnetic course (see p. 45). Hence 
C corresponds to the magnetic course. 

Similarly, if e be a given magnetic course and we require the com- 
pass course, pass from e to the curve at jf, by a path parallel to the 
plain lines, and thence to g by a path parallel to the dotted lines. g is 
then the compass course, 

Causes of Deviation.—In ships built chiefly of iron and steel there 
are many sources of disturbance of the compass, but for convenience we 
may divide them into two classes—those due to permanent magnetism, 
which are generally acquired at the time of building the ship, and 
those due to transient magnetism, which vary with the magnetic field 
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in which the ship happens to be situated at the time of making the 
observation. 

The first of these depends for its character upon the position of the 

ship during building, the line in the ship which was in the magnetic 
' meridian being approximately the magnetic axis of the ship. In the 
northern hemisphere this would mean a N magnetic pole in the part 
directed northwards, and whenever this part again faces N or 8, the 
deviation due to this cause is zero, In all other positions a deviation 
is produced. If NS be the permanent magnetic axis of the ship, and 
h the strength of the magnetic field at the compass 
due to the ship’s magnetisation, the couple exerted 
on the compass is h sin 6, where @ is the angle 
between the magnetic axis and the compass needle. 
The deviation is westerly when the magnetic N end 
of the ship is E of the magnetic meridian (Fig. 40), 
and easterly when the N end is W. For this reason 
it is called a semicircular deviation, since it remains 
of the same sign for a change in 180° of the ship’s 
direction. : 

Another source of semicircular deviation is the Fic. 40. 
soft iron in a vertical position. This is magnetised 
by the vertical component of the earth’s field, to an extent roughly 
proportional to its intensity. The direction of magnetisation is there- 
fore opposite in the northern and southern hemispheres. The effect 
on the compass depends upon the distribution of the iron, und the field 
due to it is proportional to the vertical component V of the earth’s 
field. Since the effect in producing deviation varies inversely as the 
horizontal field H which controls the compass, the deviation is propor- 
tional to , that is, to the tangent of the dip. 

As the ship changes in azimuth, the deviation due to vertical soft 
iron only changes in sign as 
the mass of iron concerned 3 & 
passes the meridian from W 
to E, or E to W, so that the 
deviation in this case is semi- 
circular. The total semi- 

circular deviation is the re- 
sultant of this and the above. 

Masses of soft iron situ- 
ated with their direction hori- 
zontal are magnetised by the 
earth’s horizontal field, and 
their effect upon the compass 

depends largely upon their Fig, 41, 
position. Thus in Fig. 41 (i), 
the result is to make the deviation W, and in (ii) to make it E. If 6; be 
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the angle between the magnetic meridian and the axis of a bar of soft 
iron, the induced magnetism is proportional to cos 6, The deviating 
effect upon the needle is proportional to sin 6,, where 6, is the angle 
between the axis and that of the needle. Hence the deviation due to 
this cause varies as cos 6, sin 6,, or as sin 26, where the small difference 
between 6, and 6, is ignored. Sin 26 changes sign four times for one 
rotation in azimuth of the vessel, and is constant in sign only for one 
quadrant, the deviation due to horizontal soft iron changing in sign 
from quadrant to quadrant. For this reason this is called quadrantal 
deviation. 

A constant error in the deviation may occur through improper set- 
ting of the magnets of the compass with respect to the card, or through 
the magnet being placed out of the line of symmetry of the ship. 

Equation for Deviation.—The semicircular deviation, being pro- 
portional to the sine of the angle between the magnetic meridian and 
some line in the ship, may be written k sin (£ + b), where ¢ is the angle 
between the median line of the ship and the magnetic axis of the 
compass, that is, £ is the compass course, and b some constant angle 
depending upon the direction of the permanent magnetisation of the 
ship. Now, ksin(€+b)=ksin¢ cosbh+kcos¢ sinb, and taking 
kcosb and ksinb as two constants B and C, the semicircular devia- 
tion may be written in the form B sin £+ C cosé. 

Similarly, the quadrantal deviation may be written D sin 2¢ 
+ E cos 2¢, and the whole deviation § has then the form— 


§6=A+Bsiné+ C cosé+ D sin 2+ E cos 22. 
8 and ¢ are both considered to be positive when directed HE of N. 
5+ is the magnetic’ course of the ship. In practice A and E are 
found to be very small, and the approximate equation for the deviation 
may then be written— 
6= Bsin €+C cos ¢£+ D sin 26. 


When £=0, then 6, = C, and we therefore see that C is the 
deviation when the ship’s direction is magnetic N and 8. Again, if 
¢ = 90°, 6; = B, and consequently B is the deviation when the ship’s 
direction is at right angles to the magnetic meridian. 


When,’ ¢ = +45°, i.e. when the ship’s head is NE, 
B 
) er] ear I D 
and when, £ = —135°, «.e. when the ship’s head is SW 


i 
Thus D is the mean of the deviations when the ship’s head is in the 
positions NE and SW. 


I. * COMPENSATION OF DEVIATION 49 


Having determined the constants B, OC, and D, three curves may be 
constructed, two of which are sine curves and the third a curve of 
sin 2¢,and on adding the values at each course, a curve giving the 
deviation for all courses may be found. When greater accuracy is 
required, the five constant coeflicients may be determined from 
readings made on all the principal points. 

Heeling Error—When the median plane of the ship is vertical, 
the resultant magnetic field due to the iron is not generally horizontal ; 
its vertical component, however, will have no effect upon the direction 
of the compass. Should the median plane become inclined, this com- 
ponent will no longer be at right angles to the plane of movement of 
the needle, and it will consequently have a directive influence, and will 
produce a deviation known as heeling error. Whether this deviation 
is towards the higher or lower side of the ship, depends upon the dis- 
tribution of iron with respect to the compass, and in some cases is in 
opposite directions in the northern and southern hemispheres. 

The heeling error is greatest when the ship’s direction is N and §, 
since the vertical component of the ship’s magnetic field will become 
inclined as the ship rolls, and will, in its new position, have a horizontal 
component which is E or W. On the other hand, when the ship is E 
and W, this horizontal component will be N or §, and will not directly 
- produce deviation. It may, however, by altering the control upon the 
needle, cause a change in the deviation produced by other causes. 

Compensation of Deviation—There is no method of reducing to 
zero the deviation produced by the ship’s magnetism, but the various 
errors may be compensated to a considerable extent by placing mag- 
nets, or soft iron, in suitable positions, the compensating apparatus 
being in each case of such a nature that if acting alone it would pro- 
duce an error of the same nature as that which it is required to cor- 
rect, but with sign reversed. 

(i) Quadrantal Deviation—Various devices have been used at 
different times for correcting the quadrantal deviation, such as masses 
of cast iron, or boxes of chain. The usual method employed at the 
present time, is to attach two hollow soft iron spheres 
to the binnacle, one on either side of the compass and s 
on a level with it. The deviation produced by such | 
spheres is evidently quadrantal, and since the uncor- ce) 
rected quadranta] deviation produced by the ship is 
found in practice to be always positive, .e. to the E of 
N, it will be seen from Fig. 42 that the deviation due 


to the spheres will be opposite in direction to that due i 
‘to the ship, and may be used to compensate it. The AN 
spheres are adjustable in distance from the compass 8 


needle, and they may be placed by trial. As a rule, Fie. 42. 

_ however, the coefficient D (p. 48) is determined for the 
uncompensated compass, and the position of the spheres of any given 
- size obtained from tables published by the Admiralty, Thus with a 
E 
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10 ins. Kelvin compass and spheres of 5 ins. diameter, the value of D © 
corrected by spheres situated with their centres 9 ins. from the needle 
is 2° 2’, and with their centres 12 ins. from the needle 0° 56’. 

(ii) Semicircular Deviation.—On p. 47’ we saw that the semicircular 
deviation is due to two causes, namely, permanent magnetisation, and 
magnetisation due to the vertical component of the earth’s field. 
Hence, to compensate this deviation, two different devices correspon4d- 
ing to the two sources of the error are necessary. To compensate for 
the permanent magnetisation, small permanent magnets are attached 
to the compass box. Having first corrected for the quadrantal devia- 
tion, the ship’s head is placed magnetic N and small permanent magnets 
are fixed in transverse holes in the binnacle, the number being in- 
creased until the deviation is reduced to zero. The ship’s head is then 
placed E or W, and a second set of small permanent magnets placed 
at right angles to the first set, to reduce the deviation again to zero. 

The correction for the magnetisation due to the vertical component 
of the earth’s field is performed by placing a soft iron bar vertically in 
front of or behind the binnacle. Such an arrangement is called a 
Flinders’ bar, after its inventor, Captain Flinders. The suitable position 
of the Flinders’ bar may be calculated from the known value of the co- 
efficients in the deviation equation, but this is outside the scope of this 
work. 

(iii) Heeling Error —This may be corrected by a magnet placed ver- 
tically with its pole underneath, and at some distance from, the com- 
pass. In this way a vertical field equal and opposite to that due to 
the magnetisation of the ship may be produced. 

The above brief sketch of the deviations produced by the magneti- 
sation of a ship, and the methods of their correction, is here introduced 
as an example in the composition and resolution of magnetic fields. 
For a full account of the subject the student may consult the Admiralty 
Manual for the Deviations of the Compass, by F. J. Evans and Archibald 
Smith. 


CHAPTER III 
THE ELECTRIC CURRENT 


Unper certain circumstances an ordinary metallic wire may exhibit 
distinctive phenomena, the most striking being, the existence of a 
magnetic field in the space surrounding it, and the production of heat 
in it. We say, then, that an electric current is flowing in it. The 
electric current is always accompanied by these two effects, and their 
presence may be taken to indicate its existence. Our reason for 
speaking of this phenomenon as a current, which implies a flow of 
something along the wire, rather than as a statical condition, will 
appear later. 

Magnetic Field accompanying a Current.—An infinitely long 
straight wire, carrying an electric current, is surrounded by circular 
lines of magnetic force, the centres of the circles lying upon the axis 
of the wire, their planes being perpendicular to it. In the case of 
any straight piece of wire which is fairly long, the magnetic lines may 
easily be mapped out, either by the method of iron filings, or with 
a small compass needle, and will be found to be approximately circular 
(Fig. 43). In the case of a circle of wire carrying a current (lig. 44), 
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Fig, 43. Fia. 44. 

‘the magnetic lines of force are not so simple in shape as in the case of 
a straight wire, but they may be found in a similar manner, and it 
will be noticed that for a small region near the centre of the circle, 
the field is nearly uniform, that is, the lines are nearly parallel. The 
fundamental experiments exhibiting the presence of a magnetic field 
when an electric current is flowing are due to Oersted ( 1820), the 
existence of the current having been recognized by certain other 

ecta for the previous twenty years. 
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Ampére’s Theorem.—In his celebrated memoir’ of 1823, Ampére 
stated that ‘‘ Every linear conductor carrying a current is equivalent 
to a simple magnetic shell, the bounding edge of which coincides with 
the conductor, ‘and the moment of which per unit of area, that is, the 
strength of the shell, is proportional to the strength of the current.” 
By a magnetic shell is meant an infinitely thin sheet of material, 
magnetised in a direction at right angles to the surface of the sheet; 
so that one side of the sheet is a N, and the other a §, polar 
surface. The form of the magnetic field due to a current may there- 
fore be calculated by means of purely magnetic 
considerations, on replacing the current circuit 
by its equivalent magnetic shell; but the same 
result may also be obtained for a complete cir- 
cuit by treating each small element of it as a 
straight current of length 8, and applying the 

idl sin 0 

r 

strength of magnetic field, i the current, r the 

distance from the element of the circuit to the 

point at which H is to be found, and @ the 

Fia. 45. angle between the direction of the current and 

the line joining the element to the point. The 

direction of the field is at right angles to the plane containing the 

element and the line joining it to the point, and is indicated in 
Fig. 45. 

This law was proved by Biot and Savart to hold in the case of 
a long straight wire carrying current. The magnetic fields, as deter- 
mined by this method and by that of the equivalent magnet shell, are 
identical. It may be noted that the method of the magnetic shell is 
the more satisfactory, as, however difficult the problem may be, it is 
always possible to find a magnetic shell, or system of shells, that will 
be equivalent to the current; while the method of the element of 
a circuit is a purely fictitious one, since an element of a circuit 
cannot exist alone, the current always flowing in complete circuits 
Nevertheless, the latter method is, in many cases, the more easy 
to apply, and it has also been given a certain reality by Heavi- 
side’s consideration of the rational current element. For if the 
current circuit be looked upon as a series of small elements placed 
end to end, immersed in a conducting medium, each element, considered 
apart from the others, has current flowing i in it, the current leaving : by 
one end, spreading out into the surrounding medium, and eventually 
returning to the other end in exactly the same way as the magnetic 
lines of force spread out from the N pole of a bar magnet and return, 
to the S pole i we place a chain of similar bar magnets end to end 
with a N pole always in contact with the S pole of the next magnet, 


relation H « » where H is the resulting 


1 Théorie des phénoménes électro-dynamique, Mémoires de V Institut, IV., 1823, 
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the external effects of the poles in contact are everywhere equal and 
opposite, and the only external effects are those due to the last N pole 
at one end of the chain of magnets, and the S pole at the other end. 
If then the chain be completed by bringing the extreme N and 8 poles 
into contact so that we have a complete circuit, all external magnetic 
effects will vanish. In an exactly similar manner, if one end of each 
of our current elements be a source of current spreading outwards, the 
other end being a sink for the current converging to it, when these 
are placed in contact, the flow at external points will consist of two 
equal and opposite components, and will therefore be zero, If we 
make our chain of elements complete, the external current will every- 
where be zero, the current merely flowing round the closed circuit. 
Heaviside* suggested this reasoning in order to get over the difficulty 
of realising the possibility of short current elements existing alone, 

lf, then, the magnetic field due to each element of a circuit be 


l 
found by the relation H « ogee and the resultant at any point be 


found for the whole current circuit, we need not trouble about the 
field due to the imaginary currents spreading out from each element, 
as these will cancel out when the whole circuit is considered. 

Unit of Current.—The magnetic field due to a current being the 
most constant and the simplest of the accompanying phenomena, it is 
chosen for the purpose of measuring the current. The unit strength 
of magnetic field being established (p. 3), we may now define our 
unit of electrical current in terms of it. 

Thus, the unit current is one that is equivalent to a magnetic shell of 
unit strength; or, by means of the relation on p. 52, we may define 
the unit of current as that which will enable us to replace the sign of 
variation by one of equality, so that 

idl sin 0 
i= = 

In this equation 6 is a very small quantity, and hence if r is to be 
constant, while oJ is increased to finite size, the circuit must evidently 
be in the form of a circle. Thus the field at the centre of the circle is 


l 
3 and is at right angles to its plane, / being the total length of arc in 


which the current fows. If then 4, /, and r are all unity, the field is 
of unit strength, and we have the ordinary definition of unit current, 
as that current which flowing in an are of a circle of wnit length, the 
radius being unity, produces unit magnetic field at the centre. If the circle 


consist of n complete turns / = 27nr, and it follows that 
vee 
r 


1 Q, Heaviside, Hlectro-magnetic Theory, Vol. I. 
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Tangent Galvanometer.—The last equation is employed in a form 
of instrument for measuring an electric current in terms of a magnetic 
field and a deflection, and from the form of the relation between the 
current and the deflection, the name “ tangent galvanometer” is given 
to the instrument. It is essentially a magnetometer in which the 
magnetic field, F, is due to the current flowing in a vertical circular 
coil, whose plane is in the magnetic meridian, The two fields in 
which the needle is situated are therefore F, due to the coil, and H, 

the horizontal component of the earth’s field (Fig. 
46); and the needle is in equilibrium when its mag- 


H netic axis makes an angle @ = tan~ fr with the 
@ F meridian. 
Then since— 
¢ PS Qans 
r 
H Qrni . . PEt 
-H= tan 6, or, 7 = aa tan 6. 

Fia. 46, A common type of the apparatus is shown in 


Fig. 47, two coils being provided, one of 2 turns of 
thick wire for use with large currents, and one of about 20 turns for 
use with smaller currents. The deflection is observed by means of a 
fine pointer which moves over 
a horizontal circular scale, 
parallax being avoided by 
placing the eye vertically 
over the needle in taking a 
reading, the eye being moved 
until the image of the needle 
in a plane mirror lying 
underneath it appears to co- 
incide with the needle itself. 
In principle the tangent 
galvanometer resembles the 
magnetometer described on 
SF p. 7, the linear scale and 
NALDER anos ay, bar magnet being replaced 

Lon by the circular coil carrying 
the current. 

The same precautions with 

respect to reading both ends 

Fic. 47. of the pointer, and reversing 

the deflection so that the 

reading is made on the other side of zero, are made, as in the case of 

the magnetometer, and further the pointer must be adjusted to be at 

right angles to the needle. Owing to the fact that the magnetic field 
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at the centre of the coil is sensibly uniform for only a small area, the 
needle must be as small as possible; if too large it is not in a uniform 
field, and the relation given above will not hold good. 

In making observations, the deflections should be neither too great 
nor too small. If too small, any error in reading is a very large pro- 
portion of the whole deflection, and if too great, the tangent of the 
deflection increases so rapidly that a small change in deflection means 
a very large actual change in the value of the current, To find the 
position on the scale for readings of greatest accuracy, consider 36 to 
be a small increment in the deflection corresponding to the increment 

dt 
1007 
the percentage change in the current corresponding to 66, and for 


ad ol. 
6i in the current. 7 is the relative change in the current, and —— 


greatest accuracy “ should therefore be as small as possible, 


Since the current is proportional to the tangent of the deflection, 
= K tan 0. 


and, 4 = K sec? 6, when 5 and 86 are infinitesimal ; 


pee on 2 
# ~ tan 6 °--—-sin 20 


50. 


2 
Hence for = to be as small as possible for a given value of 50, —— an 28 


must be as Small as possible ; i.e. sin 26 must be as great as possible, 
This occurs when 26 = 90°, or 6 = 45°. Hence it is desirable to make 
the deflection as near to 45° as possible, whenever accuracy in 
determining the current is required. The curve, Fig. 48, shows the 
relative accuracy in determining the current when the deflection 
varies from 0° to 90°, taking the accuracy at 45° as 100. It will be 
seen that for the accuracy not to fall to 50 per cent. of the maximum, 
the deflection must lie between 15° and 75°. 

A more refined instrument is shown in Fig. 49. In this case there 
are two coils, the distance between them being equal to the radius of 
either coil, the object being to obtain the most uniform field in which 
to suspend the needle. 

In order to find the strength of magnetic field at a point on the 
axis of a circular coil at a distance # from the centre, consider the 

field due to an element ol of the circle. The field at A (Fig, 50) due 


4.0L ; : RNS 
to this element is a> where 7 is the current in the coil, and is in the 


direction AB, at right angles to the plane containing r and dl, This 
may be resolved into two components, AC along the axis, and AD at 
right angles to it. Every element of the circular coil will produce a 
component at right angles to the axis and in each case it is parallel to 


a 
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the radius of the circle drawn to the element, Hence, taking the 
whole circle, these components of the field corresponding to AD will 


Fia. 50. Fig. 49. 


give a resultant zero. The components corresponding to AC, which 
are along the axis, will on the contrary be added together. 
Component AC due to element oJ 


a  iadol 
pos  , 


For the whole circle, 6 must be replaced by 27a, 


Qa 


re Biol apex 


and if the coil consist of m turns sufficiently close together to take a 
mean radius without introducing a sensible error, 


Ee 
Piste 
Tr 
Again, r? = «©? + a?; 
- 
Dg yh eee 
(%? + a?) 


The strength of field at a point upon the axis is therefore greatest 
at the centre of the circle, for here « = 0 and the expression becomes 


Qrnt 
cae t It decreases as we pass away from the centre, becoming zero 
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at infinity, but its rate of change as we pass away from thé centre is 
not constant. The rate of change from point to point along the axis 
is the differential coefficient of the above expression with respect to 2, 
. Af Qrnai 
cee 
da | (a? + a°)’ 
any point upon the axis, at which this rate of change becomes constant. 
Calling it y we see that if it is constant, then 


d d? 2) 
ee ax. Weal =o, 
dx da (x? + a?) 

Now, 27na*i is constant, so that in dealing with rates of change it 
may be omitted ; also remembering that 

1 


(@ +a)! 


| and it is of importance to find whether there is 


= (a + a?)"3, we have— 
quit + a) b= — 30(a? + a?) A 
F(a" + a?) = — 3{(a? + a?)-3 — 5x°(a* + a®)-4y 


Putting this equal to zero and dividing throughout by —3(a? +a’) 
we have— 


§a7(a? + a?) = 1, 

oe = e+ a’, do? = a, or a = 5. 
Thus, at the point on the axis whose distance from the plane of 
the circle is 5 : 
axis becomes constant, 

This fact is made use of in the Helmholtz pattern of galvanometer 
(Fig. 49); the two coils are placed coaxially and at a distance apart 
equal to the radius of either, the rate of change of field being most 
uniform at a point midway between them, which point is at a distance 


the rate of change of the field as we pass along the 


* from each coil. Any diminution in field due to one coil as we pass 


2 
away from this point is compensated for by the equal increase in the 
field due to the other coil, the rate of change being here constant and 
occurring in opposite directions for the two coils. Substituting the 
value } for # in the expression for the field on the axis of a coil, and 
remembering that there are two coils, we have 

Py 


4ornai 32 ani 


F=-—— = 


as / 5B" 
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And the expression for the deflection is 


Ve ote 
125aH 
OL, t= oe tan 0. 


The above reasoning may be illustrated by plotting the values of 
the field strength due to a coil at different distances from the centre. 
The curve PQR (Fig. 51) is obtained, which will be seen to be straight 


at the point Q at a distance 5 from the coil, since the curve changes 


here from being convex upwards to being concave upwards. The rate 
of change of field at this point is constant, that is, its variation is zero. 
The curve SQT is plotted for the second coil, and the curve M is 


Fia. 52. 


obtained by adding the ordinates of the other two, and represents the 
resultant field due to both coils. It is easily seen that for some 
distance on either side of the point midway between the coils the field 
is fairly constant, the reason being that the two curves are straight at 
Q, so that the falling off in either direction of one of the fields is 
balanced by the equal increase of the other field. 

In Fig. 52, the lines of force for the double coil are drawn, and it 
will be seen that in the middle of the field there is a region of con- 
diserable extent where the magnetic field is approximately uniform. 

Electromotive Force and Potential Difference—Whenever a 
current flows in a conductor, heat is developed in it, the amount of 
heat developed being proportional to the time for which the current 
flows ; moreover, it is always found necessary to apply some external 
agency to maintain a steady current, ‘This implies that work is being 
expended in order to maintain the current, the energy being drawn 
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from the outside source. The rate of expenditure of energy required 
to maintain the current is measurable in terms of the rate of production 
of heat, when there is no change taking place in the conductor. From 
analogy with the flow of water in a closed circuit, in which case the 
flow is maintained by some mechanical agency such as a pump at some 
point or points, we consider that the electric current is maintained by 
an electromotive force. Just as we took the magnetic field in the 
neighbourhood of a current as a measure of the current itself, so we 
may take the rate at which energy is expended to maintain a current 
to measure the necessary electromotive force. Then for a given 
current, the electromotive force (or more shortly the E.M.F.) required to 
maintain it, is proportional to the rate at which energy is expended, 
and by choosing suitable units we arrive at our unit of E.M.F. Thus, 
when the current is unity and the rate of working is one erg per second, the 
E.M.F. is unity, and in terms of these units 


Rate of working = (current x E.M.F.) ergs per second. 


Thus, if an E.M.F. e maintain a current ?, for ¢ seconds, 


Work done = eit ergs. 


It must be remembered that a given conductor is usually only part 
of the circuit, and somewhere in the circuit is the source of the energy 
required to maintain the current. This source may be an electric 
battery, in which case the ultimate source of the energy may be some 
chemical reaction occurring in the battery; or it may be a dynamo- 
electric machine, in which case the energy is derived from some kind of 
heat engine, or it may be one of a number of other sources ; but in any 
case the rate of working to maintain unit current in the circuit is 
called the electromotive force in the circuit. The resulting heat may 
be liberated in various parts of the circuit, and this will take place 
according to laws which we must now examine. 

An electromotive force always acts in one direction in the circuit, 
and if there be a number of electromotive forces in the same circuit, 
the excess of those acting in one direction over those acting in the 
other direction is the resultant or effective electromotive force in the 
circuit. Thus an electromotive force is a directed quantity and in this 
respect is analogous to a mechanical force, In many mechanical pro- 
cesses the energy supplied by the driving force is eventually dissipated 
as heat, and the rate at which the heat is developed at various points 
depends upon the frictional resistance to motion at these points. 
Similarly, i in the case of an electrical circuit the energy supplied by 
the source of E.M.F. appears as heat in the circuit, but the rate of 
production of heat at any point, for any given current, varies accord- 
ing to the nature of the conductor at that point. 

For a given conductor, the work converted into heat in it in one 
second when unit current flows, is called the potential difference 
between its ends. Thus, potential difference is measured in the same 
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units as electromotive force, but they have this difference, that an 
electromotive force has always the same direction in the circuit, where- 
as the potential difference has a direction depending on that of the 
current. If the current flow in a circuit in the direction in which the 
electromotive force tends to produce current, the source of electromotive 
force transfers energy to the circuit and the energy of the source 
decreases, but if the direction of the current be reversed so that the 
electromotive force opposes its flow, the energy of the source of electro- 
motive force increases at the expense of the energy of the source of 
greater electromotive force which is maintaining the current in the 
circuit. On the other hand, a potential difference always corresponds 
to the dissipation of energy in form of heat in the circuit, whichever 
way the current flows. Thus, if electromotive force corresponds to a 
motive mechanical force, potential difference corresponds to a frictional 
force, which depends for its direction upon the direction of motion, 
and is a measure of the heat produced per second between two 
points, for a given continuous motion of matter between one point and 
the other. 

If the potential difference between two points in a conductor in 
which there is no electromotive force, is zero, there is no dissipation 
of energy in the form of heat in the conductor, and, except in the 
limiting case when the conductor does not offer any resistance, this 
means that there is no current, In the case of water flowing in 
a tube in which there is no motive force due to a pump or gravity, 
we say that the flow is from points of high pressure to those of low 
pressure, and in the electrical case we also say that the point from 
which the current flows is at a higher potential than that towards 
which it flows, 

Ohm’s Law.—In the chapter on Electrostatics (V) we shall see 
that potential difference may be measured quite independently of any 
current flowing, and if for any conductor the potential difference be 
measured by this independent means, and the current also be measured, 
say, by the tangent galvanometer, it will be found that for the case of 
an ordinary metallic conductor there is a simple relation between 
potential difference and current, the current is proportional to the 
potential difference. This relation was first clearly stated by G. 8. 
Ohm? and is known as Ohm’s law. Although Ohm had not the means 
of establishing the law with any great certainty, later experimenters 
verified it to a high degree of accuracy. 

Resistance.—Ohm’s law may be expressed in the form, 


potential difference 
current 


= constant, 


for any conductor under constant physical conditions, The name 
resistance has been given to this constant, and the name conductance 
to the inverse of it. 


1G. S. Ohm, Die galvanische Kette mathematisch gearbeitet. Berlin, 1827, 
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Thus, ou = resistance, at = conductance. 
The unit of resistance follows at once from the units of potential 
difference and of current, and is the resistance of a conductor in which 
unit potential difference corresponds to unit current, or the potential 
difference between the ends of the conductor is unity when unit 
current flows in it. 


Thus, pa r, or, p.d. = tr, 


(p.d.)? 


Tr 


And, rate of working = p.d. Xi =?r= ergs per second, 

Practical Units Although the centimetre, gramme, and second are 
of convenient size for the measurement of length, mass, and time, the 
derived units of electromotive force, current, and resistance, resulting 
from them, and called the absolute C.G.S. units, are not of convenient 
size for ordinary electrical purposes. Hence a new unit of current 
is chosen which shall be simply related to the old unit, but of more 
useful size; it is called the ampere, being named after the celebrated 
experimenter Ampére, and is one-tenth of the size of the absolute unit. 
Thus the expression for the field at the centre of a circular coil will be 
Qrnl 
10r 

Similarly the unit of E.M.F. is chosen to be of the order of that of 
an ordinary electric cell; it is 100,000,000 or 10* absolute units, and 
is called the volt. 

Thus for a complete circuit, rate of working 


, where I is the current in amperes, 


= ei ergs per second 
= .10°xI.10- 
= EI x 10" ergs per second, 


where E is now measured in volts, and I in amperes. Upon this 
system the practical unit of rate of working is the work done per 
second when one volt maintains a current of one ampere, and is called 
the Watt, We see then that rate of working = EI watts, and further 
that one watt = 10’ ergs per second. The engineer’s unit of rate of 
working, the horse-power, or 33,000 foot-pounds per minute, may be 
converted into watts by converting feet to centimetres, pounds weight 
to dynes, and minutes to seconds, when it will be found that one 
horse-power = 746 watts (approx.). 

Again, the name Joule is given to the unit of work upon the 
practical system ; it is the work done in one second when a current 
of one ampere is maintained by an E.M.F. of one volt, so that 
one watt = one joule per second, 

The heat developed in any circuit by an electric current may 
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therefore be found in terms of the current flowing in it and the 
electromotive force which maintains the current, when the mechanical 
equivalent of one calorie, or as it is termed, Joule’s equivalent, is 
known. This quantity has been determined in a number of ways, but 
the mean value may be taken to be 4:18 x 10°. Thus the conversion 
of 4:18 x 10’ ergs into heat would raise one gramme of water one 
degree Centigrade. Then the rate of working may be expressed either 
in ergs per second or calories per second. Thus, 


Rate of working = EI x 10’ ergs per second, 
-, Hl x 10" er 0-955 oa d 
= 718 x 10 = x calories per secon 

The practical unit of resistance is called the ohm, and is the 
resistance of a conductor for which there is a potential difference of 
one volt between its ends when a current of one ampere flows in it. 

Calling R the resistance of any conductor in terms of this unit, we see 

that 

E 

7 =, or, E= IR. 

one volt __10® absolute units of p.d. 
one ampere 10 absolute unit of current’ 


Again, one ohm = 


. One ohm is 10° times the absolute unit of resistance. 
2 


E 
Also, rate of working = EI = PR = R watts, 
= EI x 0-239 calories per second, 


from which we see that for a given conductor, the heat produced in it 
per second is proportional to the square of the current. 

Combination of Resistances.——From the definition of resistance 
given above, we may find the resistance of a number of conductors 
combined in series, that is, end to end, so that the same current flows 
through all of them; or in parallel, in which case they are all joined 

eee = - ey side by side between two points 
wees = sco:sthat the current is divided 
Fig. 53. between them. 

(i.) Series—The current I 
enters at the point A (Fig. 53), and flows through all the resistances, 
leaving at D. Then if there is no source of E.M.F, in any of the 
conductors, ‘ 


p.d. between A and B = 
os 3) Danes. 
cf » Cand D= 


IR, 
IR, 
IR, 
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.. p.d. between A and D=IR=IR, + IR, +1 R, 
where R is the effective resistance between A and D. 


*« R=R+R,4+R+.. 


That is, the combined resistance is the sum of the separate 
resistances. 

(ii.) Parallel or Multiple Are.—In this arrangement of conductors 
the current enters at the point A 


(Fig. 54), and divides into a number of 
parts which unite again at B. Taking Ia << Fe B_! 


the total current I, equal to the sum AS PS 


of the separate currents, 
I=1,+1,+1,. 
If, now, the p.d, between A and B is equal to H, 
E =IR = LR, = LR, = 1,R, 
where R is the effective resistance between A and B, 
E E E E 


ph=p b=R b=R: 


“Ap ge oe 3 R,; 


E E 
Hence, a R, me il R, 

Dividing by the common quantity E, a writing the expression 
for any number of — we have— 

: 
=r = ¥ & £2 +k nae 

Thus for ae in Sark the ature conductance is the 
sum of the separate conductances, the conductance being defined as 
the reciprocal of the resistance. 

To find the current in any one branch, we may note that 


1 2B 
eat i: 


Si a ; combined resistance 
i.e. current in one branch = main current X 


resistance of branch’ 


Resistivity or Specific Resistance.—The resistance of a conductor 

_ depends upon its dimensions, and also upen the materials of which it is 
made. The resistance of a conductor of unit length and unit area of 
cross section is called its resistivity or specific resistance, S, and the 
inverse of this is its conductivity. The shape of the cross section is 
immaterial. Knowing the resistivity of the material we may readily 
find the resistance of a uniform conductor of any dimensions, For 
the conductor may be considered to consist of a number of unit con- 


64 


ELECTRICITY AND MAGNETISM 


CHAP. 


ductors 8, so that if these are placed end to end we have a number 
1 of these in series, where / is the length 


OT 


of the conductor. 
ductors are in series, the resistance of this 
rod of unit section is SJ, 


Since these unit con- 


If, now, a of 


these are situated in parallel, a is the total 


area of cross section, and the combined re- 


sistance is given by 


Fia, 55. 
Tay Ree Ais 
ESTs aT 
- a 
sl’ 
SI R 
*. R=- ; or, 8 = —. 

a 


. . toa terms 


We can therefore find the resistance R if the resistivity 8 is known, 
The universal method for finding the resistivity is to 
measure the resistance of the conductor by one of the methods 
described in Chapter 1V., and, knowing its dimensions, to calculate the 
resistivity, The resistivity of a number of substances is given in the 
second column of the Table below, in which the data are taken from 
Landolt and Bornstein’s and from Kaye and Laby’s Tables, the 


and vice versed, 


resistivity being in International Ohms per unit conductor (p, 397). 


Substance, Resistivity, 
Aluminium 8:09 x 10-® (Benoit) 0° 0, 
294. (Lees) 18° C, 
Oopper. . 1:59 x 10 o_o of num- 
ber) 18° 0, 
Gold . . 217 x 10-6 (Benoit) 0° OC, 


Tron (soft) . 
Lead . . 
Mereury . . 


Platinum (hard) 
» (Bott) 
Silver. . « 


Manganin (Ou 
84, Ni 4, Mn 


12 
Platinoid (Ou 
62, Ni 15, Zn 


22) 
Platinum-sil- 
vor, 85% Ag, 
LO) et iby. 
volume 


8:85 x 10-6 (Dewar and 
Fleming) 0° 0. 
1:99 x 10-° (Benoit) 0° O, 


9'407 « 10- (International 
convention) 0° 0, 

a by eas 0 pea) 

1:54 x 10-5 

1:54 x 10-6 


Siemens) 
Benoit 
Benoit 


}oro, 
0° 0, 


4°76 x 10-5 (Dewar and 
Fleming) 0° O.* 


3:44 x 10-5 (Leos) 18° O, 


2:26 x 10-* (Strouhal and 
Barns) 0° O, 


Range of 


Temperature coefficient 
temperature, 


of resistivity, 


0°—100° C.| 0:00428 (Dewar and 


Flemin 

0°—100° 0.| 0:00428 (Dewar and 
a ie 

12°—100° 0.| 0:00877 (Dewar and 
Flemin; 

0°— 100° ©.} 0:00625 (Dewar and 
Fleming 

0°— 100° C.| 000411 (Dewar and 


hea | 

0°—15° O, | 0:000879 (Glazebrook) 
S 0:008669 (Dewar and. 
O®—= 100° 0. Homing) 
0°— 100° G.| 0:00400  ( 


Dera 
18°— 50° O, | 0:000018 (Phys, Reichs- 
anst.) 


0:00025 


ewar and 


18° O. 


{ 

18° 100° G,|( (hard) 0000255 (Comm, — 
Brit, Ass. “ 

(soft) 0°000844 (Comm, — 

Brit, Ass.) 


. 
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Electrolysis.—In the early years of the nineteenth century it was 
found that when an electric current flows in a solid or liquid substance 
which is not a metal, chemical action occurs, the products of the 
chemical action appearing at the conductors by which the current 
enters or leaves the substance. Non-metallic substances will not, as 
a rule, carry a current, unless some such chemical action occurs. To 
Faraday we owe the quantitative account of the phenomenon and the 
nomenclature now universally applied to it. The substance carrying 
the current, which in the act of carrying it undergoes decomposition, 
is called an Hlectrolyte, the conductors by which the current enters 
and leaves the electrolyte are called Electrodes, that at which the 
current enters being the Anode, and that at which it leaves, the 
Cathode, while the name Electrolysis is given to the whole process. 
The metals are liberated at the cathode, and the acid radicles at the 
anode; but owing to secondary reactions at the electrodes it often 
happens that the substance is dissolved in the electrolyte, or combines 
with the electrode, and in that case it does not appear in the free state. 

The most common electrolytes are solutions of inorganic salts or 
acids in water. For example, if a current be passed through a dilute 
solution of sulphuric acid, platinum plates being used as electrodes, 
hydrogen appears at the cathode in the form of bubbles, and SOQ, is 
liberated at the anode, 


H,S0, = H, + 80, 


This SO, does not appear in the free state, but with the water of the 
solution again forms sulphuric acid, 


2H,0 + 280, = 2,80, + 0, 


Bubbles of oxygen form at the anode, and if the gases at the cathode 
and anode be collected, it will be found that the hydrogen has twice 
the volume of the oxygen. If a copper anode had been employed, 
copper sulphate would have been formed in place of the oxygen. 

Faraday'’s Laws.—As the result of Faraday’s work, two laws were 
enunciated which bear his name. 

i.) The amount of decomposition is proportional to the current 
and to the time for which it passes. 

(ii.) The amounts of different substances liberated by the same 
current, flowing for the same time, are proportional to the chemical 
equivalents of the substances. 

From these two laws it follows that if the amount of any one 
substance liberated for a given current in a given time be known, the 
amount for any other substance may be found, provided that its 
chemical equivalent, which in the case of,an element is the atomic 
weight divided by its valency, be known. 

The mass of a substance liberated by one ampere in one second is 
called its Electro-chemical Equivalent. 

F 
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The most accurately measured electro-chemical equivalent is that 
of silver, for which the most recent determination gives the value 
0-0011183, and from this we can calculate that of any other substance. 
For example, the electro-chemical equivalent of di-valent copper is 
0°0011183 x ey 3 a= 0000329 ; the atomic weight of silver being 
107-9, and that of copper 63°6. 

The theory of electrolysis will be left to a later chapter, but we 
may note here that the constancy of Faraday’s laws, and the ease with 
which the mass of the metallic substance liberated may be accurately 
determined, afford a ready means of measuring an electric current. 
The apparatus for carrying out the electrolytic measurements is called 
a Voltameter, and there are three types of voltameter frequently 
employed. In all cases the mass of substance liberated in a known 
time is observed, and the current calculated from the relation 


Mo= zi, 
where z is the electro-chemical equivalent. 
tomic wei e 
MO =Ie)e valor: petit = 5 
Aluminium . (Al) 27-1 3 
Antimony (Sb) 120-2 3 
Bismuth (Bi) 208°0 3 
Bromine . (Br) 79°92 al 00008284 
Cadmium (Cd) 11240 2 
Calcium . (Ca) 40:07 2 d 
Chlorine ca 85°46 el 0:0003676 
Copper Pe cprech oa (Ou 63:57 1 or 2 0:0003293 
Cold yw, woman eer ve) 197°2 3 
Hydrogen oe (En) 1:008 1 0-00001044 
Iodine (I) 126-92 1 
Iron (Fe) 55°84 2or 3 
Lead . (Pb) 207:10 2 
Mercury . (Hg) 200°6 1 or 2 
Oxgyen . oy 16:0 2 0-00008293 
Platinum (Pb 195:2 4 
Potassium . (K) 39°10 1 
Silver. (Ag) 107:88 at 0:0011183 
Sodium . (Na) 23-00 1 00002384 
Tin Pa 119°0 2or4 
Zine . (Zo 65:37 2 0:0003387 


Water Voltameter (Hoffmann’s Tube).—Water slightly acidu- 
lated with sulphuric acid is employed as the electrolyte, the hydrogen 
liberated at the cathode (Fig. 56) being collected in the graduated 
tube, on the passage of the current for a known time. Allowance 


* International Atomic Weights for 1912. Proc. Chem. Soc., 890, vol. 27, 
p. 205, 1911. 
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must be made for the fact that the gas is not under standard condi- 
tions. From the difference of levels of the liquid in the tube and 
the reservoir, the difference between the pressure of the hydrogen 
and the atmospheric pressure is known in terms of 
liquid column, and dividing by the density of mer- 
cury, we obtain the amount to be added to the 
height of the barometer to give the actual pressure 
of the hydrogen. From this must be deducted the 
maximum vapour pressure of water at the tempe- 
rature of the tube, which may be found from Reg- 
nault’s tables, in order to obtain the pressure of | 
the dry hydrogen. Calling this P, and the tempe- 
rature f° C,, the volume reduced to 76 cms. pressure 
and 0° C. is— 


CUCM aM Ok Ga = 


eel 


E 


Vx Px 273 
76 x (t+ 273) 
where V is the observed volume of hydrogen. The Fig. 56. 


density of hydrogen at 0° C. and 76 cms. pressure 

being 0°08987 gr. per litre, the mass of hydrogen liberated is known, 
and the electro-chemical equivalent being 0°00001044, the current can 
be calculated. 

Another form of water voltameter is shown in Fig. 57, the hydro- 
gen and oxygen liberated escaping together, and the water vapour 
carried away with them being caught by the 
drying tube. The whole apparatus is weighed 
before and after the passage of the current, 
the loss in weight being that of the water 
decomposed by the-current. The mass of 
water decomposed by the passage of one 
ampere for one second is— 

9. 
0:00001044 x buch 


= 000001044 x 9-008, 


0:00001044 being the electro-chemical equivalent of hydrogen. 

For practical purposes this form of the apparatus is superior to the 
Hoffmann’s tube, as the result depends upon weighing instead of upon 
‘measurement of volume, and further, the current ‘may be passed for 
a much longer time, since in this case there is no question of the tube 
becoming ‘tilled with gas. 

Copper Voltameter.—The cathode K (Fig. 58) consists of a thin 
copper sheet suspended from a stout conductor, and the anode of two 
sheets, one on either side of the cathode, so that the deposition of 
copper takes place on both sides of it. A and B are two wooden 
‘bars which carry the leads and which rest upon the edge of a jar or 
beaker containing a water solution of copper sulphate, made by 


: 
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dissolving copper sulphate crystals in about four times their weight of 
water, a few drops of concentrated sulphuric acid being added. The 
current employed should not be too great, or the copper deposited will 
be in a soft, friable condition, and will 
therefore be liable to be washed off the 
plate. Provided that the current does not 
exceed one ampere for each 50 square centi- 
metres of cathode, the deposit will be hard, 
bright, metallic copper. The cathode must 
first be well cleaned with emery paper, then, 
when the current in the circuit has been 
adjusted to a suitable value, the cathode 
is removed from the cell, well washed, 
dried, and weighed. It is then replaced in 
the cell and the current passed for a known 
Bia. 58. time. The cathode is then removed and 
again washed, dried, and weighed. The 
increase in weight, divided by the time and by 0:0003293, the electro- 
chemical equivalent of copper, gives the value of the current. 

In the process of electrolysis the copper sulphate is decomposed, 
the copper being liberated at the cathode, and SO, at the anode. The 
latter combines with the copper of the anode forming copper sulphate, 
so that the total amount of the copper sulphate in the solution remains 
unchanged. The loss in weight of the anode must not be taken as 
a measure of the current, since it includes not only the amount of 
copper which has gone into solution, but also any impurities which 
have become detached as the copper plate is dissolved. 

This form of voltameter is very widely used for the calibration of 
ammeters and tangent galvanometers, as it is extremely simple in form 
and easily made, and by means of it the current may be determined 
to within an error of one part in several hundred. 

Silver Voltameter—When great accuracy is required, the silver 
voltameter of Lord Rayleigh’s pattern may be employed (Fig. 59). The 
cathode is a platinum basin, PB, and the anode a plate of pure silver, 
the electrolyte being a solution of 15 to 20 grammes of pure silver 
nitrate in 100 grammes of water. Metallic silver is deposited upon the 
platinum dish, and, owing to its high electro-chemical equivalent, the 
mass deposited for a given passage of current is greater than in the case 
of copper in the copper voltameter. The acid radicle NO, liberated at 


the anode by the process of electrolysis forms silver nitrate with the . 


metal of the anode itself, which is thereby dissolved. As this process 
of solution of the anode goes on, any impurities in the silver are 
liberated and these, together with the disintegrated silver, would fall 


upon the platinum plate if not prevented from doing so. ‘To this end 
the anode is wrapped in a piece of pure filter paper, which, being — 


permeated by the solution, will not prevent the passage of the current, 
but will catch the impurities. The current employed should not 
; 7 
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exceed 0°03 ampere per square centimetre of surface of cathode. The 
current is calculated from the deposit and the time, just as in the 
previous cases. 
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Kirchhoff’s Laws.— We owe to Kirchhoff two very useful generalisa- 
tions, one relating to continuity of current in conductors, the other to 
the application of Ohm’s law to complex arrangements of conductors, 
These generalisations are put into the form of two laws, known as 
Kirchhoff’s laws, which are, 

(i) The algebraic’sum of the currents which meet at any point is 
zero. 

(ii) In any closed circuit, the algebraic sum of the products of the 
current and resistance of each part of the circuit, is equal to the electro- 
‘motive force in the circuit. 

By the application of these two laws, many problems on the 
currents in a network of conductors may be solved, 

and the resultant resistance of the network found. 

From the first law we see that in the case of 
a number of conductors meeting. at a point (Fig. 
60) the relation 


ee Mn 0 


holds between the currents, the positive sign being 
given to those which flow towards the point and Fig. 60. 
the negative sign to those which flow away from 

it. We shall see later that the first law is an expression of the fact 
that when the currents in a conductor are steady there is no accumu- 
y of electricity anywhere. 


u 
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The second law applied to a circuit such as Fig. 61, leads to the 
equation 


tyr, + igre + igrs + tyr, = €. 


If the circuit is a mesh of a network, it may happen that one or more 
of the currents is negative, and this fact must appear by a suitable 
change of sign in the « equation, 

Wheatstone’s Net.—The most important application of Kircbhoff’s 
laws is in connection with the problem of the Wheatstone’s Net, an 
arrangement of conductors used very widely for the practical com- 
parison of resistances, 


Fia. 61. 


Six conductors are arranged in trilateral symmetry about the point 
D. If the diagram, Fig. 62, be looked upon as the plan of a tetra- 
hedron of which ABC is the base and D the vertex, it will be seen that 
AD and BC are opposite sides of the tetrahedron, as are AB and DC, 
AC and BD, each pair being called conjugate conductors. 


Applying Kirchhoff’s first law to the points A, B, C, and D, in turn © 


we have 
for the point A, i, — ty —i,=0 
” ” ’ 4% a, i i, = =) 
” ” C, ‘ie, ae 


D, is +% —iy= 0 


These four equations are not all independent, in fact, any one of 
them may be derived from the other three. 

Kirchhoff’s second law applied to the four possible meshes, gives the 
equations, 


for mesh ABC, iors + any + tof, = =6 
x ABD, ary + gg - igs =10 
°F ADC, Ifo — Ugly — Ug%y 


” DBC, igs tgs + er, 


é 


Just as before, we can derive any one of these equations from the | 


other three, so that they are not all independent. 
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If we take, say, the first three of each set we have six simple 
equations from which to determine the six unknown currents, i,, 45, 4, 
tz, 13, 1 The process of solving the six equations is a very tedious one, 
but by means of the three equations from the first law, the number of 
independents currents may be reduced from six to the three, so that 
the process of solving the equations need only be applied to the last 
set. This is virtually the same process as that suggested by Maxwell, 
of assuming three circuital currents «, y, and z for the three meshes 
ABD, ADC, and DCB, and uniting the currents in the branches as 
the appropriate sums or differences of these three. 

If, in our case, we take i, = g, i, = b and i, = «; then from equa- 
tion B, 7;=6—2; from equation D,i;=9+@; and from O, 
j= b—g-— a2. Substituting these values, 


ABC becomes br, + (b —a)r, + (b-—g —a)r,=e 
ABD becomes (b — «)r, + gr, — xr; = 0 
ADC becomes (b — 9g — «)r, — (g + a)ry— gr, = 0 
or, arranging the terms in bp, a, and g, 
(ry + 2+ 15)b — (7, + )@ — reg = e 
rb—(ntrje+trg=Ol...a, 


rb — (r+ 7,)¢ — (++ 7,)9 =0 


These equations may he solved by ordinary algebraic methods, but 
the process is very tedious. It would be a great advantage if the 
student would spend the time in reading the elementary theory of 
determinants, as found in Hall and Knight’s Higher Algebra, rather 
than to attempt to solve the equations by unassisted algebraic methods, 
Thus solving for g,. we have 


() erg Ts) = Ge +r) e 
r) = tn =. . 
Tp. PED + Ts) el 

9= TG tn) ii Fn) = baa 
Ty ey ee Sa ar 1s) a Fry = 
T, = (Gat) -— Geri F 1;) 
The numerator of this fraction is— ; 
Ya — (y+ 75) | = 
4 i = (ry a n). =e{r(r, +15) — 1(% + 7)} 


' = e(1o?3 — 114) 


' Thus, when rr, = Tors) 1.€. when ta , the current g is zero, and 
2 4 

_if a galvanometer be placed in this branch, the current being produced 

_ by a battery in the b arm, the deflection will be zero when the resist- 

u ances of the four arms 1, 2, 3, and 4 form a proportion. This is the 
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condition used in the various modifications of the Wheatstone’s bridge 
commonly employed for comparing resistances, 

Sensitiveness of Bridge.—On examining Fig. 62, it will be seen 
that if the battery and galvanometer change places, the same relation 
will hold for the current in the galvanometer to be zero. Any two 
conjugate conductors may be interchanged without disturbing the 
balance, and it might be thought that there would be no difference 
in the two arrangements. It is quite possible that the point of 
balance may be the same in the two cases, but in spite of that, the 
sensitiveness may not be nearly the same. To compare the 
advantages in the two cases, let us imagine that the balance is 
disturbed by a small amount, so that ryr, differs slightly from »r, Now 
that the balance is not perfect we cannot find the current in the 
galvanometer without evaluating the determinant in the denominator 
of the equation for g. This is equal to 


—(r+ fs) sf 
(ntrtn) —(T2+ 14) = (e+ 7.+1,) 


fr. r 
+H(nt+r:) | r, ~(r-+4,+1,) 


oe Gi +73) 
r2 —(f2+14) 


that is, 


(1 +re+ re )[(ry + 3% +r t,) + 1 (T+ rs)| a (r, =f terre +ry+ to) 
+rotg| trol ry(ro +14) — 711 +7) J; 


which when multiplied out, with the terms collected, becomes 


rer (Ty +e+13+ 14) tr(m+ 13 )(Te Se 1) ae 1(% + 2) (rs+ 14) 
= [riro(rs aia 1) ah ret (1) aP Ty)|. 


Since the object of our investigation is to find whether it is more or 
less advantageous to place the battery and galvanometer as shown in 
Fig. 62 than with their positions interchanged, we may neglect the 


first and last terms in this expression, as their values will not be 


altered by interchanging r, and r, Writing D, for the value of this 
denominator of equation 8 for the first position, as above, and D, its 
value when 7, and r, are interchanged, we have 


D, — Dz =" [(r, + 13)(m% +14) — (1 + %)(72 + 14) 
a8 tl, te T2)("s AF 14) Se (1 qf 13 )(% ae 14)| 
= (ry — 7) — %4)(72 — Fs) 


Now, when a balance is nearly but not quite attained, rr, is very 
nearly equal to 1,7, and the greater the current g for a given small 
difference between r,r,; and rjr, the more sensitive will be the test for 
the point of balance. If, then, two of the resistances are very different 
in value to the other two, it may make a considerable difference whether 
we place the battery and galvanometer in the positions as shown or 


the reverse. Let us consider that r, and r, are great in comparison — 


\ 


4 
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with r, and r,; then the last two expressions in brackets are both 


positive, and if in addition r, be greater than r,, D, — D, is positive, 


or D,> D,. Hence, the denominator being greater in the first case 
than in the second, the current g is greater in the second than in the 
first, so that the second arrangement is the more sensitive, and the 
battery must be between A and D and the galvanometer between 3 
and ©. On the contrary, if r, > r,, then D, > D,, and the battery and 
galvanometer must be as shown in the figure. 

Thus, whichever (galvanometer or battery) has the greater resistance 
must be placed between the junction of the two arms having greater resist- 
ance and the junction of the two arms having less resistance. 

Again, if one pair of resistances be extremely small, say r, and r,, 

then the numerator of equation £ would be very small, and the 
current g would in turn:be small, and the arrangement would then be 
insensitive under all conditions. This difficulty could not be got over 
by increasing the resistances r, and r, as this would increase the 
denominator. Hence, the method of the Wheatstone’s bridge is un- 
suitable for comparing two very low resistances ; other methods must 
be employed (see p. 100). 
_ Also it is an advantage to have the resistances of the battery and 
galvanometer as low as possible, as we then have as small a denominator 
of equation f£ as possible and therefore as large a current for any given 
want of balance. 

An increase in e, the E.M.F. of the battery, is usually impracticable, 
as the resulting heating of the resistances, due to the larger current, 
would cause injury to the standard resistance coils. 

- Resistance of Network.—The effective resistance of the network 
from B to C may be found by solving the simultaneous equations a 
(p. 71), for the current in the battery, b; then, if R is the effective 
resistance of the conductors through the network from B to C, 


a 


Re-eys 


_ Ris evidently independent of the resistance of the battery, and we 


may, therefore, using a battery of negligible resistance, put 7, = 0, and 
e 


obtain R from the relation b = z Aosta hee 5° 
From («)— 

e- aS + "2 — 1, 
0 r; ae Ts eis Un 

hie 0 - (% + 14) = (tp mipenssts 27) 

| +r + ) — (% + Te) ae 

ry a iG Biartia)) =i Tg 

mr = (tgs t,) = (a+ r, + 1%) 
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Putting r, = 0, and rearranging, remembering that R = 5 we 


have— 
(r+) = (ry + 12) = oy 
ry a ree 22) st, 
Wee Seoll — (te + %) — (r + 7, + 15) : 
a — (1 +1) Sia 


—(m+%) —(tet r4 cis r,) 


a result which gives us the resistance of the Wheatstone’s net. 

Further, when r,r, = rr, there is no current in the galvanometer 
circuit, and b is consequently independent of the resistance r,, and it 
follows that the value of R in this case is unaffected by putting r, = 0. 
The value of the numerator of the last equation, without r, being 
omitted, has been found on p. 72, and putting r and 1, both equal to 
zero in this expression, it reduces to 


ry 7o(%s + re) + rer(rs + 1). 
And thus— 
ryr(1s 4. ie reta( + 1) 


R= 

(1% te s)\(te se 1s) 
il Tyo + els + Ms + 13M" 
RO ryrots + MyPets yr st4 HF Nea 


TP, + Tof's + rir, + 1% 
es UE ee BE ie Tos yoy Tyg, + Toh shy 


Remembering that rr, = rer, 
1 Tyo + Tels ry, + 1sP4 


iB: Gus = Tof's) (13 + 1%) Le Gu oF 134) Gi + 1) 
1 1 


ae See ae eee ee on 


A result which is in accordance with that obtained by the simple 
method on p, 63. 


— 
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CHAPTER 1V 
THE ELECTRIC CURRENT (continued) 
MEASUREMENTS 


Galvanometers.—The name galvanometer is applied to those instru- 
ments which are used for the measurement or detection of very small 
currents. Although there is no absolute line of demarcation between 
these on the one hand, and ammeters which measure relatively large 
currents, and voltmeters which measure large differences of potential, 
on the other, still, the latter have as a rule a definite fixed scale, 
graduated to read amperes or volts, while the scale used with a 
galvanometer is not asa rule part of the instrument itself: and the 
value of the scale divisions, which for many purposes need not be 
known, is found for each experiment, when required, by some process 
of calibration. 

In the case of the tangent galvanometer described in the last 
chapter, the expression for the current flowing in the coil is— 


rH 


Qan er, 


and for reasons connected with the use of such a galvanometer, r is 
always great. This is no disadvantage so long as the current to be 
measured is large, but if the current is extremely small, r must 
obviously be as small as possible, and at the same time n must be as 
great as possible. Thus for high sensitiveness, many turns of small radius 
must be employed. Obviously, the number of turns cannot be 
indefinitely increased without making the radius of the turns so great 
that they are of very little value, and even act detrimentally by 
unduly increasing the electrical resistance of the galvanometer. 
Having reached the limit of any increase of sensitiveness obtained 


_ by modifying the coil, we then turn our attention to the method of 


measuring the deflection, The scale and pointer method is only 
applicable for very rough instruments, and is replaced by the scale and 
mirror method described on p. 8. ‘The scale being situated at some 
distance from the needle, and the rotation of the reflected beam of 
light beng double that of the mirror, it follows that for deflections of a 
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considerable number of scale dimensions, the angle turned through by 
the needle is so small that tan 6 may be replaced by 6 itself, and this 
may be taken as proportional to the deflection in divisions on the 
linear scale. This is thoroughly justified if the reading is near th. 
middle of the scale, but if the deflections are large the scale must be 
directly calibrated. 

The calibration of a galvanometer scale may be most easily effected 
by means of a standard cell and a high resistance box. The box, the 
cell, and the galvanometer are joined in simple series and the resistance 
adjusted until the deflection is the greatest allowable. The resistance 


and E.M.F. being known, the current is calculated (current = “), On 


increasing the resistance by suitable steps, other readings of the 
deflection may be obtained, and the corresponding current calculated, 
and the result may very suitably be represented by means of a curve, 
deflections being abscissee and milli-amperes (thousandths of an 
ampere) or micro-amperes (millionths of an ampere) ordinates. 

If the controlling magnetic field, H, which brings the needle into 
the plane of the coil, when no 
current is flowing, is the hori- 
zontal component of the earth’s 
field, the range of sensitiveness 
of any given galvanometer is 
restricted; the only changes 
that can be made are effected 
by altering the coils or the 
method of reading the deflec- 
tion ; but if H can be varied, 
we have a great extension of 
the range of usefulness of the 
instrument. This is usually 
accomplished by means of a 
controlling magnet M (Fig. 
63). Thus, if H be increased 
by lowering M, its S pole point- 
ing north, and its N pole 
pointing south, we see that a 
given current will produce a 
‘less deflection, but if the N pole 
of M point north, or if instead 
M be raised, the controlling field H is weakened, and the given 
current will produce a greater deflection. Thus the sensitiveness may 
be considerably altered by means of the controlling magnet. 

_ The use of a controlling magnet has the further advantage that the 
spot of light may by means of it be easily adjusted to the zero of the 
scale. 

Another device for increasing the sensitiveness is to arrange the 


ee 
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suspended magnetic system in such a way that the’controlling field 


exerts an extremely small turning effect upon it. 


Z 


oe 


Fia. 64. Tig. 65. 


Two magnets are 


Fia. 66, 


connected rigidly together in such a way that the couples exerted 
by the controlling field upon them are very nearly equal and 


opposite. They must not be exactly 
equal and opposite, in which case the 
system is said to be astatic, or the control 
would be zero, and the arrangement 
would be unworkable. The coil only 
surrounds one of the needles (Fig. 64), 
so that the deflecting couple acts on one 
of them only. In the Kelvin type of 
instrument two coils are employed, one 
surrounding each magnet, the coils being 
so connected that the couples due to the 
current both turn the systems of needles 
in the same direction (Fig. 65). A 
further arrangement due to Professor 
Broca, modified by Dr Harker, is shown 
in Fig. 66. Two steel wire magnets 


are rigidly attached together vertically, 


one of which has N poles at its end, and 
consequent § poles in the middle, and 
the other 8 poles at the ends with con- 
sequent N poles in the middle. This 
arrangement allows powerful magnets to 
be used without having a large moment 
of inertia for the moving system. 

Fig. 67. illustrates a galvanometer 


Fia. 67, 


of the Kelvin type made by Messrs. Nalder Bros. & Co. 
The Suspended Coil galvanometer has largely superseded the 
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galvanometer with the suspended magnet, for two important reasons— 
the instrument is not susceptible to disturbance by varying external 
magnetic fields, and the suspension is much stronger. On the con- 
trary, its sensitiveness cannot be varied at will, and the damping is 
usually much greater. This latter is not always a disadvantage ; in 
fact, for deflection measurements and those involving the finding of 
an electric balance as in the case of the Wheatstone’s bridge, it may 
be a great advantage, but in measurements of the ballistic type, as we 
shall see in Chapter IX., it is a serious objection. 

The principle involved in the use of this type of galvanometer must 
be deferred to Chapter IX., but on general grounds it may be seen that 
if a magnet experiences a couple due to the current ina coil, the coil 
experiences an equal and opposite couple, so that if the magnet be 
fixed and the coil suspended, the latter will be deflected when a current 

flows in it, and further, the couple is 

A proportional to the current. To make 

this change, a radical alteration in de- 

sign is necessary, Since the magnet is 

fixed we may make it as large and 

heavy as we please, while on the other 

hand, the coil, being suspended, must 
be as light as possible. 

A typical arrangement for this form 
of galvanometer is shown in Figs. 68 
and 69. A permanent magnet, usually 
of the horseshoe type, has soft iron 
pole-pieces N and S. The coil B, which 
is commonly rectangular, is suspended 
between these pole-pieces by a fine 
phosphor-bronze strip, which also serves 
as a conductor to bring in the current. 

. After passing round all the turns of the 
Fic. 68. coil, the current passes out by means of 
the second phosphor-bronze strip CD. 
When the current flows, the coil experiences a couple, and will rotate 
until the couple due to the twist in the suspension becomes equal and 
opposite to the deflecting couple. The couple due to this twist in 
the suspension is proportional to the angle 
of twist itself, and the coil should be 
always in a magnetic field of the same 
strength. To ensure this the soft iron 
cylinder E is situated between the pole 
Tia. 69, faces, and serves the double purpose of 

making (by the presence of the poles upon 


it) the field stronger and also of making it radial, as shown in the ~ 


plan (Fig. 69). We shall see in Chapter IX. that the couple acting 
on the coil is proportional to the current i, to the number of turns n, 
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and to the area of each turn A, and to H, the strength of field in 
which the sides of the coil are situated. 


.. Couple « iAnII. 


The controlling couple is proportional to the deflection 6, and to 
the couple ¢ for unit twist 
(one radian) of the suspen- 
sion, the upper end being 
fixed. Thus, for equilibrium 


iAnH « c6, or, ix an* 


Hence for a well-designed 
instrument the current is 
proportional to the deflection 
itself, since the field is cer- 
tainly of constant value until 
@ attains much larger value 
than that occurring in any 
probable experiment. To in- 
crease the sensitiveness, c may 
be diminished, and A, n, and == 
H increased. c¢ cannot be Fia. 70. 
diminished without limit, as 
the suspension must be strong enough to carry the coil. It is usually 
made of phosphor-bronze, as this has a tensile strength approaching 


4 : 

_ that of steel and is not readily oxidisable. The coil is made as light 
F as possible by constructing it of thin high-conductivity insulated 
r copper wire, but it may be noticed that we can never use as great a 
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number of turns of wire in the coil as in the case of the suspended q 
magnet instrument, and for this reason the suspended coil galvano- 
meter has generally a lower resistance. The loss of sensitiveness due 
to having fewer turns is, however, made’ up for by the very high value 
of the magnetic field employed. The permanent magnets are generally — 
built up of several hard-steel horseshoe magnets to ensure permanence 
and great strength of field. 
Galvanometers of the suspended coil type are frequently called 
d’Arsonval galvanometers after their inventor. ; \ 
In Figs. 70 and 71 are two types of galvanometer having a single 
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Fie. 72. Fig. 73. i Fig. 74. 


suspension, and Fig. 72 is a galvanometer of the Crompton type, in 
which the suspension is bifilar, the current passing down one of the — 
pair of metallic strips and up the other. The details of the suspension — 
and coil are given in Figs. 73 and 74. 4 

In the Thermo Galvanometer due to Duddell, the heating produced . 
in a fine wire is measured by an arrangement similar to that used in 
the Boys’ radio-micrometer. A loop of silver wire hangs between the 
poles of a pefmanent magnet and the loop ends in two little pieces, 
one of antimony and the other of bismuth. These are in contact at 
their lower extremities, and are situated over the heater H (Fig. 75), — 
which carries the current to be measured. Whena temperature difference — 
exists between the lower Bi-Sb junction and the rest of the circuit, — 
a current proportional to this temperature difference flows in the 
loop, which then rotates until the torsion in the suspending quarta 
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fibre F brings it to rest. The rate of production of heat in H is 
proportional to the square of the current, and this is also found to be 
proportional to the deflection. The heaters are made of various 
resistances from 4 ohms to 1000 ohms, those of lower 
resistance being metal wires and those of high resist- 
ance consisting of a deposit of platinum on quartz. 
With a scale at a distance of one metre, a current 
of 110 micro-amperes gives a deflection of 250 milli- 
metres, using a 1000-ohm heater, and with a 4-ohm 
heater a p.d. of 7 millivolts gives a deflection of 250 
millimetres. The great advantage of the instrument N S 
lies in the fact that it is equally applicable to the 
measurement of direct or alternating currents, and 
on being calibrated for one, may be used to measure 


the other, and it is therefore useful for the measure- Bi [l[] so 
ment of high-frequency oscillating currents of a few fqn 
micro-amperes. 

Sensitiveness of Galvanometer.—The Figure of Fia. 75. 


Merit of a galvanometer is the current which will 
produce a deflection of one scale division. This depends upon the 
distance of the scale from the galvanometer and the size of division, 
and thus for facility in comparing different galvanometers it is usual 
to employ a scale of millimetres, placed at a distance of one metre 
from the mirror of the galvanometer. Provided that the deflection is 
not too large, we see that the current is proportional to the deflection, 
both for the suspended magnet and the suspended coil type of galva- 
nometer, and therefore we can obtain the figure of merit by observing 
the deflection for a given current, as in the calibration described 
on p. 76. Dividing the current by the deflection the figure of merit 
is obtained. 

There is considerable difficulty in making a comparison of the 
efficiency of different galvanometers, since this depends so much upon 
the use to which the instrument is to be put. It might happen that 
an extremely small current produces a considerable deflection, and 
yet the resistance of the galvanometer may be so great that it is 
unsuitable for some purposes, as, for example, making measurements 
by the Wheatstone’s bridge. If a constant p.d. be maintained between 
the terminals of a given galvanometer, the deflection is independent of 
the resistance of the coils, provided that all the turns are equally 
effective in producing magnetic field, for the field is then proportional 
to the number of turns. But, on the other hand, the resistance is 
also proportional to the number of turns, so that the current corre- 
sponding to the given p.d. will vary inversely as the number of turns, 
and the deflection, being proportional to the field and the current, will] 
remain unaltered. 

Again, the moment of inertia of the suspended part does not affect 
the steady deflection for any given current, but it does affect the 
@ 
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period of swing and the time for which the needle goes on swinging, 


and a large moment of inertia may, therefore, render a sensitive — 


galvanometer unsuitable for bridge work and for measurements in 
which a steady deflection is to be rapidly obtained. And, further, the 
suspended magnet galvanometer is usually provided with a moveable 
controlling magnet, so that the controlling field, and therefore the 
sensitiveness, may be varied between wide limits. 

For these reasons it has been suggested that the sensibility of 
a galvanometer should be defined as the number of scale divisions 
deflection for a current of one micro-ampere when the scale is at 
a distance of 1000 scale divisions from the mirror, reduced to the 
corresponding value for the same rate of expenditure of energy 


when the resistance of the galvanometer is one ohm and the period of 
vibration one second. 


Let the deflection be @ scale divisions for a current of one micro- 
ampere when the resistance is R ohms and the time of vibration T 
seconds. The rate of working is now R x 10-*” watts (since current 
is one micro-ampere = 10-° amperes), and therefore to maintain the 
same rate of working with the resistance changed to one ohm, the 


current would be ,/R micro-amperes, and the deflection for one 
micro-ampere would, under the new conditions, be _ To reduce 


the deflection to correspond to a period of vibration of one second, 


remember that T = ann / ae in the case of a vibrating magnet, 
where H is the controlling field (p. 23) ; 


1 
“He Tt 


: 1 
But deflection « H (p. 75); 


~. Deflection « T*. 


Hence to find the deflection if the periodic time were reduced to 
one second, we must divide by T*. 


Peg Sensibility = ra 


A similar process of reasoning applies to the suspended coil 
galvanometer, for in this case T = ann / 2" where ¢ is the restoring 
¢ 


1 
couple for unit twist in the suspension, and deflection « = (p. 79). 


-— 


_ ployed. A conductor of resistance 7, is 
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.. Deflection « T?, 


Galvanometer Resistance.—The resistance of the galvanometer may 
vary between wide limits, but that of the suspended magnet type is, 
in general, greater than that of the suspended coil. The latter may 
have any resistance up to 2000 or 3000 ohms, but in the case of the 
suspended magnet instrument it reaches in exceptional cases, as much 
as 300,000 ohms, although 4000 to 6000 ohms is a usual value. 

There are many methods of measuring the resistance of a galvano- 
meter, but undoubtedly the most accurate is to clamp the coil and 
treat the galvanometer as an ordinary conductor, and measure its 
resistance by comparison with a standard, using the metre bridge or 
Post Office box. This involves the employment of a second galvano- 
meter, which presents no difficulty in a physical laboratory ; but there 
are several methods of determining the resistance without the use of 
this second galvanometer. For example, in Kelvin’s method, described 
on p. 98, the galvanometer itself occupies one arm of a Wheat- 
stone’s bridge. The following two simple methods will give the 
resistance approximately. 

Tf the galvanometer has a low resistance G, connect it in series 
with a cell of E.M.F. E volts, and a resistance box in which resistance 
R, ohms is used, 


E : . 
Then, I, i Rh assuming that the resistance of the cell is 


negligible. Now change the resistance in the box to R, ohms, when 


5 E 

7 G+ R, 

I,_G+R, qga_Bho Rh . 
Steer + By are Me) Fas 


I, and I, are proportional to the deflections in the case of a reflecting 
galvanometer, and to the tangents of the de- 
flections in the case of a tangent galvano- 
meter. The method is applicable when the 
galvanometer is not very sensitive, but in 
the case of a delicate instrument, R would 
have to he so great in order to produce a 
reasonably small deflection, that the method 
is useless, and the next method may be em- 


G 


E 
placed in parallel with the galvanometer and Fia. 76. 
another resistance R, in series (Fig. 76). 


_ Then R, being usually very great in comparison with the resistance of 


i the cell, 


84 ELECTRICITY AND MAGNETISM OHAP. 


Current in galvanometer, I = 


If now r, be changed to r,, and R, be changed to the value R,, such 
that the current I in the galvanometer is the same as before, 


E aie ees E 1. 
1G in +G 2, rG ‘n+G4 
R+ 1G ease 
ry Ses T 
Ry, + RG +7,G 7” Ry, + RG + rG 
ass nr(R, — Ry) 
~ Ry — rR, 


Galvanometer Shunts.—Resistances are sometimes placed in 
parallel with the galvanometer to reduce the sensitiveness, by offering 


I Ss 
Fig. 77. Fie. 78, 


‘an alternative path to the current, so that only a fraction of it goes . 
through the galvanometer. Thus, if the galvanometer resistance be G, 
and that of the shunt 8S (Fig. 77), then for the current I flowing in the 


a With the older — 


galvanometers, boxes of shunts were supplied, whose resistances were 


respectively 3, ;4, and 53, of that of the galvanometer, and in this case 


main circuit, that in the galvanometer is I 


Gis has the value 5}, ;3;, or yap, So that the sensitiveness of the ; 
galvanometer is reduced 10, 100, or 1000 times by the use of the 
proper shunt. Each galvanometer had its own shunt, which some- , 
times led to great inconvenience, and hence the advantage of the — 
Ayrton and Mather Universal Shunt, which may be applied to any 
galvanometer. 

The high resistance R is placed in parallel with the galvanometer, 
and the current I enters at A and leaves at B, Fig. 78, \ 
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current in galvanometer = I~ 


lark 


If now the point at which the current leaves be transferred to D, 
such that resistance AD = : (resistance AB), the two circuits AD (=) 


and AGBD (a +—-R=— =) are in parallel, and 


R 
current in galvanometer = I I, = I —~ R ars 
+G4+R-— nGthk 


i 
that is, it is i of the previous current, 


By haying a number of points such as D, for which n = 1, 10, 100, 
1000, etc., the effect of the shunt may be conveniently varied. Fig. 79 
shows the arrangement sometimes adopted in the Ayrton and Mather 
shunt: G and G are connected to the galvanometer and L L are the 
circuit terminals. With the rotat- 
ing arm as shown, the value of the 
shunt is 5}. 

It should be noted that in moving 
the point of contact from B to D 
(Fig. 78), the effective resistance be- 
tween the leads falls from 


R R 
GR (G+R-7) 
G+R R 
“8 G/B 
R 
G+R-—— 
ie. to & (¢+ ! 
n G+R 


and the main current may be thereby altered. For the main current 
to be unchanged, these values of the resistance must be the same, 


ie a = 
Ge = —— or, R = nG. 


Thus for any given value of the shunt, say 75, the effective resistance 
of the circuit is unchanged on employing the shunt, provided that the 
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resistance AB is ten times the galvanometer resistance. The sensitive- 
ness of the galvanometer is reduced on attaching the universal shunt, 


R : tf 
GaR’ that is by 100( 1 - or 100 


per cent.; but this is 100 


G 
in the ratio 1: page 
100 
G+ 7G lin te ee 
case when n= 10, this amounts to 9:1 per cent., which is unim- 
portant, and when n=100 or 1000 it is quite negligible. The 
resistance of the whole shunt should therefore be at least 100 times that 
of the galvanometer. 
Voltmeters.—Although the variety of voltmeters in use is very 
great, and many different principles are used in their construction, we 


o+R) 


, when R= 7G, or 


Fig, 80. 


may broadly distinguish between the electromagnetic type, which is 
simply a galvanometer of low sensibility having a fixed scale graduated 
to read volts, and the electrostatic type, which is a modified form of 
electrometer, the description of which will be left to Chapter VI. 
But one characteristic is common to them all; they must have very 
high resistance, the reason being that in connecting them between 
the two points whose p. d. is required, they must take only an 
infinitesimal current, so that no appreciable disturbance of the 
circuit is produced, and the heat produced by the current in the 
instrument itself shall be negligible. In the electromagnetic type 
of instrument the coil is situated in a strong radial magnetic field, as 
in the case of the galvanometer, but the control is produced by a spiral 
spring usually made of phosphor-bronze, and the coil turns upon two. 


Iv. AMMETERS 87 


jewelled pivots. Fig. 80 is a voltmeter made by Messrs Nalder Bros. 
and Thompson, Ltd. 

In Fig. 81 is shown the mode of suspension of the coil in an instrument 
made by Mr. Robt. W. Paul, which is supplied either as milli-voltmeter 
or as a micro-amperemeter according to the scale attached. It also 


serves the purpose of a galvanometer when great sensitiveness is not 

required. It is called a single pivot galvanometer on account of the 

fact that the coil is suspended by one pivot only, which is situated at 

the centre of the spherical soft iron core as shown in the figure. 

; Ammeters.—A voltmeter may be used in conjunction with a 
shunt of low resistance to serve the purpose of an ammeter. If the 

shunt AB, Fig. 82, be placed in the circuit y 

in which the current is to be measured, and 

the voltmeter joined to A and B, then if the 

resistance between A and B be known (say R 


ohms), the current is also known, since I = rm 


Tf R be +, ohm, then the scale of volts multi- A B 
plied by 10 will serve as a scale of amperes. Fria. 82. 

This of course assumes that the resistance of 

the voltmeter is so high that the current in it is inappreciable, but 
even when this is not quite the case the instrument may be calibrated 
as an amperemeter by means of the voltameter or by comparison 
with a<tandard current balance (see p. 244). 

Many instrument makers place the shunt in the case of the instru- 
ment, and others supply sets of shunts, which enormously increase the 
range, in some cases up to several thousand amperes (Fig. 83). 

In all cases the resistance of an amperemeter must be very small ; 
in the first place so that no disturbance is made in the circuit in 
which it is placed, and secondly because the heat produced in the 
instrument must, in spite of the large current, be negligible, 
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Hot Wire Instruments.—The heat produced by the passage of the 
current has also been employed in the construction of ammeters and 
voltmeters. The current passes through a fine wire which is thereby 
heated. The expansion is observed by some mechanical multiplying 
arrangement. ‘The Cardew voltmeter is an example of this form of 
instrument. The advantage lies in the fact that the direction of 
movement of the pointer is independent of the direction of the current, 
and the instrument can therefore be used for measuring alternating 
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currents. The hot wire instruments, however, are very liable to change 
of zero, and the fact that the heating is proportional to the square of 
the current renders the scale uneven, and further, the multiplying 
mechanism is a frequent source of uncertainty. 

Soft Ifon Instruments.—Soft Iron ammeters also are constructed, 
which read satisfactorily on both continuous and 
alternating current circuits. The principle of 
such an instrument is illustrated in Fig.84. The 
current to be measured passes round a coil wound 
upon a brass cylinder, and therefore gives rise to 
a magnetic field parallel to the axis of the coil. 
Two soft iron bars, A and B, are situated in 
this field, with their axes parallel to it, and are 
therefore magnetised when the current flows 
in the coil, and to a degree depending upon the 
strength of the current. A is fixed to the 
brass cylinder, and B is part of a light frame- 

Fig. 84, work pivoted upon centres O situated in the axis 

of the coil. When A and B are magnetised, the 

ends situated together are poles of the same kind, that is both N or 
both §, and the two bars therefore repel each other. The force of this 
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repulsion is proportional to the product of the two pole strengths, and 
each pole depends upon the strength of current, and hence the repul- 
sion depends upon the square of the current. _The control is usually 
gravitational, the moving system being so balanced that the pointer 
5 is at zero on the scale when no current is flowing. The relation 
between deflection and current is complicated, so that the scale must 
be calibrated by direct comparison with an ampere balance ; the scale 
is found to be more open in the middle than at the ends. 

Since the deflection depends upon the square of the current, its 
direction is independent of that of the current, and an alternating 
current will therefore produce a deflection. This type of ammeter, 
calibrated to read alternating currents, is very widely used. 


es ay 
i Es 
= 


Resistances.—F or purposes 
of electrical testing, it is usual 
to arrange the standard sets 
of resistances in boxes, and 
the variety of ways in which 
this is done is very great. One 
very common arrangement is 
shown in Fig. 85. The wire 
whose resistance is approxi- 
mately that required, is sol- 
dered one end to each of the 
brass blocks, which are them- 
selves screwed to the ebonite 
base. The wire, which is usually 
of manganin on account of its 
small temperature coeflicient, 
is then doubled and wrapped 
round the bobbin as shown, 
and afterwards soaked in 
melted paraffin wax. The plugs are ground to fit into conical holes 
between the brass blocks, so that on inserting any given plug the 
corresponding resistance coil is short circuited. 
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Fig. 86 is a box of the ordinary type made by Mr, R. W. Paul, and © 
Fig. 87 a box of high resistance made by Messrs. Nalder Bros. & Co., 
the total resistance of which is 100,000 ohms, the terminals being 
mounted on tall pillars to improve the insulation. This becomes 
necessary when the resistance of the coils is of the same order of 
magnitude as that due to leakage between the terminals, over the 
surface of the ebonite. Wig. 88 is a convenient form of dial box by 
Messrs. Nalder Bros. & Co. 


Owing to the change of resistance with temperature, resistance 


a 


: 


I 


i i 


il 


Fia. 88. Fie. 89. 


coils used for accurate purposes are provided with a thermometer to 
enable the temperature to be observed at the time of experiment. 
In Fig. 89 is shown a standard resistance coil of the pattern used 
by the Reichsanstalt, Berlin. The terminals are stout copper con- 
ductors, which are amalgamated at the tips to ensure good electrical 
contact with the mercury cups in which they rest. The whole is 
immersed in a liquid bath to maintain steadiness of temperature, and 
the hole enables a thermometer to be inserted so that the bulb shall 
be as near as possible to the resistance wire itself. 

Measurement of Resistance.—The easiest method of comparing 
resistances is that of simple substitution. A cell of steady E.M.F., 
which need not be known, is placed in series with a galvanometer, a 
resistance box, and the resistance to be determined. The current is 
adjusted to a suitable amount either by changing the resistance in the 
box or by shunting the galvanometer. On removing the unknown 
resistance from the circuit, the current is increased, and may be brought 
back to its original value by increasing the resistance in the box by 
an amount equal to that of the resistance removed, which is therefore 
known. 

The deflection method may be employed when the resistance to be 
measured is sufficiently high; the deflection 6 being observed when 
the unknown resistance R is in circuit. This is then replaced by a 
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known standard resistance R, and the deflection 6, observed (Fig. 90). 
lf E is the E.M.F. of the cell} B its internal resistance, and G the 
resistance of the galvanometer— 


E E 
L=R+B+@ 1 -RFBTO 
I_ R,+B+G_ 3 
Be B+Bs+ Gi 


R @6 
If R and R, are very great in comparison with B and Gj, = 7 
gi) 
The method is only employed in measuring very great resistances, 
such as that of the insulation of an electric cable, which is Laem 
of the order of millions of ohms. ‘The cable is immersed in a tank of 


B B 


Fic. 90. Fic. 91, 


water, and the current passed from the core B to the water of the 
tank, passing through the insulating layers of the cable. It will be 
seen that a leakage may occur over the surface of the insulation from 
A to B (Fig. 91), this current causing the results obtained to be false. 
To get over this difficulty Price’? has suggested that a wire, C, be bound 
round the insulation near the end of the cable and so connected to the 
rest of the circuit that this disturbing current will not pass through 
the galvanometer. The current in the galvanometer may conveniently 
be reversed by means of the Pohl’s commutator, shown at D, and the 


mean of the readings on each side of the zero, taken as the deflection. 


A more direct method of measuring resistance is sometimes em- 
ployed when the conductor is carrying current, as, for example, in the 
case of an incandescent lamp, the resistance of which, when hot, differs 
greatly from that when cold, ‘The ammeter A (Fig. 92) indicates the 
current in the lamp, and the voltmeter V the potential difference 
hetween its terminals. By division we can obtain the resistance in 


1 W. A. Price, Hlectrical Review, vol. $7, p. 702. 1895. 
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ohms. The method does not admit of very great accuracy, but this 
is rarely required in such a case, 

On altering the current by means of the variable resistance R, the 
resistance of the lamp for different currents may be found, and if, 
instead of dividing the p.d. by the 
current, we multiply them together, 
the result obtained is the power in 
watts absorbed by the lamp, The 
candle-power for different currents 
may be found by the ordinary photo- 

Fic. 92. metric methods. A carbon filament 

lamp has about 50 per~ cent. less 

resistance when hot than when cold, while for a metallic filament 
the resistance when hot is two or three times that when cold. 

Wheatstone’s Bridge——The method of the Wheatstone’s net, 
described in the last chapter, affords the most accurate and frequently 
used method of comparing resistances, and it has the great advantage 
that it is a null method, the galvanometer being required to detect 
a want of balance and not to measure a deflection. 

Fig. 93 (i) is a diagrammatic representation of the Wheatstone’s 
net, and Fig. 93 (ii) shows the arrangement used in the Post Office bom. 


We have seen on p. 71 that when —~= : the current in the galvano- 


~ 
meter is zero. Hence, if the ratio 4 and the value of R in ohms be 


known, the resistance S can be calculated. In the Post Office box the 
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(1i) 
Fig. 98. 


arms P and Q usually each consist of three resistances of 10, 100, and 
1000 ohms respectively, so that any decimal ratio from 1:100 up to 100:1 
may be used. The third arm R is en ordinary set of resistances, and the 
unknown resistance 8, which is to be measured, is made the fourth arm. 
In making measurements it is necessary to have a tapping-key in the 
battery and one in the galvanometer circuit, so that these are only 
closed at the moment of making the test. This is a necessary precau- 


tion, for if the current be left on for an appreciable time the resistances — 


Iv METRE BRIDGE 93 


will be heated, and since they will generally have different tempera- 
ture coefficients, a disturbance will on this account be introduced. 
The battery circuit should be closed before the galvanometer circuit, 
as, when the reverse process is employed, a throw of the needle may 
take place owing to the difference in the windings of the various parts 
of the bridge. (See p. 323.) 

For measuring very high resistances the ratio 1:100 will be 
employed, and the resistance R, which gives a balance must be multi- 
plied by T80 to obtain S. Similarly, for very low resistances the 
ratio 100 : 1 is employed, and R is divided by 100. Should an altera- 
tion of 1 ohm in R change the deflection from a few scale divisions on 
one side of zero to a few divisions on the other, the fraction of an 
ohm necessary for an exact balance may without error be calculated 
by proportion to the first decimal place. 

Metre Bridge.—For greater precision in comparing resistances the 
Metre-bridge may be used. 

The two resistances to be compared are placed at P and Q, anda 
point of balance upon the stretched wire is found, for which the 
current in the galvanometer is zero (Fig. 94), 


Then Gna a i, provided that the wire is uniform in cross- 


section and material, The wire is usually a metre long, hence the 


Fia. 94. 


name of the bridge, and is stretched over the scale, so that the position 
of the point of balance may be read to within a millimetre. The 
connecting conductors are stout copper strips, the resistance of which 
is for most purposes negligible. 

In the laboratory form shown in Fig. 95, P and Q are the gaps in 
which the resistances to be compared are placed, A and B being two 
additional gaps in which resistances can be placed whose function is 
to increase the effective length of the slide wire. For example, if the 
resistances at A and B are each 10 times that of the slide wire, the 
sensitiveness of the bridge is increased 21 times ; but it should be noted 
that P and Q must now be nearly equal, otherwise the balancing point 
may not come on the slide wire. 

The contact maker K rests upon three hemispherical feet, two of 
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which slide in the V groove running between E and F. This ensures 
that it shall always run exactly over the same path, and the groove 
being a piece of angle brass it also serves as a conductor to connect 
the contact maker to the battery or galvanometer, which is joined 
to E or F. This saves the loose running wire, which is a frequent 


Fig. 95. 


source of accident in the older patterns of metre bridge. Contact 
with the wire is made by pressing the ebonite-capped key, and the 
position of the contact with respect to the scale is determined by means 
of a fine scratch on the piece of glass let into the slider. 

Calibration of Metre Bridge.—Unless the roughest of measure- 
ments is to be made, several unavoidable errors of the bridge must 
be determined. The first, results from the fact that the zero of the 
scale may not be actually at the effective end of the wire, owing to 
uncertainty in fixing the scale, and also to the fact that the copper 
strips and the soldering at the ends of the wire may have resistances 
which are not negligible. 

Let the error at one end of the bridge be equivalent to a length a 
of the wire, and that at the other 8. Two resistances of known ratio 
P: Q are inserted, and a point of balance found at distance J, c.m.s. 
from one end. 


Then, = ae 


Q 100-4+ 8 


P and Q are now interchanged, and a new point of balance found, 
at say /, c.m.s, from the same end. 


Q ad 1, +a 
Then, p = 100-4468 

From these two simple simultaneous equations a and B may be 
calculated. Of course P must not equal Q, or no change in the 
balance is produced on interchanging them. A convenient ratio is 
Oe 0e f. 

The second error is due to unevenness in the wire, and to correct 


for this, a calibration of the wire must be performed. To do this, the > 


‘ 


Iv. CALIBRATION OF METRE BRIDGE 95 


wire is divided into a number of parts of equal resistance, whose 
ry dl will, if the wire is not uniform, be different. Let them be 
“a tat Mey a Los if the number of parts chosen is 10, The mean of 
yc dyi is found by adding them and dividing by 10, and each 
one in turn i is then subtracted from the mean. This gives the error 
over each section, and to find the resulting correction to be applied 
at any point, these errors must be algebraically added from one end 
to the point considered. By plotting a curve with lengths of wire as 
abscisse and corrections at the 11 points (counting the two ends, at 
which the correction is, of course, zero) as ordinates, the correction 
for intermediate points may be found. If, then, the end corrections 
a and 6 with signs reversed be plotted upon the same diagram and 
the resulting two points joined by a straight line, this line may be 
taken as a new axis from which the total correction at any point may 
be measured. 
There are many methods of performing the division of the wire 
into a number of parts having 


equal resistance, but the following, P Q 
which makes use of a principle due * 
to Prof. Carey-Foster, is a very 
convenient one. 

This principle is,thatifa balance ‘<------Jl,-----> 
be obtained with two unequal ree ““~~~ ~~~ @7 77777 a 
sistance at M and N (Fig. 96), and Fig. 96. 


these be then interchanged and 
a new balance be found, the difference between the resistances M and 
"N is equal to the resistance of the bridge wire between the two points 
of balance. : 
For, with M and N as shown in the figure, 


fo ps +e 

Oa Nee loan. 
where 1, is now the resistance of the length J, of wire and T the 
resistance of the whole wire. On interchanging M and N we have 


Barney 
Q@-M+T-F 
beet elt +h 


aati M+tT—i, 


a Hence, adding the numerator and denominator to get a new numerator 

in each case, 
| M+N4T M+4N4 
N4T—-, M+T-—I,’ 


Since the numerators are equal the denominators are also equal ; 
« M-N=i1,- 1, 
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If N = 0, M = /, — l,, and making use of this, the resistance of a — 


length of the bridge wire may be found. 
To perform our calibration, N is a thick copper strip, and M a short 
piece of manganin wire soldered to two stout lugs which fit the 


terminals, its resistance being about j, of that of the bridge wire. - 


10 
P and Q are two resistance boxes, and their resistances are varied 


until, with the contact maker near the end of the wire near M, say 
at 1,, a balance is obtained. M and N are then interchanged and the 
new balance point on the wire is found, say at J,, Then /, — J, is the 
first section of the wire 
which has a resistance 
equal to M. Without 
moving the contact 
maker, M and N are 
placed in their first posi- 
tions, and P and Q 
varied until a balance is 
nearly obtained, the fine 
adjustment being then 
made by moving the 
contact maker. M and 
N are interchanged as 
before, and the process 
repeated until the end 
of the bridge is reached. 

For comparing two 


ances, as in the case of 
two standard coils nomi- 
nally of the same value, 
the Carey-Foster bridge 


be used. 

The ratio coils AA, 
and BB, (Fig. 97) are 
equal and are frequently 


Fig. 97. wound on one bobbin 
(From Henderson’s “ Practical Electricity and for the convenient elimi- 
Magnetism.’’) nation of error due to 


possible difference in 
temperature. The two coils, R and X, to be compared, are placed at 
IL and JJ,, and the balancing performed upon the short wire G, which 
must be previously calibrated. R and X may be interchanged in 
position with respect to the bridge by means of the thick copper 
conductors CDEF, which, for convenience, are mounted on one ebonite 
block, the rotation of which through 180° executes the required 
interchange. 


very nearly equal resist-" 


of a special form may ~ 
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Callendar and Griffiths Bridge.—This is another adaptation of the 
Wheatstone’s bridge to a special purpose ; in this case the measure- 
ment of temperatur2 by the change in resistance of a platinum wire. 

P and Q (Fig. 98) are the ratio arms which are adjusted to equality, 
and the platinum wire W is connected by internal leads to PP, and thence 
to the gap of the bridge T. An equivalent pair of leads joined together 
within the tube containing W, 
go to the gap C, and thus the 
disturbing effect of the leads 
on account of their variation 
in temperature is eliminated, 

the two pairs being in practice 
kept close together, and their 
two resistances being always 
equal and introduced in oppo- 
site arms of the bridge, which 
is adjusted for equality. The 
bridge wire MN is 50 cms. 
long, and at 1, 2, 4, 8, 16, 32, 
64, and 128 are placed resist- 
ances whose values are I, 2, 
4, etc., times the resistance of Fia. 98, 

20 centimetres of MN. Since 

this has a resistance of about ;4, ohm per centimetre, the resistances 
of 1, 2, 4, etc., are therefore 0:1, 0:2, etc., up to 12°8 ohms, and with 
all of them in, W may have a total resistance of 23°5 ohms, The 
balance is obtained by moving the cross-piece which connects the wires 
AB and MN, all of which are made of the same material in order to 
avoid thermoelectric disturbances, 

If the balance is obtained with the slider at a distance / from the 
middle of MN, and p be the resistance of a centimetre of MN, then, 
since the ratio arms are equal— 


r+R+m+pl=r+T+m — pl, 


where r is the resistance of the leads on either side, and m is the 
resistance of half of MN, 


ot =R + 2pl, 


The change of resistance of a platinum wire between 0°C. and 
- 100°C, when the resistance at 0°C, is 12‘8 ohms, is 5 ohms, which is 
equivalent to 0°05 ohm for 1° change. If, then, p = 0-005, 7 must 
change by ae = 5 cms, to maintain a balance as the tempera- 
ture rises 1°, Hence a millimetre of wire corresponds to a change of 
temperature of ;4 degree. 
H 
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It was shown by Prof. H. L. Callendar’ that the resistance of a pure 


platinum wire may be accurately represented by tke relation 
R, = R,(1 + at + Be’) 


over a very great range of temperature, where Ry, a, and B are con- 
stants which may be found by measuring R, at three different tem- 
peratures. For limited ranges, the resistance at —273°C. may be 
taken as zero, and those at 0°C..and 100°C, found by the usual 
method of finding the fixed points of a thermometer ; but for extended 
ranges the temperatures 0° C., 100° C., and the boiling point of sulphur 
at 760 mm. of mercury pressure (444°53° C.) are employed. 

Prof. Callendar has also shown that if the temperature #, on the 
platinum thermometer scale be calculated from the relation 


where R,, R,, and Rj are the resistances of the thermometer at #°, 0°, 
and 100° C. respectively, the difference (t — t,) between ¢, and the tem- 
perature ¢ on the air thermometer scale is given by the relation 


t t 
1-4 = Aqq - 1) 799 

and Griffiths has shown that if pure platinum be employed, 6 has the 
value 1:5. Thus if a curve connecting ¢, and ¢ be plotted, the correc- 
tion to be added to ¢, to obtain ¢ for any value of ¢, may be read 
upon it. j 

In order that the resistance between M and N shall be exactly 
+ ohm the actual resistance of the wire is slightly greater than this, and 


it is shunted with a fine wire whose length is adjusted until that of the . 


combined resistance is exactly } ohm. This does not in any way alter _ 


the point of balance, and p is now > of combined resistance between 
M and N. 


For temperatures up to 300° C. the thermometer consists of a 


platinum wire wound upon.a mica frame and enclosed in a glass tube, 
but for higher temperatures the tube must be of glazed porcelain.” 
Galvanometer Resistance (Kelvin).—The determination of the 
resistance of a galvanometer by means of the Wheatstone’s bridge was 
first performed by Lord Kelvin, and is generally known as the Kelvin 
method. We have seen on p. 71 that the current g in the galvano- 


meter circuit (Fig. 93 i.) is zero when Q Fah and consequently the 
currents in the remaining arms are independent of r, The gal- 
1H. L. Callendar, Phil. Trans., 178, 1. 1887. 
? For experimental details of finding the fixed points and for calibrating the 


bridge, the student may with advantage consult ‘““A Text Book of Practical 
Physics,’ by W. Watson. 


- head in the case of a suspended coil instru- 
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vanometer is therefore placed in the arm §, Fig. 99, when, on making 
the battery circuit, a deflection will be produced. This may be 
reduced to a readable amount by one of two methods: a resistance, 
T, may be introduced into the battery circuit 
which reduces the whole current in the 
bridge, and therefore the sensitiveness of 
the test, or the spot of light may be brought 
back on to the scale by means of the con- 
trolling magnet in the case of a suspended 
needle instrument, or by twisting the torsion 


ment. In the case of a delicate gal vanometer 
it may be desirable to combine the two pro- Fic. 99. 

cesses. The resistances in the arms are 

then adjusted until the spot of light is brought to rest, and will 
still remain at rest whether the key K be open or closed. When this 


it AC ET : rR he k 
condition is attained Q oat and § is, in this case, the resistance of 


the galvanometer. 

Battery Resistance (Mance),— <A somewhat similar method due 
to Mance has been used for determining the resistance of a battery. 
The battery is placed in 8, Fig. 100, and the key at K. When 
the key is closed a current flows in the 
cirenit, and we may imagine this current 
reduced to zero by an appropriate E.M.F. 
in K. This additional E.M.F. would not 


produce any current in g when a= Le but 
the current in K being zero, it is imma- 
terial whether the key be open or closed. 
Therefore the condition for the resistances Fia. 100. 

in the arms to be proportional is that the 

current in the galvanometer is unaltered by opening or closing K. 
The method is not a good one, owing to the fact that the current in 
the galvanometer at the time of the test is large, and also that an 
unknown current is flowing inthe battery. The resistance of the 
battery generally depends upon the current flowing, and this should 
be known, as in the method on p, 105. 

Low Resistances.—The Wheatstone’s bridge is unsuitable for the 
comparison of very low resistances, for two reasons. The first has 
been discussed on p. 78, and refers to the want of sensitiveness of the 
bridge. The other important reason is that with low resistances, the 


_ connecting wires and the contacts at the terminals have resistances 


which are no longer negligible, and they may even be as great as, or 
greater than, the resistances to be compared, unless special precautions 
on this account are taken. 

By the method of direct deflection, the two low resistances may be 


100 ELECTRICITY AND MAGNETISM CHAP. 


compared. A steady current is passed through the two conductors in 
series, and the galvanometer deflection produced by the p.d. between 
two points separated by a distance J, upon the first conductor, compared 
with the corresponding deflection for the distance J, upon the second 


ba. bea Per ee 


Fig. 101. 


conductor, Then, if the galvanometer have a resistance which is high 
compared with that of the conductors under comparison (it is usually 
thousands of times as great), the current in the galvanometer will be 
inappreciable in comparison with that in the conductors. The current 
in the first case is proportional to E,, the fall of potential over 1,, and 
the second to H,, the p.d. over 1, Then if R, and R, are the 
corresponding resistances, and 6, and 6, the deflections— 
Raha ig ty eee .B EF & 
Current = Rone R= i oe 
But if 8, and §, are the resistivities of the materials of the two con- 
conductors, and d, and d, their diameters, as determined by the - 
micrometer gauge— 


R, S$ i 1, d,? 6, 


If it is desired to determine §, and S, in ohms for unit length and 
cross-section, a standard low resistance may be included in the circuit 
and the deflection due to the p.d. across it com- 
pared with that for the given conductors. 
ON EMMA By means of the Kelvin bridge a more accu- 
rate comparison of two low resistances may be 
mp San? made, but in this case the lengths /,; and J, are 
adjusted until the resistances are equal, or in a 
Fra. 102. ratio very nearly equal to unity. 

AD and BC (Fig. 102) are two resistance 

coils whose mid-points are at E and F, which are connected to the 
conductors under comparison as shown in Fig. 103. The current g 


po 
99 
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in the galvanometer is zero when ras 2 = “*, Taking x for the 
2 4 6 

current in 7, y that in r,, and b that in the battery, and applying 

Kirchhoff’s first law to the currents at the point A, we have— 


Current in r, = b — y. 
Similarly current in r, = b — y — @ 
” fi Fame £ oF 
” » Te=Yt+g 
” » 2=b— yY¥- 9 


Applying Kirchhoff’s second law to the mesh— 


AFD, ytst (YY + 9)re + br, = E 
for ABEF, (b —y)r, + ar, + gr, — yr; = 0 
for BCE, (b—y—«x)r, —(@—g)r,— ar, = 0 
for FECD, (e —g)n+(b-y—-—g)rn—-(g+y)re — 9", =9 
b. % F 
F 
Fia. 103. 
which equations simplified become— 

! rg +14 + (r+ 7)y =H 
rg + rb + rye — (n+ 75)y = 0 
rg+trb—(r+%+r,) & ee pe: 

= (+++ 7,)9 + Tod tre — (t+ %)y= 


Solving these equations for g in the form of determinants, we have 
for the numerator, the quantity— 


E 1, (15 + 1) 
0 


. —(r,-F 1s) 
r ry — (7,415) = 1 rs tas S (n 
: 1 0 a —(F, Sekt) Sys Z AN if 2+) 
4 ry (taht) 
kis E, this is 
n| Bea fo *) mike . ar ue) 
a (1% a re) | To 2 + Ye) 


-iatny |e Hen tn 
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which reduces to 


(3 + rQ(nirs — Pets) + r(ryr5 — T2ts) + (3% — 14s) 


Tas oe 
galvanometer is then zero. 

This arrangement is known as the Kelvin bridge. When the coils 
BC and AD are accurately bisected at E and F, the condition for a 
balance is r, = r,. The distances AB and CD (Fig. 103) are adjusted 
until the galvanometer deflection is zero, and then r, = r,. If, however, 
the coils are not accurately bisected, the ratio of r, to r, is known when 
(i Be cade 

™% 1; 
Having determined the lengths of the bars which have equal 
resistances, we may find the ratio of the resistivities as in the last 
method (p. 100). 

The temperature of the conductors at the time of the experiment 
should be noted, especially if they are of different materials, since the 
temperature coefficients will in all probability be different for the two. 

Cells.—For the purposes of electrical measurements when very 
small currents are required, it is convenient to use one or more 
ordinary voltaic cells. Those most commonly employed, when great 
constancy of E.M.F. is not required, are the Daniell or the Leclanché, 
To produce large currents the secondary or storage cell is used, while 
for standards of E.M.F. we have the Latimer-Clark or the Cadmium 
cell, These will be described in Chapter VII. 

The Daniell’s cell consists of a zinc electrode in dilute sulphuric acid 
(1 sulphuric acid to 10 of water by volume), and a copper electrode in ~ 
concentrated copper sulphate solution. The solutions are separated by 
a porous pot of unglazed earthenware. Sometimes the outer vessel is 
of copper and forms the electrode. The E,M.F. of the Daniell is about 
1-1 volts. 

In the Leclanché cell the negative electrode is an amalgamated 
zine rod, and the positive electrode a carbon rod, packed round with 
manganese dioxide, and situated in a porous pot. The electrolyte is 
a saturated solution of ammonium chloride. The E.M.F. of the cell 
is about 1:45 volt, but quickly drops if much current be taken; it 
recovers, however, if the cell be allowed to stand idle. 

The dry cell now largely used for electric bells and telephones is of 
the Leclanché type, the manganese dioxide being mixed with sawdust, 
which contains enough moisture for the efficient action of the cell. 

Comparison of Electromotive Forces.—For a simple comparison of 
the E.M.F.’s of cells, a substitution method, similar to that employed 
for the comparison of resistances, may be used (p. 90). 

Two cells are in turn connected in series with a high resistance 
and a galvanometer. If the resistances of the cells themselves are. 
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negligible, the currents, and thetefore the deflections, are proportional 
to the E.M.}F’s. 


Hy! OG, ‘ E, tan 0, 
Thus E, = 8,’ or if a tangent galvanometer be used % “ten 6, 


In order to avoid the error introduced by the resistances of the 
cells themselves, a sum and difference method is sometimes used. The 
cells are both together connected in series with the galvanometer, first 
with their E.M.F.’s acting the same way round the circuit, and then 
with their E.M.F.’s opposing each other. In the first case the total 
E.M.F. in the circuit is E, + E,, and in the second case E,— E,. If 
I, and I, are the respective currents, we have, since the resistance of 
the circuit is the same in both cases— 


Potentiometer.—By far the best method of comparing electro- 
motive forces is that due to Poggendorf, and now generally known as 
the Potentiometer method. A steady current is maintained in a con- 
ductor, and the E.M.F.’s to be compared are balanced in turn against 
the potential fall over a known portion of the conductor. There are 
many forms of the potentiometer, but the simple slide wire, two or 
three metres long, comprises a very simple and effective instrument. 
The cell C (Fig. 104), preferably of the secondary or storage form on 
account of its constancy of E.M.F’. when producing current, maintains 
a current in the stretched wire AB, which may suitably be of platinoid 
or manganin of No. 22 gauge. 
One of the cells whose E.M.F.’s 
are to be compared, is placed 
at H, with one pole connected to 
A, and the other through the 
galvanometer G to a movable 
contact D. If the fall of po- 
tential between A and D cor- Fia. 104, 
responding to the current is 
equal to the E.M.F. of the cell, there will be no current in the gal- 
vanometer, provided that the cell E is connected with its positive 
electrode to the end of the wire having the higher potential. When 
a uniform wire is used, the p.d. between two points on it is proportional 
to the length of wire between the points, and thus in the given case 
E, «J, The cell is now replaced by the second cell, and another 


h 


1D) 
balance obtained, at distance /,from A. Then 7 aps It should be 
2 63 


noticed that if the current in AB varies during the experiment / is no 
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longer proportional to E alone, and therefore it is advisable to repeat 
the experiment with the first cell to ensure that the current has not 
changed. The E.M.F. of C must, of course, be greater than that of EK, 
otherwise there will not be a possible position of balance upon the 
wire. With a length of 3 metres of wire, and a secondary cell to 
produce the steady current, a balance may usually be obtained with 
certainty, to within an error of a millimetre of wire, even with a 
comparatively rough galvanometer, and thus for a balance near the 
middle of the wire the error is less than 1 in 2000. There is a 
further advantage in this method, in that the cell whose H.M.F. is 
being determined is not producing a current at the time at which the 
balance is produced, and hence the determination of E,M.F. is inde- 
pendent of the resistance of the cell. A simple and convenient form of 
potentiometer may be made by soldering the ends of a piece of No. 22 
platinoid wire to two copper lugs, A and B (Fig. 105), the length of 


e x 
Fig. 105. Fig. 106. 


wire between the lugs being 3 metres. These lugs are screwed down 
to the board, the wire passing round the small screws P, Q, R, 8, T.. 
A piece of centimetre ruled squared paper having previously been 
pasted on, this serves as a scale for the measurement of J. 

There is almost always a zero error of the potentiometer, chiefly 
due to the resistance of the lug and soldering. It may be readily 
found by passing a current through two resistances, PQ and QR, in 
series (Fig. 106), and finding the length of potentiometer wire J, for a 
balance for the p.d. between P and Q, J, for that between Q and R, 
and J, for that between P and R. If « be the zero error to be added 
to each reading, then, since p.d. between P and R equals the sum of the 
p.d.’s. between P and Q, Q and R— 


,t-a+),+ 


g ae 


Measurement of Current by Potentiometer.—The potentiometer 
in conjunction with a standard resistance is a very’ convenient 
current measurer. 

_ Thus, suppose it is required to calibrate the ammeter A (Fig. 107). 
A suitable current is passed through it, the standard resistance R being 
in series with it. The fall of potential over R is compared with that 
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of a standard cell C, which may be a Daniell’s cell if rough calibration 
only is required, but must be a Latimer-Clark or a Cadmium cell if 
we desire higher accuracy. ‘Then if /, be the length of potentiometer 
wire to produce a balance with the cell whose E.M.F, is E, and /, the 


I Two 4--R--> PF 
ee, 


—— 


Fia. 107. 


length for the p.d. over the resistance R when current I is flowing 
in it— 


p.d. for resistance R l 


= i 
E 
and, = E 
On varying the current by means of the rheostat W, and taking 
a number of readings for different points on the ammeter scale, a 
calibration curve may be constructed. 
Resistance of Cell—The potentiometer may also be used to 
determine the internal resistance of 
a cell by the following method. E 
The length of potentiometer wire 
required to balance the E.M.F. of 
the cell is first found in the ordi- 
nary way. Let it bel, Eis the _ 
p.d. between the terminals of the r 
cell when it is not producing any 
current, and is the whole E.M.F. 
available to produce current. If 
now the terminals of the cell Fra. 108. 
be connected by a conductor of 
E 
R+r 


R is the resistance of the cell. Further, this current flowing in 


resistance r (Fig. 108), the current flowing in it will be , where 


the conductor 7 means that a p.d. of . 7 exists between the 


cae 
R+r 
ends of the conductor, and this is proportional to J,, the length of 
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potentiometer wire whch will now produce a balance, Calling this 
p.d. e, we have — 


E 
Boe ae 
Bot ee 
r pees 2 


from which R may be found. 
It is an interesting experiment to take a cell of the Leclanché type 
and determine its internal resistance a num- 
ber of times, using values of r equal to 100, 


E p 50, 20, 10, 5, and 1 ohms respectively. It 
N will be seen that the resistance of the cell 
Q increases with the current in it. 


The reason for the method may be made a 
little plainer by drawing the E.M.F. — Resist- 
ance diagram for the circuit, Let OE (Fig. 
109) be the E.M.F. of the cell; then, if the 

Fig. 109. resistances of the different parts of the cir- 
cuit be plotted along OM so that OL= R, 
LM = 7, and the last point M be joined to E, 


E 
tan EMO = Rao current ; 


further, we see that so long as Ohm’s law holds good, the line, such as 
ENM, drawn upon the E.M.F. — Resistance diagram must be a straight 
line, since the current is the same at each cross-section of a circuit, and 
is represented on the diagram by the slope of the line. When the 
circuit is broken, the resistance r is infinite, and the point M moyes to 
infinity ; that is, the curve 
becomes the horizontal 
straight line EP. In the 
potentiometer experiment, 
OE is measured in the first 
case (1,), and LN in the 
second case (l,), and we 
see from the figure that— 


Rayleigh Potentiometer. 
—A potentiometer method 
in which two similar resistance boxes are employed in place of the 
stretched wire, was used by Lord Rayleigh in his work on standard 
cells (Fig. 110). The boxes are joined in series with a cell, to maintain 
steady current, and one set of plugs taken out. Any alteration in the 
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resistances is made by transferring plugs from one box to the corre- 
sponding resistance gap of the other box, so that the total resistance in 
the two boxes remains constant, and the current therefore does not 
change. The E.M.F. of the cell E is then proportional to the 
resistance in the box A when the galvanometer indicates a balance. 
Crompton Potentiometer.— It will have been noticed that the 
smaller the current in the potentiometer wire, the greater the length of 
wire for a given p.d. and the more sensitive is the arrangement. For 
measuring very small E.M.F.’s, such as we have in the case of thermo- 
electromotive forces, which may be only a few millivolts, the sensitive- 
ness may be sufficiently increased by including a resistance in the wire 
circuit, to reduce the current. But this decreases the range of the instru- 
ment, unless the added resistance has a value which is known in terms 
of the length of the potentiometer wire, in which case it may be included 
in the balancing part of the circuit when required. Thus if the balancing 


Fig. 111. 


wire AB (Fig. 111) be 100 cms, long, and the resistances AC, CD, DE, 
and EF are each equal to the resistance of AB, then, when the balance 
is attained for the point, say 35, upon AB, this corresponds to a p.d. 
proportional to 35 if the other contact is at A; but to 235 if at D, and 
435 if at F, etc... This method of increasing the sensitiveness with- 
out sacrificing the range is used in the Crompton potentiometer, Fig. 112. 
ab is the balance wire, and at c there are fourteen coils, each of which 


WAG ~Oev'O Ocd Ovo” OF'O “OF'O 


Fig. 112, 


has a resistance equal to the whole of ab, and so arranged that the 
potential terminal from the source under measurement may be con- 
nected directly to a or to the junction between any of the fourteen 
coils, by means of the rotating arm. d is a key which enables any of 
the external sources of E.M.F. to be compared, these being joined 
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to A, B, and OC, etc., to be rapidly and easily brought into action. 
Two adjustable resistances, e for rough and f for fine adjustment, 
enable the current to be varied, and if a standard Clarke cell be 
connected to A, the temperature being 15° C., the E.M.F. is known to 
be 1:4345 volts, so that the whole 14 coils at c are switched in, and 
the contact set at the point 34:5 upon the wire, the current may be 
varied by these resistances until a balance is attained. Every unit 
of bridge wire will then correspond to ;3;5 volt, and in this way the 
scale has been made to give readings directly in millivolts. This 
adjustment having been made, any other source connected to B may 
be measured directly in millivolts. Since the smallest scale division 
is one-tenth of a unit, and a balance may be made to say half a small 
division, electromotive forces down to 55355 volt may be measured. 

If the electromotive force being measured be the difference of poten- 
tial between the ends of a standard resistance of 545 or ;>555 ohm carrying 
a current, a unit on the slide wire will correspond to 0:1 ampere or 
1 ampere respectively. Hence the usefulness of the instrument in 
conjunction with a standard resistance for current measurement. 

For measurement of large p.d.’s a volt box must be used. ‘This is 
a high resistance, to the ends of which the p.d. to be measured 

is applied, the potentiometer terminals 

1009 -----> being joined to two points of the high re- 

sistance, separated by a small resistance 

which is some convenient fraction of- the 

whole. Thus in Fig. 113 the resistance 

between G and H is 745 of that between 

C and F, ;3; of that between C and E, 

Fig. 113. and +, of that between C and D. If then 

a p.d. of say 120 volts exists between C 

and H, that between A and B is 1:2 volts, and on measuring this in 

the ordinary way by connecting A and B to the potential terminals of 

potentiometer, the observed value must be multiplied by 100. When 

C and D are used, the observed p.d. between A and B must be 

multiplied by 10, and when C and F are used, by 1000. Voltages 

less than 1:5 volts are measured directly without the aid of the 
volt box. 
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CHAPTER V 
ELECTROSTATICS 


Fundamental Considerations.—In the last two chapters we have 
repeatedly used the expression ‘‘electric current” without con- 
sidering whether there is anything actually flowing along the con- 
ductor. Magnetic phenomena, which we have chiefly used for 
recognizing and measuring the current, are essentially of a statical 
nature, and so far as they alone are concerned we might have 
difficulty in deciding whether an electric current is a flow or a 
mere statical condition of the conductor, The phenomena of 
electrolysis and of the production of heat in a conductor both 
suggest that the current is of the nature of a flow, since both these 
effects are proportional to time, that is, they are both rates, the former 
being measured by a rate at which certain chemical actions take place, 
and the latter the rate at which heat is produced. Following, then, 
the suggestion that a current is a flow, that is, a rate of passage of 
something along the conductor, it is desirable to see whether this 
something which we consider to flow along the conductor is a quantity 
of a physical nature, or is merely a mathematical abstraction. 
Consider two conductors, A and B (Fig. 114), connected to the 
poles of a battery. When the circuit is completed by connecting A 
and B by a metallic wire, a current flows, and 
the current may be recognised by any of the 
methods previously given. From these methods | I | tlt anak |! | 
we have derived a system of units for measur- 
ing the current, and we have given as an (B) 
explanation, that there is a difference of 
potential between A and B, maintained by 
the battery. The question now before us is, 
to decide whether A and B owe their difference of potential, and 
the current owes its existence, exclusively to the fact that A and B 
are connected to the battery or not. Let the connections between 
A and B and the battery be removed before A and B are connected 
together ; then on connecting A and B a current will flow for a short 
time, and will rapidly fall to zero. It may be recognised by a 
delicate galvanometer, and will be greater, the greater the linear 
dimensions of A and B and the more cells there are in the battery. 
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But the important point is that the current flows, although there is no 
connection with the battery, and the act of establishing the potential 
difference by means of the battery is really the storing of something 
upon A or B or both, and the current consists in the flowing of 
this along the wire until the store of it is exhausted. This “some- 
thing” we call Electricity. 

The positive direction for the current is conventionally determined 
by the direction of its accompanying magnetic field, and the sign which 
we give to the electricity is thus a matter of convention. Thus we may 
say that positive electricity flows from A to B, or negative from B to 
A, or both; it is a matter which need not concern us now. We say 
that A is charged with positive and B with negative electricity in the 
given experiment, and that the current flows until these charges have 
disappeared. According to theories which have been held at different 
times, we may say that the current is a flow of positive electricity 
from points of higher to points of lower potential, or of negative 
electricity from points of lower to points of higher potential, or both ; 
it is a matter of indifference so far as the representation of the results 
- of experiments are concerned, and only need begin to concern us when 
we seek for an explanation of the nature of electricity. 

The fact that a positive charge exists upon A and will flow 

towards B directly a conducting path is pro- 


tt |t]t----41] vided: for it, leads to the conclusion. that 
there is a force driving it from A to B, and 
ae it is extremely unlikely that this force is 


due to the conductor; hence we naturally 
suppose that there is a force driving the 
charge residing on A towards the conductor 
Fig. 115. B, whether the two are connected by a wire 
or not. Also, from the two-sided nature of 
a force, we conclude that the charge upon B is driven towards A, and 
we are led to seek for evidence of this force between the charges upon 
A and B. It becomes evident in performing the last experiment that 
if there is such a force it isa small one; but if A and B are made of two 
light mobile bodies, such as a pair of gold leaves (Fig. 115), the force 
between them becomes evident, In the event of a considerable number 
of cells being employed to test this action, it is advisable to place a 
sheet of mica or other badly conducting material between the gold | 
leaves to prevent metallic contact and the consequent short circuiting 
of the battery when they approach each other. Or a high resistance, 
say 100,000 ohms, may be placed somewhere in the circuit, which will 
keep the current to small value. 

The experiment shows us that not only are the charges upon A 
and B urged towards each other, but the conductors upon which the 
charges reside experience corresponding forces. 

'  _Electroscope.—The experiment may be varied by constructing B 
in the form of a metallic box—wire gauze will do—and making A of 
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two gold leaves hanging from the same conductor, as in Fig. 116. 
Each gold leaf is still urged down the grade of potential, that is 
towards the walls of the enclosure. Whether 
we say that the gold leaves are pulled apart 

owing to the proximity of the negative charge 11 | = - | 
upon B, or repelled owing to the similar positive 
charges upon the leaves, is a matter of unim- 
portance; they represent two different ways 
of looking at the same phenomenon. If the 
connections from the battery to A and B be 
reversed the observed result will be the same, 
but in this case we may say that the negative 
charges on the leaves are urged up the grade 
of potential, that is towards the walls of the enclosure, or that they 
are attracted by the positive charge upon the walls, or that the negative 
charges upon the leaves repel each other. 

Early Electrical Experiments.—The above experiments are given 
in order to establish a relation between electricity in motion and 
electricity at rest, between the electric current and static electricity, 
but it must not be imagined that the evolution of the science of 
electricity followed any such lines. The earliest electrical experiment 
of which we have any record is that of the attraction of light bodies 
by a piece of amber that had previously been rubbed. This experiment 
is of unknown antiquity, but William Gilbert (1540-1603), when 

investigating this and other allied phenomena, introduced the word 
- “electricity,” from the Greek word 7\exrpor, signifying “amber.” Other 
substances exhibit similar properties, and if, for example, a piece of 
ebonite be rubbed with a piece of dry fur, then on separating them they 
will be seen to attract each other ; on bringing the ebonite near the fur 
the individual hairs of the latter will bend towards the ebonite. If then 
the ebonite be brought near the gold leaf A (Fig. 115), it will be seen 
to attract it, while B will be repelled by it, and the fur will attract B 
and repel A. We may therefore conclude that the ebonite has a 
negative charge and the fur is positively charged, but care must be 
taken in performing the experiment, or the effect will be masked by 
another one. On bringing the fur or the ebonite near the point A 
(Fig. 116) with the battery removed, the leaves will diverge, in the 
former case because the leaves are brought to a higher potential than 
the gauze box, and in the latter case to a lower potential. 

About a century after Gilbert’s time, it was found that all substances 
taken in pairs become oppositely electrified when rubbed together, but 
in the case of conductors, the electrification disappears as soon as the 
bodies are separated, If, however, a metal rod be held by an insulating 
handle it can easily be electrified by rubbing with fur or silk. 

The arrangement of gold leaves inside a conducting enclosure is 
one that is very widely used for the detection of electric charges ; in 
the earlier experiments pith balls hanging by a conducting thread from 


Fia. 116. 


é 
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a common point were employed. It is since the time of Cavendish that 
the gold-leaf electroscope has been introduced, and it is quite recently 
that it has been adapted to electrical measurements of an exact nature. 
Faraday’s Ice-pail Experiments.—By means of the electroscope, 
Faraday was enabled to establish several important laws of electric 
phenomena. He used anice pail, which gave its name to the experiments, 
supported on an insulating stand and connected 
with an electroscope (Fig. 117), On lowering 
a charged conducting body by means of an 
insulating silk thread, into the ice-pail, the 
leaves of the electroscope diverge more and more 
until the charged body is well inside the pail, 
and then movement of the body about inside 
the pail produces no further change. If the 
Fia. 117. charged body be removed without having touched 
the pail, the leaves collapse completely, but if . 
before removal it be allowed to touch the pail on the inside, no altera- 
tion in the divergence of the leaves is produced on touching, or when 
the body is removed. Its charge has therefore passed completely to 
the outside of the pail. #It is, therefore, reasonable to suppose that the 
divergence of the leaves depends upon the amount of charge on the body 
lowered into the pail, and equal charges may be compared by lowering 
them in turn into the pail and noting that the divergence is the same 
for each. Further, if equal charges of opposite kinds be obtained upon 
two separate bodies, that is, two charges of opposite kinds that would 
each producethe same diver gence when used alone, 
then when placed inside together, whether the 
bodies touch or not, there will be no divergence of 
the leaves, showing that the effect of adding equal 
and opposite charges is to produce a neutral condition. 
A similar experiment may be made, to show - 
that the amounts of electricity produced in two 
bodies in the act of rubbing are equal, and that 
N they are of opposite kind. An ebonite cylinder, C 
os (Fig. 118), is made to fit loosely into a hollow 
WYLEJI cylinder, d lined with fur, and the two are placed 
Fic. 118. inside the ice-pail. If now C be given a few turns 
by means of the handle, there is no divergence of 
the leaves of the electroscope, but on removing © the leaves diverge 
on account of the chargeon F. On removing F and putting C in the 
pail, the leaves diverge to the same extent as for F, but when F and © 
ave both in the pail together the divergence is always zero, showing 
that the electric charges on the two are equal and of opposite sign. 
Potential Gradient due to Charge.—In the experiment, Fig. 114, 
the fact that a current flows from A to B when these are connected — 
by a conductor is evidence that there is a difference of potential 
between them. This difference of potential accompanies the fact that. 


’ 


a we 
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A is positively and B negatively charged, and as soon as these charges 
have disappeared on account of the passage of the current, the differ- 
ence of potential has ceased to exist. That a charge produces a poten- 
tial gradient in its neighbourhood may easily be shown by connecting 
two electroscopes, C and D (Fig. 119), one to either end of a conductor, 
AB. On bringing a positively charged body near to B a potential 
gradient exists, B being at a higher potentialthan A. Hence a current 
takes place in the conductor, and will flow from B to A until the 
accumulation of positive charge 

at A and its attached electro- A B 

scope D, and the accumulation of (+) 
the negative charge on B and OC, 

restore the whole of the con- 

ductor to uniform potential, when 

the current ceases, If we then D Cc 

remove the positively charged 
body, we at the same time re- Fic. 119. 

move the potential gradient due 

to it, and the reverse potential gradient due to the accumulated charges 
will cause a current from A to B until the potential of the conductor is 
again uniform. We may note here that when there is no current in a 
conductor there must be a uniformity of potential throughout it ; in fact, 
the distinction between a conductor and an insulator is that a potential 
gradient cannot exist in a conductor without producing a current, while 
in an insulator a potential gradient 
can exist even when there is no 


current. The distinction resembles BS AW 
very much that between a fluid and 

n solid, the former being unable to 

support a shearing strain without ® (ii) 
flowing, while the latter can. | 


For convenience, we frequently 
consider the potential of the earth 
to be zero, and a body has then a 
positive potential if, when con- 
nected to earth by a conductor, a Fra. 120 
current will flow from the body to kde 
earth, and a negative potential if the current flows from earth to the 
body. For this reason the gauze or metallic envelope of the electroscope 
is usually connected to earth, so that the leaves have no divergence when 
their potential is that of earth, Then, if we bring a positively charged 
body A near an originally uncharged body B, the potential of B is 
thereby raised above that of earth, that is it is positive, and an electro- 
scope connected to B will show a divergence on this account (Fig. 120 
(i)). If B be now connected to earth there is a positive current to 
earth, which flows until B’s potential is zero. The leaves are now 
collapsed, since they are at the same potential, as in case (ii). It should 


(iii) 
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be noted that in this condition, the negative charge on B produces a 
negative potential at B and the electroscope, exactly equal to the 
positive potential due to the charge on A, point for point; in fact, a 
flow must occur until this condition is fulfilled, On breaking the 
earth connection and then removing A, the negative charge on B only 
is present, and will produce a negative potential (iii), the leaves of the 
electroscope again diverging. This process has been called “ charging 
by induction,” but the term is not a good one, as the word “induction” 
is used in a special sense. ‘Charging by influence” has also been 
suggested, and is not open to that objection. The process itself is a 
very useful one for charging a conductor, from a charge situated upon 
an insulator which may have been produced by rubbing, as it is more 
convenient than attempting to bring all parts of the insulator into con- 
tact with the conductor and has the further advantage that the original 
charge on the insulator is not lost. 

Electrical Machines.—Apart from the frictional machine, which is 
extremely inefficient and cumbersome, the prototype .of the electrical 
machine is a piece of ebonite, which may be 
rubbed with a piece of fur, and a metal sheet 
with an insulating handle, which may be 
lowered on to it. It is called the electro- 
phorus (Fig. 121), The brass plate B is - 
charged by influence from the rubbed ebonite 
plate A, as described in the last paragraph. 

Fig. 121, A is frequently provided with a brass sole, 

8, attached to which is a brass pin, which 

passes through A and earths B automatically, when this is lowered on 
to A, but the sole 8 is not essential to the electrophorus. 

It will be seen that if a number of plates such as B, be attached to 
arms so that the whole can revolve, each plate moving in its own plane, 
coming over the plate A at some part of its path, and being discharged 
into a receiver at some other part of its path, an electric charge would 
be continually produced, so long as the rotation is maintained. This 
is really the principle of the Wimshurst machine, but instead of one 
conductor moving past a charged piece of ebonite, two sets of con- 
ductors corresponding to B rotate in opposite directions, the charges 
on one set being utilized to produce the charges on the other. Two 
parallel circular glass plates are mounted coaxially so that they can be 
driven in opposite directions, the conductors corresponding to B 
being metal strips cemented on to the plates. Owing to the difficulty 
of drawing the connections for the flat plates, these are represented in 
Fig. 122 as circles, and their actual appearance will be seen in Fig, 123. 
When the machine is running, the positively and negatively charged 
conductors B and B' come opposite to C and C’ at the instant that the 
latter are connected together by two light brushes carried by a wire. 
Then a potential difference exists between C and C’, and a current flows 
from C to C’. Since these were uncharged before, C will now be 
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negatively and C’ positively charged, and the charges, moving on as the 
plates revolve, play a similar part in charging the outer sectors at B” 
and B”, The result of the two processes is that positively charged 
sectors B are continually being brought into the neighbourhood of the 
collector E, and C into the neighbourhood of E’, while the negatively 
charged sectors are brought to F and F’, From the collectors E and EH’ 
the positive charge passes to the conductor P, and from F and EF’ the nega- 
tive charge goes to @. The method by which the collection of the charge 
by E and F takes place may 

be noted. As the positive —_— 
charge approaches E it in- 
duces charges upon H, as in 
the experiment described on 
p. 113 (Fig. 119), but the 
negative charge, being situ- [ 

E 


ated on the points nearest to 
the sectors, passes readily from 
them on to the sector and 
neutralises the positive charge 
there, the sector being thereby 
discharged, and a correspond- 
ing positive charge remaining 
upon the conducting system 
EP. A similar process occurs s+) C)--" 
at F, but in this case it isa 

negative charge that remains wa, 400 

on FQ. The action of a point, net 
in facilitating a discharge is described on p. 138. 

Force between Charges.—It has already been seen that charges of 
opposite signs tend to approach each other, and that charges of the 
same sign to travel away from each other, and although we have 
explained these effects in terms of existing potential differences or 
gradients, which method would follow naturally from. the aspect of elec- 


_ trical phenomena adopted by Faraday, and later by Maxwell, still the 
_ phenomena may, as regards their results, be equally well explained by 


saying that like charges repel each other and unlike charges attract 
each other. The latter view is historically much older than the 


_ former, the earlier experimenters explaining all the electrical phenomena 
_ with which they were acquainted, in terms of the action at a distance 
_ of one charge upon another. It is chiefly to Faraday that we owe the 


| 
: 


conception that the forces upon the charges are due to some special 
condition of the medium in which they are situated, which condition 
may be a state of strain; but since we are unacquainted with the 


structure and nature of this universal medium, we are always driven to 
3 interpret the state of strainin terms of the forces on electrical charges. 


Thus the only evidence for discriminating between the two theories is 
that the electric phenomena require time for their propagation ‘from 
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place to place ; a charge suddenly produced at a point does not produce 
a steady potential at every surrounding point, with the corresponding 
electrical field, instantaneously, but they are propagated outwards 
with a finite velocity. This consideration led Maxwell to calculate the 
velocity with which an electrical disturbance should be propagated, 
and the coincidence of his calculated value with that afterwards 
determined by experiment has completely vindicated the superiority of 
the “ medium ” over the “ action at a distance ” theory. 


I 


Fig. 123, 


From analogy with the gravitational force between two masses, it 
would naturally be suggested that the force between two small 
electrical charges would vary inversely as the square of their distance 
apart. By means of his torsion balance, Coulomb established roughly 
the truth of this law. He balanced the force between the charges on 
Swo gilt pith balls, one of which was fixed, and the other on the end of 
a light rod suspended by a fine silver wire, against the force produced 
by the measured twist in the wire. On halving the distance between 
the balls the necessary twist in the wire was increased four times, and 
so on. Further, by removing the fixed ball and sharing its charge 
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with an equal one, the charge on the original ball, by the principle of 
symmetry, being supposed to be halved, and replacing the ball, it was 
found that the force as indicated by the torsion balance was halved. 
Coulomb concluded that the force between two charges may be repre- 


sented by the expression _s where q, and gq, are the magnitudes of 
the charges, and d their distance apart, the positive sign indicating 
that the force between the charges is of the nature of a repulsion. 

From this relation we may define the unit of electrical charge as 
that which, situated one centimetre from an equal charge in air, will 
repel or attract it with a force of one dyne; and adopting this new 
electrostatic unit of quantity and measuring q, and q, in terms of it, 
we have— 


Force between charges = it 


By analogy with the magnetic case (p. 3), we may define the 
strength of electric field, or electric intensity, or electric force at a point 
as the force in dynes, which would act on a unit positive charge if 
placed at that point, and we see then that the electric intensity at a 


distance d centimetres from a charge q is 4 and that the force on any 


charge at a point at which the electric intensity is E, is equal to Ky. 

Proof of Inverse Square Law.—The proof of the relation F « an 
by means of Coulomb’s torsion balance is not very satisfactory, 
because the charges are not situated at points, but are distributed 
over metallic spheres, and although this would not matter if the 
charges were uniformly distributed over the spheres, this condition 
cannot be fulfilled, since the presence of each charged sphere would 
disturb the distribution of charge upon the other. Also charges will 
be produced upon the case of the instrument, and upon all other con- 
ductors in the neighbourhood, and further, the holders of the charged 
balls are not perfect insulators, so that the charges will gradually leak 
away ; and finally the amount of torsion and the distance apart of the 
balls cannot be measured very accurately. We have, therefore, to 
fall back upon indirect methods of proof, that is, to calculate certain 
results on the assumption of the truth of the law, and then put the 
results to the test of experiment. 

The following proof is due to Cavendish; and at a later date 
Maxwell reperformed the experiment and succeeded in showing that 
the inverse square law is certainly very near the truth. To find the 
strength of electrical field at a point P (Fig. 124), situated within a 
charged spherical conductor, draw through P a cone having its vertex at 
P, and whose solid angle, dw, is very small. This cone cuts the sphere 
in two small areas, ds and ds,, which may easily be found from the 
distances r and r, of P from ds and ds, respectively. The area of the 


. 
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right section of the cone at ds is r°dw, and this makes angle a with ds, 
. +2 2 
ds = all and similarly ds, = es If the sphere is symmetrically 
COS a COs a 
situated with respect to neighbouring conductors, the charge upon it will 
be uniformly distributed. Let the amount 
A of charge on each unit of area of surface be 


rod 
ZA o; then the amount on ds is Poissy and 
COS & 


rodw 


Tf, then, the 


strength of field due to. a charge varies 
inversely as the nth power of the distance, 
the field at P due to the charge on ds will 


é rod nod 
WL be tates and due to that on ds,, _ —, 
> ‘ 7” COS a 1, COS & 


evil These are obviously equal when n= 2, 

fo ar and since they are oppositely directed, the 

resultant field at P due to the charges on 

ds and ds, is zero. The whole sphere may be divided by cones into 

pairs of surfaces in the same manner, and consequently the electrical 
intensity at P due to the whole charge on the sphere is zero. 

Ii n > 2 the component of intensity due to ds is greater than that 


that upon ds,, 


r, being greater 


due to ds,, since seas will then be greater than 
7 


re? 
than r, and all the elements on the same side of the plane APB 
(Fig. 124) as ds, give rise to components at P greater than those due 
to the corresponding elements on the same side of the plane as ds,, since 
for all these pairs r, > r, and if the charge on the sphere be of positive 
electricity, there will be a resultant field towards the centre of the 
sphere. On the other hand, if n < 2 it follows in a similar manner 
that there will be a resultant field which will be directed outwards 
from the centre. 

Cavendish, and at a later date Maxwell, supported a sphere, A, 
inside a second sphere, B (Fig. 125), so that the two are inde- 
pendently insulated, except when connection is 
made between them by the hinged wire at the 
top. B is first positively charged ; then A is 
connected to B by means of the wire, and the 
connection is then broken so that A is again 
insulated. From the reasoning given above, 
A would be positively charged if n > 2 and 
negatively charged if n < 2, and uncharged 
if n= 2. Cavendish, using a pith-ball electro- 

Fig. 125, scope, could not detect any charge upon A, 
and from the result of his experiment concluded 
that n must certainly be within one per cent. of the value 2. Later. 
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Faraday, with a gold leaf, failed to detect any charge within a closed 
conductor, and in 1870 Maxwell re-performed Cavendish’s experiment, 
using a quadrant electrometer to detect the charge, and again failed to 
find any. From a measurement of the smallest charge upon A that 
could be detected by the electrometer, Maxwell concluded that n cannot 
differ from 2 by more than ;;1;;. There is no reason to suppose that 
greater accuracy in making the observation would do more than reduce 
the uncertainty in the amount by which n differs from 2. For all pur- 
poses, the truth of the inverse square law is taken to be established. 
Dielectrics.—The variation of the force between two charges with 
their distance apart, does not in any way depend upon the nature of 
the medium in which they are situated, provided that this is uniform, 
but it has long been known that the medium plays an important part 
in determining the absolute value of the force. Thus Franklin found 
that it is the glass of the Leyden jar which carries the electric charges, 
the tinfoil merely serving to short-circuit simultaneously the whole of 
the two surfaces of the glass; and Cavendish observed that two 
metallic surfaces held a greater amount of charge when separated by 
glass than would have been expected had they been separated by air. 
Faraday, by means of an experiment to be described later, measured 
the effect of various non-conducting substances in increasing the 
capacity of two metallic conductors separated by it, The law of force 
between charges must therefore be modified in order to take into 
account the influence of the medium in which they are situated, and 
keeping to our definition of unit charge on p. 117, we say that— 


Force = 1@ dynes, 


where & is a constant, the value of which depends upon the medium in 
which the charges are situated, That & is a constant quantity for 
each non-conducting substance can only be proved indirectly, and we 
shall consider this to be established if the results obtained upon 
this assumption are afterwards found to be in accord with observation. 
Faraday gave the name specific inductive capacity to this constant, and 
owing to the fact that insulators only can support an electric field, he 
called them dielectrics. Hence the name dielectric constant is now 
generally applied to this quantity, 

According to our definition of the electrostatic unit of quantity of 
electricity, & should be unity for air, but since a vacuum is the best 


dielectric known, it would be more natural to take its constant as 


unity, and from this, define the electrostatic unit of charge as that 
which repels an equal charge with a force of one dyne when situated 
one centimetre from it in vacuo. The value of & for air at atmo- 
spheric pressure is then about 1:000590, and for hydrogen 1:000264. 
These numbers are so nearly equal to unity that, unless specially 
mentioned, we shall take k as unity for air. 

Taking for the definition of electric intensity, the force on unit 
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positive charge placed at the point under consideration, we now see ~ 
that in a dielectric whose specific inductive capacity is k, the electric in- 


tensity due to a single charge is > and for any distribution of charges 


1 
the intensity is i of that when the medium is air, or rather vacuum. 


Potential.—tIn the case of a magnetic field we saw on p. 13 that 
there are two ways of representing it, one in terms of the force on 
unit pole, or the magnetic force at every point, and the other in 
terms of potential; so likewise in the electrical case the force upon 
unit charge at every point gives us a complete representation of the 
field, and we must now see how far the idea of potential will assist us. 

Potential is a quantity whose rate of variation in any direction is the 
electric intensity or force in that direction. 

Thus E = ae where V is electric potential. This may also be 
written in the form— 


dV =—EHdz. 


Edz is the amount of work done, when a unit charge is moved 
through the infinitesimal distance dx. Hence if the unit charge be 
carried from a point a to a point b along a path whose direction every- 
where coincides with that of E, the total work done is 


b 
-| Eda 
a 
b b 
But, | Nee | Ede 
a a 


that is, V, — V, = work done in carrying unit charge from a to b. 

We may, if we choose, define potential from this relation as a quan- 
tity the difference in whase values at two points is the amount of work © 
which must be done in carrying a unit charge from one point to the other. 

The signs are so chosen that a positive field is directed away from. 
a positive charge, points nearer to it being at higher potential than 
those further away. Hence from the last relation we see that work is 
to be considered as negative when the charge is moving down the 
grade of potential, and therefore positive. when up the grade of 
potential, Thus work is to be considered to be positive when it is 
done upon the charge by any external agency. 

It is immaterial what path is followed by the charge in passing 
from a to b. The component of E along the path at a point such as P 
is EK cos 6, and the work done for the element di measured along the 
path is E cos 4. dl. 

dV 


Also, a = — Ecos 4, or, dV = — Ecos 6. dl 


b 
Ve — Vs = | Boos. dl 
a 
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The work done in passing along the path aPb (Fig. 126) is equal 
to that in traversing aQb, for if it were not there would be a balance 
of work done in describing the cyclical path aPbQa, so that a would 
have more than one potential. In purely electrostatic phenomena 
there is only one value of the potential at each point, and the truth 
of our proposition depends upon this fact, 
although it is by no means true for all pat 
possible cases; in fact, we shall see later —T) 
that the integral f F cos §.di for a closed a 
path, which we call the line integral of the 
field F round the circuital path, measures Fic. 126. 
in some cases the flux of some quantity 
through the plane of the circuit. In these cases, however, the 
phenomenon is not purely statical. It will be discussed more fully 
in Chapter IX. (see p. 230). 

The definition of potential given above is consistent with that for 
potential difference on p. 59. For the current being the amount of 
electricity which passes through a given section of the conductor per 
second— 3 


i= or,” q = it. 


Hence the work done by the current in the section of the conductor 
between the points a and b for a charge q to pass, is— = 
qv. mae V,) = a( Me = V,)t. 

Thus the work done per second is i(/V, — V,), that is, the product of 
current and p.d. It must be remembered, however, that different units 
of quantity of electricity are used in the two problems. For convenience 
in studying electrostatic effects, the electrostatic unit of quantity de. 
fined on p. 119, which is derived from the force between charges, is 
employed, while that which is derived from the force between magnetic 


poles, by way of the magnetic field, and electric current is called the 


electromagnetic unit of charge. The relation between the two units 


_ is a very important one, and will be discussed in Chapter XIII, 


The potential due to a charge + q measured in electrostatic units, 
follows from our knowledge of the electric intensity due to +4q. 
_ Thus, if a, #, and b are the distances of these points trom + q 
(Fig. 127), then at «— 
3 dV 


Sone eh oN rg eo ®). 0% U8 
B=» dg, 2 Sao +g Gate DP 
a9 = — 2: du! Fia. 127, 
ie 


Thus the work done in carrying unit positive charge from b to 
a in opposition to the force due to q is the excess in potential at a over 


that at b, and thus, . ¥ 
Ve-Vo= = [-] =2 Z 
ae eee oe fle oO 
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If the unit charge were carried from a to b instead of from b to a, 
work would be done by the field upon the charge, and V, — V, would 
be negative. Thus a has a higher potential than 6 in accordance with 
our convention (p. 120). 

Potential is only measurable by its differences, and therefore there 
is no absolute zero of potential. It is convenient, however, to 
consider all points at infinity to be at zero potential, since the field at 
an infinite distance from our electric charges is zero. Thus if the 
point b be situated at infinity, : = 0 and potential at a is! 

Equipotential Surfaces.—An equipotential surface is one drawn 
through a system of points which are at the same potential. In Fig. 
128 the equipotential surfaces due to a charge + 20 units are spheres 
which appear in section as circles in the diagram. Those due to the 


Fig. 128, 


second charge of 20 units are also shown, and in the left-hand upper 
half of the figure the resultant equipotential surfaces are shown as! 
dotted lines, for the case in which this second charge is negative. The 
potential at any point is the algebraic sum of the potentials due to 
the two charges. In the right-hand upper part the equipotential 
surfaces are drawn for the case in which both charges are positive. 
The electric intensity at any point is at right angles to the equi- 
potential surface passing through the point, for if this were not the 
case, it would have a component along the surface, which is only 
another way of saying that the potential varies as we pass from point 
to point along the surface, The surface would then not be one of. 
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equipotential. Thus if the equipotential surfaces for a given field be 
known, the direction of the intensity at every point may be found by 
drawing a system of lines that cut the equipotential surfaces every- 
where at right angles. Lines drawn in this way would be curves of 
a similar shape to those in Fig. 9 (i) when the charges have opposite 
signs, and to those in Fig. 9 (ii) when both charges have the same sign. 

The surface of a conductor upon which any charges which may be 
present are at rest, is necessarily an equipotential surface, since if this 
were not the case there would be an electric intensity other than zero 
directed along the surface, in which case a current would flow. It 
follows that in any electrostatic problem we may imagine a conducting 
surface to coincide with any equipotential surface, on giving it the 
requisite potential, without in any way changing the conditions of the 
problem. ‘This device is often of great convenience, as we shall see 
later. 

Energy of Charge.—The process of placing a charge upon a con- 
ductor necessitates the expenditure of a certain amount of energy, which 
may be derived from a variety of sources. In charging a body by 
friction, equal amounts of positive and negative electricity are in 
contact until the bodies on which they reside are separated, and 
the action of separation requires a mechanical force to overcome the 
attraction between the charges. Similarly, work must be done in 
removing the charged metal plate from the oppositely charged ebonite 
sheet of the electrophorus ; and the plates of the Wimshurst machine 
require the expenditure of work in turning them in opposition to 
the attraction between the oppositely charged conductors B and C 
(Fig. 122.) The work done is stored up as potential energy upon the 
charged body, and supplies the energy necessary to drive the current 
when the conductor is discharged. 

The energy possessed by the body on account of the charge residing 
upon it, may be expressed in terms of the amount of charge and the 
potential of the body. Thus if v is the potential of the body, this 
represents the amount of work necessary to bring a unit charge from 
a point at zero potential and place it on the body ; so that, to add the 
infinitesimal charge dq, the work necessary is vdg. But we have seen 
that at every point in the neighbourhood of a charge, the potential 
due to it is proportional to the charge ; 


.. 0 = aq, where a is some constant, 
and work for increase of charge dq, is agdq 


.. work for finite charge Q is, | aqdg, = aQ?, 
5 aa 2 0 
But the potential for charge Q is,— aQ = say V, 
“, energy = 4QV. 


If the body be discharged by a conductor, the heat produced in 
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the conductor is therefore 1QV, provided that none of it is used in 
producing chemical action, light, or sound, ete. 

If the charge be brought from a place whose potential is not zero, 
but say A, the energy of the charge is originally }QA, but when 
situated upon the conductor which has a potential higher than A by | 
the amount V, the energy is 1Q(A + V). The difference }QV is then 
the work done upon the charge Q in passing from one place to another, 
when the difference of potential between the two is V, and this 
amount of work can be obtained by allowing the charge to pass in the 
reverse direction. 

The inverse of the quantity a, we shall see in the next chapter, is 
called the capacity of the conductor, and the energy of the charge may 


be expressed in terms of it. Thus if C = L 
a 


Q? 
rol 


Energy of charge = 3 


or since Q = CV, 
Energy = 3QV = }0V*. 


Loss of Energy on Sharing Charge.—We can see that when 
charge passes from a place of higher to one of lower potential, 
electrical energy is always lost. 

For let the conductor of capacity C, at potential V, be connected 
to another of capacity C, at potential V,. Then if V, > Vz, charge 
passes from the first conductor to the second until the two come to 
the common potential V. 

If q be the charge which passes from the first conductor to the 
second, 


q=(V, — V)C, =(V — V,)C, 
G1 Sprites aie ave 
C, + ©, 
Energy at start = $C, V2 + 3C,V,, 
and energy after the charge q has passed from one to the other 


CV, += GovVn2 
= 10. + 09 GEO) 


(C,V, + C,V.)? 
C, =F C, 


. diminution of electrical energy 


ll 
ve 


2 
=40,V" +40,ve — {Ott eval 
2 C0, +0, 
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This quantity is essentially positive, whatever the signs of V, and 
V,, and therefore the electrical energy always diminishes when charge 
flows from one conductor to another. ‘The loss appears as heat in the 
connecting conductor, or in the spark if the discharge takes place 
through air. 

Theorem of Gauss.—Since an electric charge is surrounded by an 
electric field whose intensity has a definite value at every point, we 
should expect that a knowledge of the intensity at every point of a 
closed surface surrounding the charge, would enable us to determine 
the charge; just as in the case of the uniform extrusion of a fluid from 
a point source situated within the fluid, we can calculate the rate of 
extrusion by finding the total volume of liquid which crosses a closed 
surface, surrounding the point, in unit time. In fact the two problems 
are mathematically very similar, the solution for the case of an incom- 
pressible fluid being of the same form as that for an electric field. 

In the electrical problem, the quantity 
to be evaluated for the whole closed surface 
is called the normal induction, and we shall 
define it as the surface integral of the quan- 
tity k. E cos 6.ds over the whole surface. 
If E is the electrical intensity at a point 
P of the surface (Fig. 129), due to the 


change + q, H =)» and E cos 6, the com- 
ponent perpendicular to the surface is Fie. 129, 


ib eos #. Hence the normal induction contributed by the surface ds 


in the immediate neighbourhood of P is 


kf. cos 6. ds = 4. 0086. ds. 


ds.cos 6. : 
But -—z— 1s the solid angle subtended at q by the surface ds, 


and calling this dw, we have— 


Normal induction for element ds = qdw ; 
.*. total normal induction for whole ) _ d 
closed surface | = Jqde 


‘ = 4arq 


since q is constant, and the solid angle /dw subtended by the whole 
closed surface is 47. 

If there be more charges than one within the surface, each charge 
q contributes an amount 47q to the normal induction over the whole 
surface, and if qg is positive it is directed outwards, if negative, inwards, 
so that Gauss’s theorem may be stated— 
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The total normal induction over a closed surface is 4x times the total 
amount of charge within the surface (47q). 

If there is no resultant charge within the surface, 347q = 0, and 
therefore the total normal induction over it is zero, and vice versd. 

We can easily see that if a charge be situated outside the surface, 
it does not contribute anything 
to the total normal induction 

Q over the surface. For at P 

(Fig. 130) the normal induc- 

tion for an element of surface 

is —qdw, the negative sign 

Fic. 130. being taken when the inten- 

sity 1s directed inwards, and 

at Q it is +qduw, the direction being outwards, so that these two 

elements together would give a resultant of zero for the normal 

induction. Similarly for any other cone drawn through q to cut the 
surface, and the total normal induction is therefore zero, 

If the dielectric constant be everywhere unity, Gauss’s theorem 
states that the surface integral of H, the electric intensity over a closed 
surface, is equal to 47 times the charge within the surface, since in this 
case the surface integral of E is the total normal induction. 

Electric Intensity near Charged Sphere.—Many useful problems 
may be very simply solved by applying Gauss’s theorem. Thus the 
electric intensity at a point D near a uniformly charged sphere may be 
found by choosing our closed surface to be a sphere, concentric with 
the charged sphere and passing through D (Fig. 131), The area is 


dw 
+9 P 


Fig. 131. Fig. 1382. 


4rr*, and by symmetry, the electric intensity is the same at every 
point of the sphere, Let it be E, then total normal induction is 
4a7°kH, and by Gauss’s theorem it is also 47q ; 


g 


“E=7, 


that is, the strength of field at D is the same as though the charge q 
were all at the centre of the charged sphere. ; 

The intensity inside a sphere throughout which there is a uniform. 
density of charge of p units per unit volume at once follows, for the 
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sphere may be divided up into thin concentric shells, and the effect of 
each shell which does not enclose P, the point at which the intensity 
is required, may be found by imagining the charge within it to be 
concentrated at the centre. ‘The shells which enclose P do not add to 
the intensity at P (Fig. 132), as was seen on p. 118, The whole charge 
upon the shells which do not enclose P is equal to 47r*p. And the 
intensity at P is therefore 


4 mp _ a Trp 
3° kr? ik 


The intensity is therefore greatest at the surface of the sphere, and 
falls off to zero at the centre. 

Electric Intensity near Charged Cylinder.—In a similar manner 
the value of E due to an infinite cylinder 
which has a charge of q per centimetre length 
may be determined. We can see by symmetry 
that the field is everywhere radial and equal 
at equal distances from the axis. Hence, draw 
a coaxial cylinder through P (Fig. 133), and 
terminate it by two planes, unit distance 
apart, normal to the axis. FE is parallel to 

_ these planes, and the normal induction over 
them is therefore zero, The area of the 
curved surface of the closed cylinder is 2zr, 
and the total normal induction over the closed 
figure is therefore 27rkE, But the charge 
within it isg ; therefore, rel Gauss’s theorem— 


2q Fre. 183, 
and, EK = ad 


Since this is independent of the radius of the charged cylinder it holds 
also for a linear charge. 

Intensity near Plane Sheet of Charge. 
—The value of E near an infinite plane’ 
- sheet, having a charge of surface den- 
sity a units per square centimetre, may 
be found by drawing a prism whose 
edges are normal to the plane, to 
cut the surface in unit area, If the 
: plane is infinite in extent, we see by 
_ symmetry that the field is everywhere 
- norma! to the plane, and is of the same 
- strength on each side of it. The charge 
_ within the prism is o,, and therefore the Fig. 184, 

total normal induction over it is 47a. 
t The normal induction over the sides of the prism is zero, since they 


; 
a 
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are everywhere parallel to E, and if the ends P and Q (Fig. 134), be 
planes parallel to the sheet, the area of each is unity, and they are 
both normal to E. 


then, total normal induction = 2kE = 47a, 


It will be noticed that this is independent of the distance from the 
sheet, and the electric intensity at any point near an infinite plane 


2 
sheet is therefore are ; and further, that the charge is not situated 


upon a conductor, but is merely a sheet of charge with dielectric on 
both sides of it. 

The electric intensity in the neighbourhood of a thin charged plane: 
conducting sheet may be found from the last result by considering a, to 
be the surface density of charge on both sides taken together. If these 

two happen to be equal, which in practice is unlikely 
to be the case, the surface density upon each side is 
=. Calling this o, we see that the intensity near 
Q P a plane conductor on each surface of which the 
density of the charge is o is equal to 4mc, It is, 
however, more satisfactory to establish this relation 
by drawing one of the closed ends Q of the prism, 
Fig. 135. within the conductor, as in Fig. 135. Then the 
normal induction over Q is zero, since there is no 
electric intensity inside a conductor when the charges are at rest upon 
it. The whole induction 47a passes through P, and since this has 
unit area, ; 
HE = 4eo, or B= 22, a 
This is known as Coulomb’s law. 

Region inside a Conducting Surface—We may also prove from 
Gauss’s theorem that the space within a closed equipotential surface is at 
uniform potential when there is no electric charge within the surface. 
For let A (Fig. 136) be the equipotential 
surface ; then if the space within A is not at 
the potential of A, a second equipotential 
surface B can be drawn just inside A. The 
potential of B is either above or below that 
of A. If above, there is a field everywhere 
directed from B to A over the surfaces, and | 

Fic. 136. if below, this field is directed from A to B. 

In either case [kEds is equal to 47 times the: 

charge within the surfaces, and since by hypothesis there is no such 
charge, kf/Eds =0. But since in either case E has the same sign all 
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over the surfaces, E must be zero at all points of the surface. That is, 
Bis at the same potential as A. The samé argument applies to the 
whole of the space within A, which is therefore at uniform potential, 
and there is no field within A. 

It also follows that there cannot be any charge on the inner surface 
of a hollow conductor unless there be a charge in the hollow space 
within the conductor, and if there be such a charge in the hollow space 
there will be an equal and opposite charge wpon the inner surface of the 
closed conductor. Consider B to be the inner surface of the conductor of 
which A is the outer surface (Fig. 136). Imagine a closed surface to 
be drawn between A and B and surrounding B. The intensity over 
this surface is everywhere zero, since the surface lies entirely in the 
conducting medium, and, by Gauss’s theorem, the total charge within 
it is therefore zero. Hence, if there is any charge within B there 
must be an equal and opposite charge upon B, which establishes the 
second part of our proposition. 

When there is no charge in the space within B there might still 
conceivably be equal and opposite charges upon different parts of B, 
Let a closed curve be drawn upon any part of B which may be 
supposed to have a charge upon it, and draw a closed surface to 
intersect B in this curve. The part of this closed surface within the 
conducting medium has no normal induction across it, for E is every- 
where zero within the medium, and the part in the space within B has 
also no induction over it, as we have just seen, since E is zero within 
it. Hence the charge within our closed surface is zero, and that on 
the small area of B considered is also zero. ‘That is, there is no charge 
at any point of B. 

This proposition and the preceding one make general the problem 
proved on p. 118 for the sphere—that there is no field inside a con- 
ductor due to a charge outside it, It is also of importance in practice, 
for we see that a closed conductor constitutes a perfect electric screen 
for points inside it, Whatever the distribution of electric charge or 
intensity outside it, the conductor, since it is an equipotential surface, 
reduces the intensity inside it to zero. 

Tubes of Induction and Lines of Force.—The important part played 
by the dielectric in electrical phenomena, led Faraday to imagine tubes 
or lines of strain to exist in the medium situated between charged 
conductors, the positive charge upon one conductor and the negative 
charge upon the other being merely the ends of these tubes or lines. 
Maxweli gave these tubes a quantitative significance, and showed that 
_ the forces between the charges could be correctly represented by 
} } 2 


assuming the tubes to bé under a tension equal to g, im the direction 
2 


E 
of the tubes, and a pressure a normal to them, and showed that 


such a system of tensions and pressures in a medium would be in 
equilibrium. Thus, the tubes tending to shorten, owing to this tension, 
K 
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would pull the opposite charges together, and the pressure of the tubes 
upon each other at right angles to their direction would push like 
charges apart (see Fig. 9). 

Consider a small area 8, (Fig. 137) drawn in an electric field with 
its plane at right angles to the direction of the field, and through its 
boundary let lines be drawn whose direction shall every- 
where be that of the field. These lines enclose a tube, 
and if a second area §, be drawn anywhere at right 
angles to the field, it follows from Gauss’s theorem, 
since there is no induction ‘over the side of the tube, it 
being everywhere parallel to the field, that the induc- 
tion over 8, is equal to -that over §,. 

Thus k,E,S, = %,E,8,, provided that there is no 
charge in the element of space situated between 8, and 
§,, and so the normal induction over any section of the 

Fic. 187. tube is a constant quantity. Calling the normal induc- 
tion per unit area N, we have LE = N, and N,S, =N,s,. 

If the tube be traced back to the charged conductor upon which it 
arises, we can, by applying Gauss’s theorem, as in proving Coulomb’s 
law (Fig. 135), show that 47(o0S) = NS, where o is the surface density 
of the charge upon the conductor, and oS is therefore the charge upon 
which the tube arises. If this is a unit charge, the tube is said to be 
a unit or Faraday tube, and we see that the number of Faraday tubes 
is numerically equal to the charge upon which they arise, each unit of 
charge giving rise to one tube. Thus with a surface density of charge 
o there are o Faraday tubes arising upon each square centimetre of 
surface. Calling D the number of Faraday tubes per square centi- 
metre, we see from the last equation that— 


47D = N=kE 
kE 
Fey 


D is called by Maxwell the electric displacement in the medium, by 
which he means, the amount of electricity which is caused to cross 
each unit of area of the dielectric on account of the electric intensity 
at that point. Thus, if there is an electric intensity (which Maxwell 
calls an electromotive force) acting in a conductor, the charge continu- 
ally moves on account of it; but in a dielectric this motion is not indefi- 
nite ; the displacement reaches a limiting amount which is proportional 
to the force producing it. Thus the displacement and intensity are 
related to each other in the electrical case, like the strain and stress in 
the case of elasticity. Since a tube of induction starts upon a positive 
and ends upon a negative charge, the positive charge may be looked 
upon as a displacement in one direction at one end of the tube, and 
a negative charge as a displacement in the opposite direction at the 
other end of the tube, and throughout the tube, the displacement is 
continuous, but its value changes with the area of cross-section of 
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the tube. The more general name of polarization has also been 
used for this quantity, as it is of a more general character than 
“ displacement,” and the analogy with the case of magnetism is more 
directly suggested. 

From the relation N,S, = N.S,, or D,S,; = D,S,, we see that for 
a given tube of induction, the number of Faraday tubes per unit area 


, 4D 
is inversely as the cross-section of the tube; also, since E= = my 


we see that so long as & is constant at all parts of the medium E is 
proportional to D, i.e. to the number of Faraday tubes per unit area, 
If, then, instead of representing the field by tubes, we draw a line 
down the middle of each tube, the number of such lines per square 
centimetre is equal to D. It is more usual, however, to draw 47 
lines for every Faraday tube, and the number per unit area is then 
equal to N. ‘These are called lines of induction. If, further, s = 1, 
the number of lines per square centimetre is equal to the strength of 
field E. Such lines are called lines of force. This conception of lines 
of force and lines of induction is a very useful one for the graphical 
representation of fields of force, and is used very frequently in the case 
of magnetic as well as electrical problems. 

Energy in Medium.—From the analogy with problems in elasticity, 
we should expect that in a dielectric there is an amount of energy per 
unit volume, corresponding to the quantity }(stress 

x strain). Consider an element of a tube of induc- 
tion whose length dl is so small that the electric 
intensity, and therefore the area of cross-section, may 
be considered to be constant. 88, being at right angles 
to E, are equipotential surfaces (Fig. 138), and there- 
fore if we arrange two conducting surfaces, one to 
coincide with each, and each having the appropriate 
potential, we shall not alter the problem with respect Fig. 138, 
to the space between them (see p. 123). Upon one 
of these there will an a surface density of charge +o and upon the 


other —o, and E = a , the charges at the ends of the tubes being 


+o8 and —oS respectively. The force upon unit charge is E, and 
_ hence work done in carrying unit charge from one end to the other 
is Edl, which is therefore the difference of potential V between 
_ them (see p. 120). But energy = 4QV, and Q in this case is oS ; 


_ Sd is the volume of the element, and therefore the energy per unit 


. ke 
volume is =—, 
8a 


E 
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or since, = —— 
2 
energy per unit volume = “ph ZED. 


Thus, if E is of the nature of a stress, D is the corresponding strain. 
It may be noted that in calculating the energy, the charge at 
one end only of the tube is used. ‘This is in accordance with our 
procedure in calculating the energy }QV for a given charge Q (p. 123). 
For Q is the charge placed on the given conductor, and although there 
must be an equal and opposite charge at the other end of the tubes of 
induction arising upon Q, we did not take this opposite charge into 
the term Q used in calculating the energy. 
Force on Surface of Charged Conductor.—The expression for the 
energy in the medium might have been obtained by first calculating 
the outward force per unit area acting 


Pp normally upon a charged conducting sur- 

: Pp! face, and then imagining the surface dis- 

/ \ placed through a small distance. Let p be 
a point very close to a conductor upon 

Fic, 189. which the surface density of charge is o 


(Fig. 139). The electric intensity E may be 
considered to consist of two parts, f due to the charge situated in 
the neighbourhood of p, and f’ due to all other charges. Then 
L+f= "E. At the point p’, inside the conductor and indefinitely close 
to p, f’ is the same as at p, but f is reversed in sign since p’ is situated 
on the opposite side of the neighbouring charges to p, which charges 
are of course on the surface of the conductor. The resultant intensity 
is therefore f’—f. But this is zero, since p' is inside the conductor, 


SSA ck ee 9a result originally due to Laplace. 


Now, the charge o upon unit surface is situated in the field f’ = 


E 
and the force on it is therefore poe 


7" 
But, E = ae 
2 2 
., force per unit area of surface = ae = ue = 


If, then, the surface be displaced in the direction of its normal, 
ki? 
through distance dl, work done per unit area of surface = 3, ul 3 but 


the volume swept out by unit area is dl, therefore work done in 
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kE? 


_ producing unit volume of electric field is =? which is therefore the 
T 


‘energy associated with unit volume of the dielectric. 


This outward pressure due to the electrification of a surface may be 
demonstrated by charging a soap- 
bubble. The tube upon which the 
bubble is blown is held in a block 
of paraffin wax, for the purpose of 
insulating it. On giving the bubble 
a charge by means of an electro- 
phorus, the outward pressure will 
cause an increase insize. On giving 
the bubble successive small charges 
by bringing the charged conductor 
near to the glass tube, small in- Fra. 140. 
creases in size of the bubble will be 
seen, but owing to the want of symmetry in the field, the bubble soon 
loses its spherical shape, and will eventually be driven off the tube. 

Sir J. J. Thomson has used this outward pressure to explain the fact 
that minute corpuscular charges of electricity will enable condensation 
to start in a supersatuated vapour, owing to its direction being 
opposite to the inward pressure due to surface tension, as the drops are 
forming.. This will be more fully discussed in Chapter XV. 

Stresses in Tubes of Induction—On the assumption that electro- 
static phenomena are due to stresses in the medium, we should 
expect, from the fact that Leere is a pull upon a charged 


conductor equal to’a tension of ——, that this pull is due to tension in 


2D? 
ie: 

the tube itself, and it follows that if the tubes are in a state of tension, 
they must also exert a lateral pressure upon neighbouring tubes, since 
if this were not the case, the tubes passing from a small positive charge 
to a similar negative one, would shrink until they became straight 
lines joining the charges, and the rest of the medium would be entirely 
free from them. As this is not the case, we must assume that they 


exert a lateral pressure upon each other, and we will now find the value 


: 


of this pressure which is necessary to produce equilibrium with the 


- tension in the tubes. 


Consider a small section of a tube of induction, the sides AH, BF, 
CG, anc DH (Fig. 141) being parallel to the field, and the ends 


ABCD and EFGH equipotential surfaces, The forces f, and f, on 


} 2 2 
the faces ABCD and EFGH are due to the tensions ae and — 


at the respective faces. 


2rD? 

Then, I — a “a 
2 
rd f= 2nD; 
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where a, and a, are the areas of the faces, and D, and D, the corre- 
sponding displacements, 


2 
“A-h= = (Dias — D/a,) 
2 
= +. (D,D,a, — D,D,a) 
since D,a, = D,a, (p. 131), 


27D,D. 
ey k *(a,— a,). 
i i bi Te Since a, > As, it follows that Se >hy 
; G,! ye 7e d th It t f f th 
Ne Aiea an ere is a resultant force acting 
Ricans the direction of f,. Also, if the thickness 
igs ; of the slice is small, we may write D* in 
Oyo” place of D,D,. 
we .. resultant force in the direction of f, is 
0, acts i, a 
Fig. 141, (a, — as 


Tf O, is the centre of curvature of AB and EF, r, the radius of 
curvature of the sides EF and GH, and 6, the semi-angle subtended at 
the centre of curvature by EF, 

EF = 2r,6,, and, AB = 2(r, + dr)6,. 

In a similar manner, FG = 2r,6,, and, BC = 2(r, + dr)6,, so that 
a, = 4ryr,0,0., and a, = 4(r, + dr)(r. + dr)6,0,. 

Neglecting the small quantity (dr)?, we have— 


a, — a, = 4(r, + 1.)6,0,. dr, 
2D? 
and, f. —/, = mA we A(r; + %)0,6,. dr. 
For the section to be in equilibrium, the pressures over the sides 
must produce a resultant force in the direction f,, equal and opposite 


to the above. 
Again, if p be the lateral pressure ; force over side ABFE = p. 2r,6,. dr, 


and this is inclined at angle G - 6.) to f,. Hence component parallel 


to f, is 2.pr,0,.dr.sin 6,. But if the element is small 6, may be 
written for sin 6, so that— 


force parallel to f,, for side ABFE, = 2pr,0,0.dr, 
and for the two opposite sides taken together = 4pr,6,6,dr. 


In an exactly similar manner we see that the component due to 
the pair of sides BCGF and ADHE is 4pr,6,6,dr, 


.. resultant force parallel to f, = p.4(r, + r.)6,6.dr. 
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Comparing this with the value of f, —/,, we see that for equi- 
librium— 


27D? 
eas 


When the two ends of an element of a tube are parallel to each 
other, we have just seen that the stresses over the ends are in equili- 
brium with the pressures over the f 
sides; but in an electric field the of pat 
tubes are not in general straight, % 
and where they are curved, the ten- 
sions over the two ends of an ele- 
ment of the tube have a resultant 
at right angles to the tube, and it 
is necessary for us to see whether 
the tube is still in equilibrium under 
the equal longitudinal tension and 


x 


2 ae ’ 
lateral pressure a . If the tube ; sas 
is curved, let the plane of the dia- XO 
gram (Fig. 142) be taken through Fia. 142. 


the direction of curvature. Let 
the section of the tube considered be short enough for us to take D as 


at each end will 


5 eB 
constant over its length, then the tension ; 


2 
give rise to forces 2 - bdr, and since these are equally inclined to 


the median line BO, and 6 is small— 
% 2 
Resultant force along BO = gr dr, 0. 


D is the mean displacement over one end, but it is different at the 
outer and inner sides A and B; for, the ends being equipotential 
“surfaces, the p.d. as measured along A from one face to the other is 
equal to that as measured along B; ‘that is— 
E, (r+ dr)@ = E,r6. 
; 4 4rD 
But, E, = aa and, E, = = 
3 sey (ty dr) = 


: | ID? 
Thus p,, the lateral pressure over A, is ; 1, and the resultant 


2 
forces over the outer face A is a ~2(r + dr)@.b, and that over 


27D? 


i 2r 0.0. 


Bis 
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Since these both act in the line BO— 


Resultant force on element = es - 6b{D,%(r + dr) — DZ} 
= = 6b{D,Dsr — D,D,(r + dr)} 
4rD,D, 


- 6b. dr. 


k 


This is directed outwards, and writing D*® instead of D,D,, we see 
that this is equal and opposite to the resultant of the forces over the 
ends due to the tension, and the element is in equilibrium. Since the 


2rD? 2rD? 
result is obtained on the assumption that p, = See and p, = 2, 


we see that our assumption is justified. 

Limitations of Maxwell’s Theory—That the electrostatic forces 
on charged conductors may be represented in terms of Maxwell’s 
tension in the direction of the electric field and pressure at right 
angles to it, is undoubtedly true, but directly we attempt to form 
an idea as to the nature of the medium in which these stresses exist, 
we meet with grave difficulties. It has been pointed out by Poincaré? 


cB : , 
that if the energy aa is potential energy due toa state of strain in 
T 


the medium, any change in its value for a given space can be calculated 
in terms of the .changes in position of the 
walls of this space: for simplicity let k = 1, 
2EdE 


» and, dw = ae 


Then, w = sa 

8a 

Consider a unit cube in the dielectric, with 

tensions acting over the faces A A, and pres- — 

sures over B B and C C (Fig. 143). If the 

medium possesses elasticity, we shall have a 

displacement, say e, outwards for A A and 

Fig. 143, inwards for B B and C C, and if e changes by 
the amount de— 


Sek 
Work done on account of displacement of A A = ede 
) E? 
” 99 ” ” BB= —g,de 
FE? 
99 ” ” 9 CcC=-— 3,0 
E ; 
“dw = —>-de= ee from above equation, 
87 82 


1 H. Poincaré, ‘‘ Hlectricité et Optique.” 


. 
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1 ae = 2 
and on integrating, —-e=2lgE+C, 


This result is absurd, for when the medium is in equilibrium 
E = 0, and therefore, from our last equation,e =o. Hence Max- 
well’s idea of a state of strain in the medium, although extremely use- 
ful in studying electrical effects, breaks down, as Poincaré has shown, 
directly we attempt to give to the medium the properties of ordinary 
matter. 

We shall see in Chapter XIV that, to account for the great velocities 
with which electrical disturbances are propagated in “ empty space,” 
the medium must have an elasticity greater than steel (Lord Kelvin), 
and in order to account for the fact that the motions of the heavenly 
bodies are not appreciably retarded by its presence, its density must 
be infinitesimal. These difficulties, however, arise from our fundamental 
ignorance of the nature of electricity and of the medium in which 
electrical forces are transmitted. Electrical and magnetic phenomena 
can be satisfactorily explained in terms of the ether, but all attempts 
to give a mechanical explanation of the ether have so far resulted in 
failure. 

Motion of Tubes, and Electric Current.—The phenomenon of 
the electric current may be explained in terms of these tubes of 
induction, Electric charges are the 
ends of the tubes, and these are free to 


A 
move upon the conductor, and will C 
therefore slide along it until the tubes S| th tap ed 
: : : : ; F 
in the surrounding dielectric are in D B 


equilibrium. Thus, if the conducting. 

plates A and B (Fig. 144) are oppo- Fia, 144, 

sitely charged, the ends of the tubes 

will slide along A and B until equilibrium is established. If, then, the 
plates are connected by a conductor CD, the opposite ends of the tubes 
nearest to CD, can approach each other, and owing to their tension 
these tubes will contract until they vanish. This removes the lateral 
pressure to the left of the tube EF, and hence the pressure upon the 


right will push this tube towards CD, and it will in turn vanish, The 


process will go on until all the tubes have disappeared, The motion 
of the positive ends along B and the negative ends along A constitutes 


the current. 


The magnetic field in the neighbourhood of an electric current has 
been interpreted by Sir J. J. Thomson in terms of the lateral motion 
of the Faraday tubes (p. 414). 

Distribution of Charge upon a Conductor.—The fact that the 
surface of a conductor must be one of equipotential, aids us in deter- 
mining the way in which a charge is distributed upon it. In the case 
of a symmetrical surface, such as a sphere or an infinite plane, the 
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problem presents no difficulty, the lateral pressures due to the tubes of 
induction ensuring a uniform distribution of charge. When this 
symmetry is departed from, the problem of finding exactly the dis- 
tribution of charge and field presents great difficulties, but general 
reasoning will show us that on any given conductor in an open space 

the charge is distributed so that 
ere a the surface density is highest on 
: parts of greatest convexity, be- 
coming infinite at an actual 
point, 

Taking a conductor of the 
form AB (Fig. 145) and drawing 
the equipotential surfaces in its 
neighbourhood, we see that near 
to it they follow its outline very 
closely, since the surface of the 
conductor itself is an equipoten- 
: tial surface. Owing to the great 

bea curvature of the equipotential 

Fig. 145. surfaces in the neighbourhood of 

a point such as B, a tube of 

induction such as BC has a very great divergence, that is, its cross- 

section varies rapidly as we pass from C and B. Now, for any given 

tube the product of electric displacement and area of section, that is, 

DS, is constant (p. 131), and therefore, as S becomes very small on 
approaching B, D necessarily becomes very great. 

At a distance from the conductor, the equipotential surfaces, such as 
F G, are approximately spherical, and each unit tube of induction has 
here the same cross-section. ,The convergence towards B being greater 
than that towards A, the cross-section of a unit tube is less at B than 
at A, and the electric intensity at B is therefore greater than at A. 

In the event of B being a point, S becomes zero and D infinite. 


: 4rD 4 
Remembering that EH = oe = foe we see that the electric intensity 


in the neighbourhood of a point, and the surface density of charge on 
the point, are both infinite. But long before this condition is reached, — 
the insulation of the air or other dielectric surrounding the conductor 
breaks down, and the charge passes from the point, 

It has long been known that fine points facilitate the discharge of a 
conductor, and produce what is called an electric wind. This discharge 
from fine points has been used for many purposes, as in collecting the 
charge from the sectors of an electrical machine (p. 115). 

A further examination of the equipotential surfaces of Fig. 145 
shows us that we can easily obtain an idea of the surface density at all 
points of the conducting surface, and of the electric intensity of the 
field, for we cross the same number of equipotential surfaces in going 
from the conductor to the surface FG by whatever path we go, and | 
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therefore the longer the path the less closely are the surfaces together. 
This means a less potential gradient and a weaker field. From B to C 
is the shortest path, and here we find the strongest field. 

A similar method enables us to follow the effect of want of 
symmetry of the surrounding conductors upon a body itself symmetrical. 
For, taking a charged sphere AB inside a conducting sphere; both 
spheres are equipotential surfaces, and therefore in passing from A to 
C (Fig. 146) we cross as many equipotential surfaces as in going from 
B to D. Hence the field between A and C is stronger than that 
between B and D, and in the approximate ratio of the distances 


BD: AC. Remembering that E = “te , we see that the surface 


density of charge upon A is greater than that upon B. 

Force on Uncharged Body.—The force on an uncharged body 
situated in an electric field may be determined in direction by a simple 
sonsideration of the energy of the field. In auniform field of intensity 


wat Lee 
of induction N, the energy per unit volume is —— = gz Since N=kB, 
30 that for a body of dielectric constant & situated in the field is the 


i k 
energy per unit volume of the body ; whereas if the space occupied by 
the body had been occupied by air the energy per unit volume would 


2 
have been = Since k is usually greater than unity, the energy of the 


field when occupied by a body is less than when the space is occupied 
by air, and for such a body situated in 
air, the energy of the whole system of 
air and body is less when the body is 
present than when it is not. If the 
field be uniform, the energy is the same 
wherever the body may be situated, and 
there is consequently no tendency for 
the body to move from one place to 
another. If, however, the field is not 
uniform, the energy of the whole system 
is less when the body occupies a position 
where N is great than in one where N 
is not so great. Now, it is a general Fie. 146. 

principle in dynamics that a system will 

always tend to that configuration for which the total potential energy 
is least, sothat in our case the body will experience a force urging it ~ 
from points of weaker to points of stronger field. Owing to the 
difficulty of determining the distribution of “N in the case of a body 
situated in a field which is not uniform, we cannot, as a rule, employ 
the above reasoning to calculate the actual force on the body, but 
the general principle Rolle that the force acts towards the place of 


ia field. 
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In the case of a conducting kody, the induction N inside it is zero. 
The energy within the body is therefore zero, and from the above 
principle of least potential energy, the conductor will experience a 
force urging it from weaker to stronger parts of the field. 

The above reasoning explains why a charged body will attract an 
uncharged one, as in the case of the rubbed amber or ebonite attracting 
light bodies, such as the pith ball. 

Boundary Conditions.—At the surface of separation of two different 
dielectrics, certain conditions must hold, which conditions may be 
obtained in quite a simple manner. For convenience we shall first 
study the condition applying to a field whose direction is parallel to the 
surface of separation, and then consider the case of a field normal 
to this surface. 

(i) Field Parallel to Surface of Separation—Let k, and k, be the 
dielectric constants of the two media, and H, and E, the fields in each, 
Draw two equipotential surfaces A and B (Fig. 147) through the 
surface of separation and an infinitesimal distance dl apart. Then 
A and B must be parallel, since equipotential surfaces are always 
perpendicular to the field, and, further, the potential difference 
V, — V, is for the first medium E,d/, and for the second E,dl. 

Since these are equal, E, = E,, so that our first boundary condition 
is, that the tangential components of the electric intensity are the same 
on the, two sides of the surface of separation. 

(ii) Field normal to Surface of Separation.—In this case, we take a 
small closed surface with ends parallel to the boundary and sides 


Fic. 147. Fig. 148. 


normal to it. Then, if N, and N, are the normal inductions taken 
positive in the direction from medium 2 to medium | (Fig. 148), the 
total normal induction over a, is N,a, and over a, is Njd», and if a 
charge q be situated on the boundary we have, from Gauss’s theorem— 


N,a, — N,a, = 4rq 
or since a, = a.— 
q 


N, — N, = 420, because o ==. 
a 


In the particular case when there is no charge upon the surface of 
separation— 
c= 0, and, N, = N, 
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thus the second condition is that the normal component of the induction 
is the same in both media. 

Since N = kE, condition (ii) may be written k,E, = k,E,. 

These two conditions are of great importance in the study of the 
problem of the reflection of electromagnetic waves, by a surface of 
discontinuity. 

The two boundary conditions enable us to find the change in 
direction of the field as we pass from one medium 
to another. For let 9, be the angle between field 
and normal (Fig. 149) in the first medium, and 4, 
that in the second. 

The first boundary condition gives us 


E, sin 6, = E, sin 6,, and the second, 
i, E, cos 6, = k,E, cos 6,, 
Therefore dividing one equation by the other— 


— ky Fie. 149, 


In the equation N, — N, = 470, or k,E, — k,E, = 470, o is a 
charge which may be placed upon the surface or removed from it, and 
does not owe its existence to the discontinuity at the surface of separa- 
tion. When this is zero, k,E, = &E, Maxwell considered the 
difference in field I), — E, on the two sides of the medium to be due to 
a fictitious charge upon the boundary, which will, of course, disappear 
when the inductions N, and N, disappear. Thus, if the dielectric 
constants upon both sides of the surface become equal to unity, the 
intensities will remain unchanged, provided that this fictitious surface 
charge o’ remains upon the surface, o’ being obtained by putting 
k, = k, = 1 in the above equation. 

Then, E, — E, = 47’ 

Remembering that k,E, = %,E, when there is no other than the 
fictitious charge on the surface, we see that— 


ke 

Tf k, becomes equal to k,, which is not unity, we still obtain o’ as 
before. ' But in this case— 

) 4ro' = k,(E, — E,) 

Thus for any given problem the intensities on the two sides of the 
boundary will be unchanged if we change the original dielectric 
constants k, and k, to unity and add a surface density of charge 

elie gi Gl ka =k 
i nepa °ESEY ie, ~ 4 hey 
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Uncharged Sphere in Electric Field —By the aid of this idea of a 
fictitious surface density we can solve the problem of the distribution 
of intensity in the case of a sphere situated in a medium whose 
dielectric constant differs from that of the sphere. 

Let the dielectric sphere of constant k, be situated in a medium of 
dielectric constant k,, and let the field 
be uniform before the introduction of 
the sphere, the intensity being every- 
where E. When the dielectric constant 
of the sphere changes to k,, we have for 
the surface condition for the normal 
component of the induction at the point 
P, Fig. 150, the relation £,E, cos 6, 
=k,E, cos 6, where E, and E, are 
fields just inside and outside the sphere 

Fia. 150. at P. We may now produce exactly the 

same fields normal to the surface of the 

sphere, if we make the dielectric constant everywhere k, and introduce 
a fictitious surface density o’ given by 


iE, cos 6, — k,E, cos 6, = 470’ (p. 141), 


or, k,E, cos 0, — k,E, cos Bcdnal 
, E, cos 6. 
eo Arerr ees | (k, — k,) 


The dielectric constant being now everywhere k,, we have everywhere 
the original field E, together with that due to the fictitious surface 
density o’. 

A distribution of surface density which may be made to satisfy the 
conditions of the problem, was suggested by Poisson. Let the sphere 
be considered to have two volume densities of charge, + p and — p, 
which coincide when there is no external field; but the sphere of ~ 
positive charge is displaced relatively to the sphere of negative charge, | 


Fig. 151. 


in the direction of the field, by the amount OO' = AA’ = BB’ (Fig. 

_ 151), owing to the field E. MANA’ is then a layer of positive charge, 
and MBNB' asimilar layer of negative charge, and throughout the rest __ 
of the sphere the charges neutralize each other. When this displace-. 


i 


= 
F, 
r 
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ment is very small, the surface density at a point P is represented 
by the length of aradius intercepted between the spheres, which length 
is OO' cos 6,. 

Then the surface density at P is p.OO' cos §,. 

To find the field due to this distribution of charge, all that is 
necessary is to find that due to the two spheres. At a point Q the 


intensity due to the sphere, whose centre is O, and having volume 


density of charge +p, is equal to cs 47 .OQ.p (see p. 127), and may 
be represented by the vector OQ (Fig. 152); that due to the other 
sphere is Eir-0'0-p, and is represented by QO’. The resultant 
intensity may therefore, by the triangle of forces, be represented by 


the vector OO’, and the intensity is intr. OO; and since this is 
1 

parallel to OO’ and is independent of the position of Q, the field inside 

the sphere is uniform and parallel to the original field. By finding 

the value of the intensity due to this distribution everywhere, and 

combining it with E, we get the resultant field everywhere. 

Within the sphere, the field due to the charges is opposite in 
direction to the original field, so that the resultant field E, is the 
difference between these, is everywhere parallel to E, and is constant. 
For the boundary condition at the surface of the sphere to be satisfied, 


E, 
ee hal ee 


and since the surface density due to the volume distributions is 
p* OO’. cos 6, we have 


Ett, — &) 
9.00 = AG 


And again, since, E — E, = — -}r.00'.p, 


3 : 
ZT, a=h) esate’ k(E — E,), 


E(k, — ky) + 3E,k, = 3k,B, 


3k, 


Se 


The field outside the sphere may be found by combining the uniform 


field E with that due to the charges +37a*p situated at O, and 
_ —4ra’p situated at O', remembering that “the dielectric has a con- 
stant h,. 
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In the case of a conducting sphere situated in air, k, =o and 
k, = 1 
E 
oe E, == rm = 0, 


which is in accordance with fact, since the intensity inside a conductor 
is zero, Also when 6, = 0,— 


U U 3 
and since E, = 0, and k, = 1— 
‘ 
o' = 7_E, at the points A and B (Fig. 151). 
At any other point of the sphere o’ = = cos 6). 
It may be shown that the field inside an ellipsoid with one axis 
parallel to E is also uniform, and the case of the sphere deduced from 


that of the ellipsoid by making the axes equal. The problem presents 
mathematical difficulties which preclude the discussion of it here, 


Rete eee oa 
hs _ ee 
—__ Sr 
ore kei ae on a 
Fic. 153. Fic. 154, 


but the student may find it in “ Absolute Measurements in Electricity 
and Magnetism,” by A. Gray. 

In order to determine the field outside the sphere we may calcu- 
late that due to the two charges + #ra*p and — 47a’p, placed at 
O and O’ respectively. From analogy with the case of a small 
magnet (p. 5) we can see that the field is equal to that due to 
a magnet of moment 


$7a*p .OO', or, a°k,(E — E,) = a’he( Le oh \E 


ky + 2k, 
k,(k, — ky) 
= 9, Soe 


Fig. 153 represents the resultant field for a sphere, when k, > ky. 
In Fig, 154, ky < ky. 
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Electrical Images.— Conducting Plane.—The distribution of charge 
upon conductors may in several cases be most simply found by the method 
of electrical images, due to Lord Kelvin. Let us find the distribution of 
charge over a plane conducting surface, due to the presence of a positive 
charge + q situated at P (Fig. 155), when the plane 
is maintained at zero potential. At P’, a point on 
the opposite side of the plane to P, so that PL=P’L, 
and PLP’ is normal to the plane, place a charge 
—q. This charge is said to be the electrical image 
of P, the name being suggested by the optical 
analogy. We must show that this analogy may be 
pushed further ; in fact, for all points on the P side 
of the plane the effect of the plane is exactly the 
same as that produced by the image, the plane being 
removed, 

In the first place, the potential at M is 


Fia. 155, 


eee. St 
+ pu — Pm = 
so that if the conductor were removed and the charge —q placed at 


P’ instead, every point of the plane LM would still be at zero potential. 
Again, the electric intensity E, at the point M is given by 


P Yj 
E= sip = (compare with field due to magnet, p. 4) 
_ 2g. PL 
eka? 


But if —o is the surface density of charge at M, we have from 
Coulomb’s law (p. 128) 


E = —4ra 
and if these two are to be the same, 
2q.PL 
ere enr 
q. PL 
7 ~OnPM? 


which determines the value of o at all points on the plane. The two 
distributions + g and — q on the one hand, and + q and — o on the 
other, both make LM a surface of zero potential, and both produce 
the same intensity at points immediately in contact with the plane, 
and since the component of the intensity due to P at any point is the 
same in both cases, it follows that the intensity near the plane due 
to —q at P’ is identical with that due to —o on the plane. 
Moreover, it follows that if +q and —q on the one hand, and +g 
L 
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and the distribution —o on the other, each make the potential of 
the plane zero, the intensity at every point on the P side of LM, due 
to the two distributions, must be the same. For if possible let the 
intensity due to the former arrangement be E, and that due to the 
latter E,, In the second case reverse all the charges, E, becoming, 
of course, —E,, with charge —q at P and distribution +o upon the 
plane. If we now superimpose the second distribution on the first, 
the charge is everywhere zero, and the field at the given point is 
E, — E,. But the space to the right is surrounded by an equipotential 
surface made up of the plane LM and the rest of the enclosure at 
infinity, and as there is no charge within it, it follows from the theorem 
on p. 129, that the intensity within it must be everywhere zero, that 
is, EK, — E,= 0 or E, = E,, and thus the intensity due to the two 
distributions is every where. the same. 

Further, we can show that if the given distribution — o, which 
produces a field everywhere on the P side of LM, produces an intensity 
equal to that due to — q at P’; no other surface distribution can do so. 
For if possible let another — o’, whose value is not everywhere the 
same as — o, give the same intensity as—o. Let this latter charge 
—o' be reversed and superimposed upon —o. ‘The intensities now 
cancel out everywhere, but the charges do not. Thus at a given point 
on the plane, the resulting surface density is o' — o, and on drawing 
a closed surface to enclose this, the normal induction over it is 
4i(o' — o), but P does not lie within the surface, and therefore by 
Gauss’s theorem + g cannot contribute to the total normal induction 
over it, and the field due to o and oc’ is everywhere zero; hence the 
total normal induction over this closed surface is zero, and c= a. 
That is, there is only one_distribution of o that can satisfy the problem, 
and since one has been found, it must therefore be the only one 
possible. 

Thus the charge +q situated at P produces a surface density 


iD 
ae at the point M of the conducting plane. There is evidently 


an attraction between +g and the negatively charged plane, the value 
of which can be found by replacing the charge on the plane by the 


electrical image of P. 


2 2 


Soa e SoakatmamaN aa: Ee 
oe (QPLY = — SPL? 


Electrical Images.— Conducting Sphere.—The only other case of an 
electrical image which we will consider in detail is that of a charge + q, 
produced by a spherical conducting surface at zero potential. Let 
the point P’ within the sphere of radius r (Fig. 156) be found such 
that OP.OP' = 7°. 


OP OM 


Then, OM =| OP’ 


ae 


‘ 
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Thus the triangles OPM and OMP’ are similar, and 

PM OP 

PM -~OM> constant. 


If the charge “fs q be placed at P’,— 


PM 
potential at M due to +g at P= + y45, 
PM PM 1 
and potential at M due to — pu? 2 P'= -¢-pu Pe 
et 
wowAle 


Therefore the two charges together produce zero potential at every 
f 
point on the sphere. As in the previous case —q. ti placed at P’ 


is the electrical image of +g at P, since it reduces the potential at 


KES K-- =e Y 


mes 


+q 


Fig. 156, 


any point of the surface, such as M, to zero, 
Taking OP = d, we have— 


P/M OM 
Poem Lop > 3 


The force between the charge and the sphere is found as in the last 


_ case, by taking the image in place of the charge on the sphere— 


rq 1 
F= me i are) 
; Fs rq 

~~ d(d — OP')* 
r? 
But OP’ = 7: 

rg’ qrrd 
. K= Sag Senne — (= 


ee 
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To find the surface density of charge —o at the point M, resolve 


the intensity ate along OM, and parallel to OP. From Fig. 156, 


SMR is the triangle of forces, and is similar to OMP, so that the 
component M§ along the radius is equal to 


q. MS "97 .0N qr 
PM?'MR~ PM?’ PM ~ PM* 
Also the triangles MV W and MOP’ are similar, and the component 


PM ak 
of MW, or IPM PM? in the direction of the radius OM is 
1 og) SO Be a q OM qr qt 


7PM 'PM?'yww PM.PM‘PM~ PM.P'M? +r. PM 
Similarly the components MX and MY parallel to OP are 
C. ee Age e. a ga d 
PRM ~ PM: PM = PMY 


PMS OE, q OM 4q r-rel 
1-PM’PM?’PM ~ PM.PM*PM ~ PM?’ PM ~ PM 


respectively, and are therefore equal and opposite. The resultant is 
therefore along the radius, and the intensity is : 


ye i (1 = Sy 


PM Gr. PM Eee r 
But by Coulomb’s theorem (p. 128), E = 47, 


pee he =) 
0 = py! — a) 

We therefore see that the surface density of charge 6n a sphere 
when a point charge is brought into its neighbourhood ceases to be 


uniform, but the attraction between the two may nevertheless be 
calculated by means of the method of electrical images, 


CHAPTER VI 
ELECTROSTATICS (continued) 
MEASUREMENTS 


Capacity——We have seen that for any given dielectric, the ratio of the 
induction to the electric intensity is called the dielectric constant or 
specific inductive capacity. The absolute constancy of this quantity 
has only been established for media such as the gases, for which the 
value of & is very nearly unity: in other cases its value depends 
upon the time for which the field is applied. Thus, if its value be 
deduced from measurements made with very rapidly alternating fields, 
the value of & is found to diminish as the alternations become more 
rapid. For the present, however, we shall deal with k& as though it 
had a definite and constant value for each substance, 

Sphere.—Consider an insulated sphere whose potential is originally 
zero ; when a charge q is placed upon it, the potential at the surface of the 
-_ where a is the radius of the sphere, provided that 
the charge is uniformly distributed over it, and that the sphere is 
surrounded by air. The potential is proportional to the charge, and 
the ratio of one to the other is called the capacity. 


Thus for the sphere, V = 4 ort = a, and the capacity is equal to 
the radius. 

In any case the capacity of a conductor is the ratio of the charge 
placed upon it to the resulting change in potential, or is the amount 
of charge which will raise the potential by unity. 

Concentric Spheres—The capacity of a sphere of radius a sur- 
rounded by a concentric sphere of radius b maintained at zero potential 
may now be easily found (Fig. 157). 

The inner surface of b, being conducting, is an equipotential surface, 
and theretore when a charge + q is placed on a, there will be an equal 
and opposite charge — q situated upon the inner side of b (see p. 129). 


sphere becomes 


Then potential of a due to its own charge is + 4 and the potential 


150 ELECTRICITY AND MAGNETISM CHAP. 


throughout the space inside b due to the charge on the inner surface 


of bis — 4 
b 


.. resulting potential of a =" — >= ji 


But capacity = 4, 
1 ab 
Oat =i. 
a 6b 
This is necessarily greater than a, and 
therefore the capacity is increased by the 
Fia. 157, presence of 0, 

For practical purposes the zero of potential 
is taken as that of the earth. Since potential is only recognizable by 
its differences, we may take that of the earth as zero without affecting 
our calculations. Thus we say that the sphere b is “ earthed.” 

Cylindrical Condenser.—The capacity per unit length of a cylinder 
surrounded by an earthed coaxial cylinder is determined by finding 
the difference of potential between the inner and outer coatings when 
the charge per unit length of the inner one is + q. 

The electrical intensity at a distance r from the axis (Fig. 158) 


2 
due to the charge upon a is a (see p. 127), Therefore p.d. between 


inner and outer cylinder,— 


b : :: 
Va _— Vy a -| Ads. 
- 
d 
a 
=— 2[ log. r| 
b 
b 
= 2qlog. 
But if b is earthed, Vz = 0, 
E : 
-. capacity per unit length = ——>* 
Fia. 158, Zlogs = 


Parallel Plate Condenser.—The capacity per unit area of an insu- 
lated plate at a distance ¢ from an earthed plate parallel to it may be 
found by giving the insulated plate a charge of surface density + oc. 
This is the surface density of the charge which faces the earthed 
plate, and will, unless there are conductors brought near the remote 
side of A (Fig. 159), be practically the whole of the charge upon A. 

\ 
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If such conductors are brought near A, of course the problem is changed, 
but we are only concerned here with the charge on the side facing B. 
Electric intensity in the space between A and B is 47o (p. 128): 


A A eal 
Pave) Vip = | dao. dt +O se 
JB “<a 
= 4rot, ee af 
.. capacity of a i See: [e | 
area of A OS aa eg Fie. 159. 


Effect of Dielectric on Capacity.—The effect of a dielectric other 
than air separating the conductors is to increase the capacity in all 
cases. 


9 
Thus for the cylindrical condenser, E = is 


and, capacity = 7 
2 log, = 
a 


For the plates, field between A and B = se (Fig. 159), 


¥5— Ve = oy 
: k 
and capacity = Tet’ 


In fact, in any case, since the electric intensity is everywhere 
diminished in the ratio 1 : k, the potential is diminished in the same 
ratio, and the charge required to bring the potential back to that for an 
air condenser must be increased in the ratiok:1. It was owing to 
the increase in capacity caused by various dielectrics, that the effect of the 

‘medium was first noticed. Faraday measured the dielectric constant, 
or, as he called it, the specific inductive capacity of a number of 
substances by comparing the capacity of two similar condensers, one 
having the substance, and the other air, as dielectric. 

Condensers.—The most commonly used form of capacity is the Leyden 
jar (Pig. 160), which is frequently a glass jar coated inside and outside 
for about two-thirds of its depth with tinfoil, the remaining glass surface 
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being coated with shellac varnish, to improve the insulation. The 
outer coating is usually sufficiently well earthed by standing on an 
ordinary table, and contact with the inner coating is made through a 
metallic knob and stand. If A be the area of the inner coating, and 


t the thickness of the glass, the capacity is about = the dielectric 


constant of the glass being about 6. 

Many standard condensers are constructed of layers of tinfoil 
separated by sheets of mica, the alternate layers of tinfoil being 
connected respectively to the terminals T and T’ (Fig. 161). The 
mica being an extremely good insulator, and at the same time very 
thin, a great capacity can be obtained without the necessity of great 


Neaneunaneerenuunevavensen) 
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bulk. The dielectric constant of mica is about 6. For convenience 
in use, condensers are made up in a manner similar to that of resistance 
boxes, but it must be remembered that to add the capacities, the con- 
densers must be placed in parallel, not in series. With the plugs as 
te in Fig. 162 the whole capacity, namely, one microfarad, is being 
used. 

Condensers in Parallel.—Thus in Fig. 163, C,, C,, Cs are three 


oar Ca : 3 
Boas 
: ; | E ] 
Fig. 162, Fia. 163. 


condensers connected in parallel between A and B, and the same p.d 
exists between the terminals of the three. Let p.d. = V. 


Then if q,, q., and q; be the charges upon each, 
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a= C,V, Q = CY, Ys = C,V, 
and, h + G+ gs = (C, + OC, + O,)V. 


total charge 
V 


_— Ut gt 4% 
liam : 


But, total capacity C = 


=C,+0,+ C,. 


Condensers in Series.—If the condensers are connected in series 
as in Fig. 164, the combined capacity may be found from the fact that 
the charges upon the opposite plates of each condenser are equal. 
Thus if the charge +q is situated upon one plate of C,,—q is situated 
on the other. Hence the charge + q has passed to the first plate of 
C,, and so on. 


Then, Va-Vz=d4, ; sae 
1 
q le tala --@50-) =~ —P -< —-@--- 
V a V — an) ! 
pea, eet Se at 
eee Vg 4, Fie. 164, 
: 


But, TV; 3 the combined capacity C, 


eer oy 2 1 
Bots, G0. o. 


In the case of most condensers used for practical purposes, the 
capacity has been found by comparison with a standard, whose value 
can be calculated from its geometrical form. The simplest case is that 
of a sphere whose capacity is equal to its radius, but a sphere would 
have to be of such great size to have a suflicient capacity for practical 
purposes that this consideration alone would prevent its use. But in 
addition, we have the fact that the sphere must be at an infinite 
distance from all other bodies for the surface density of charge to be 
uniform’and the field everywhere radial. A pair of concentric spheres 
would get over both these difficulties, but then we meet with the 
objection that it is difficult to construct the spheres and to arrange 
them to be concentric, and the insulation of the inner sphere would 
also give trouble. 

Guard-Ring Condenser.—The first satisfactory standard condenser 
to be made was the guard-ring condenser of Lord Kelvin. In the 
case of the parallel plate condenser, an uncertainty in the effective 
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area of the insulated plate arises from the fact that the field near the — 

edge of the plate is not uniform (see Fig. 165). Lord Kelvin got over — 
this difficulty by making the insulated plate circular and surrounding 

it by a guard-ring, so that the irregu- — 

larity of the field does not occur at the — 

edge of A, but at that of the guard- 

ring G. There is still a slight irregu- 

a larity in the field where the gap between 

E A and G occurs, but if this gap is not 

Fig. 165. very wide, Kelvin found that the effec- 

tive area of the plate is the arith- 

metical mean of the area of the plate A and the circular hole in G. 

Calling this effective area A, : 


kA 
Capacity = a 


Fig 166 illustrates the guard-ring condenser,’ the left-hand half of — 


Fic. 166. 


the figure being in section. h, the guard-ring, and k, the plate, can be 
insulated or connected together, and the parallel earthed plate e can — 
be raised or lowered by means of the micrometer screw f. The distance 
apart of the plates is measured by bringing e into contact with k and 
k. The reading of the micrometer screw is observed and e is then 
1 J. Hopkinson, Phil. Trans., 169, p. 17. 1878. 


mentally for one position, that 
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lowered by turning the screw, and the reading again taken. On sub- 
tracting one micrometer reading from the other, the distance ¢ is 
obtained. In using the instrument, e is earthed, and h and k connected 
together and charged. On then earthing h, the charge upon & remains 


and has the value corresponding to the capacity — 
TT 


Sliding Condenser.—Another convenient form is the sliding or 
cylindrical condenser, also due to Lord Kelvin. A and CO (Fig. 167) are 
two coaxial cylinders of the same diameter, with a small gap separating 


A 


——— 2 ee Cc 


Frid. 167. 


them. The smaller cylinder B is coaxial with the other two and is carried 
by a support which slides upon C, so that the length lying within A can be 
varied and measured. A is-insulated-and B and C are earthed. Then, if 
Bis caused to slide in or out of A by the distance J, the change in capacity 


of A is 

2 loge, 
vent its capacity from being varied by the movement of conductors in its 
neighbourhood. This condenser 
has not a capacity of known 
absolute value, but its change in 
capacity for any movement of B 
is known from its dimensions. 
If a scale of lengths be attached 
to the slider, and the absolute 
capacity be determined experi- 


A is surrounded by an earthed metallic tube to pre- 


for other positions of the scale 
will then be known. 

Another useful variable con- 
denser made by Mr. A. OC, 


Cosser, is shown in Fig. 168. A a | Wy) 
number of semicircular plates Mt I! | 
are insulated, and between them 


and parallel to them are a num- Fa. 168. 


ber of similar plates mounted 
upon an axle, so that they may be rotated to occupy any position 
from lying entirely within or entirely external to the fixed plates, 


' This is really a multiple parallel plate condenser, and the relative 


aed 
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position of the plates may be determined by means of a pointer moving 
over a circular scale. The condenser is not an absolute one, and the 
scale must be calibrated by experimental comparison with known 
standard condensers. 

Electrometers.—For the comparison of capacities, some measurer of 
potential is necessary. The electromagnetic voltmeter described in 
Chapter IV. is, of course, useless, since its reading depends upon the 
existence of a current, which is exactly what must be avoided in deal- 
ing with electrostatic charges; in fact, the difficulties met with are 
largely due to faulty insulation, which allows minute currents to flow, 
and hence the charges to leak away. 

Faraday used the gold-leaf electroscope as an electrometer, but its 
low sensitiveness and the uncertainty in the value of its readings 
restrict its use. Quite recently the gold-leaf electroscope has been so 
modified in form that its use as an electrometer has been greatly 
extended (see p. 498). 

Attracted Disc Electrometer.—More exact electrometers, depend- 
ing upon a measurement of the attraction between two conductors, 

maintained at different potentials, have been 
designed, and after many modifications, the 


N instrument took the form of the Attracted 

s Disc Electrometer, which, in the case of Lord 

Cc C_— Kelvin’s pattern, is an “absolute” instru- 
ae A "ment, the potential difference being found in 


terms of a force, a length, and an afea. The 
arrangement is shown diagrammatically in 
Fig. 169. <A is the attracted plate, which 
is carried by a spring §, and situated in the 
plane of the guard-ring ©, just as in the 
case of the guard-ring condenser. A is main- 
. tained at a constant potential, and B, which 
Fig. 169, can be raised or lowered by means of the 
micrometer screw M, is brought in turn into 
contact with the bodies, the difference of potential between which it 
is required to determine. 

To calculate the attraction between A and B, let their potentials 
be V, and V, and their distance apart ¢. The electric intensity E in 
the space between them is therefore a 5 
Va =a Vo 

t 


13) = 


Also from p. 132, we know that the force per square centimetre of 
; uke . A 
either is gn? 8° that if A be the area of the plate A, the total force 


upon it is— 
\ 
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—A=F, 
a en OS te 
ie 8x? . 
or, Wie - Vy =f aon 


In using the instrument, the plates are to begin with, all earthed, 
and a small known weight m is placed upon A, This depresses it 
below the plane of C, and it is raised by means of the screw N until it 
again comes into the plane of C. The small weight is then removed, 
when, of course, the spring S pulls it above C, but if subsequently the 
attraction between A and B pulls A again into the plane of C, we 
know that the force acting on it is mg dynes, where g is the accelera- 
tion of gravity. A and C are now insulated and charged to a potential 
which is kept constant by means of a small electrical machine, the 
prototype of the Wimshurst machine, called the Kelvin replenisher, the 
constancy being observed by means of a second guard-ring condenser 
with fixed spring control and fixed position of earthed plate. B is 
then connected to the first of the points the p.d. between which we 
wish to measure, and its position adjusted by means of M until A is in 
the plane of C. The force on A is then mg, and if V, be the potential 
of the first point, and the micrometer M is read— 


Vir —V, = sx Je. 


B is now connected to the second point, whose potential is V., and the 
adjustment again made. 


Bamg 
V,—-V.= Ties 


Therefore, V.— V1 =(t — &) KY a 


Thus V,— V, is known in terms of the difference of the two 
micrometer readings, the area of the plate A, and the weight of a 
small mass m. It is not necessary to know either the actual distance 
between,A and B or the potential of A, but the latter must remain 
constant.? 

Quadrant Electrometer.—The Quadrant Electrometer bears a 
certain resemblancg to the galvanometer, in that both give deflections 
proportional to the quantity to be measured, the deflection in each case 


1 For a detailed account of the construction of the absolute electrometer and 
its use, the student may consult ‘ Absolute Measurements in Electricity and 
_ Magnetism,” by A. Gray. 
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depending upon a number of constants of such an uncertain value, 
that the instrument is used for purposes of comparison only. The 
quadrant electrometer, like that of the attracted disc type, is evolved 
from others of simpler type and achieved its first satisfactory form at 
the hands of Lord Kelvin. 

The Fig. 170 shows a typical arrangement of the instrument. Four 
hollow quadrants are connected in pairs AA and BB. A _ paddle- 
shaped conductor C, frequently called the ‘‘ needle” from analogy with 
the galvanometer needle, is maintained at a high (or low) potential and 
is therefore positively (or negatively) charged. When A and B are at 
the same potential, the needle hangs symmetrically between them, but 
on establishing a difference of potential between A and B, the field 
produces a couple which rotates C until the control brings it to rest. 


Fig. 170, Fic. 171. 


The deflection is approximately proportional to the potential difference 
between A and B. To prove this, imagine that the needle is charged 
to a high potential V,, and the quadrants to potentials V, and V,, 
where V,> V3. Let these potentials be maintained by connection 
with sources of supply such as cells. Consider the needle to be held 
for a moment in its zero position and then released. It will then ~ 
be deflected towards the B quadrants; that is, down the grade of 
potential. The requisite energy is all drawn from the source of 
supply, and is used in twisting the suspension and in increasing 
the potential electrical energy associated with the quadrants and 
needle. Equilibrium is attained when the deflecting couple is equal 
to the restoring couple due to the suspension fibre. 

Consider a deflection 6 (Fig. 171); then an area of needle equal 
to wr’ /7 = 7°09 has been transferred from the A quadrants to the B 
quadrants, and, remembering that there are two faces to the needle, 
the effective area transferred is 27°90. This is equivalent to diminishing 
the capacity of the A-C condenser by an amount 2r°0/4rt = r°0/2ct, 
and increasing that of the B-—-C condenser by the same amount, 
t being the thickness of air space between needle and quadrants. 
Thus an amount of charge 7°@(V, — V,4)/2zt has been lost from the 
A-C condenser, and the corresponding loss of ‘electrical energy is 
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(Vo — Vu)rO(Vo — V,)/20t = r°0(V, — V,)?/2zt, since the potentials 
have remained constant throughout. Similarly the amount of energy 
gained from the sources of supply on the B-C side is r°@(V, — V,)*/2zt 
Thus the total energy supplied to the electrometer from the sources 
is— 


rg a a r’é Vit Va 
FaI(Vo — Vs) — (Vo — Val") = 2F(Vs — Va)(Ve — AF Ve) 


Again, the potential energy of the charges residing on the A—C 
condenser has been reduced by }(capacity)(p. d.)? = r°6(V. — V,)*/4zt, 
and the gain on the B-C side is r°@(V, — V,)*/4zt. Therefore the 
of potential energy of the charges residing on the electrometer is 


8 (V4 — Va(Vo- 4S 


fat Ye ) and the balance of work done by the 
sare of supply et the emg energy gained by the charges is 


rvs V5) Vo Va ml on) which is proportional to 6. Hence the 
; 2 Z j Vv, Vv.’ 
deflecting couple is constant and equal tox (V i Va)( V.-— +), 


If the restoring couple of the suspension fibre for one radian twist is 
c, that for deflection 6 is & and for oe the two couples are equal, 


; +V; 
or, 6 = 5 {7s _ Va)( Ve = a 


We see, therefore, that the deflection is proportional to ue » which 


is a constant, to the difference of potential between A and B, and to 
the difference between the potential of C and the average potential of 
Aand B. The last term is very nearly constant if V, is great and 
Va and V» change very little during the experiment, and we may 
then say that— 
. 6 = K(Va — Vo) 

where K is a constant. 

__ The shape of the needle is immaterial, provided that the change in 
area within each pair of quadrants is proportional to the deflection, 
which condition is fulfilled when the outer edge of the needle is cir- 
‘cular, and the radial edges of the needle lie well within the quadrants. 
In the method of use described above, the conductors A, B, and C 
re all at different potentials, and the instrument is said to be used 
one ae It may also be used idiostatically by connecting C 


one pair of quadrants, say B. Then V, = Ve, and the equation 
the deflection becomes— 


| "2 


ery, = Vi). 
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In this case the constant K’ is much smaller than K, since V, is very 
great (2K’V, = K). Hence for a given deflection, Va — Vz will 
generally be greater when the use is idiostatic than when heterostatic. 
The range of usefulness of the instrument is therefore considerably 
extended. It should be noted, however, that when the method is 
idiostatic, the deflection is proportional to the square of the p.d. to be 
measured. This is for some purposes inconvenient, but on the other 
hand it has the great advantage, that the deflection is in the same 
direction whether the p.d. is positive or negative, and the electrometer 
will therefore give a deflection with an alternating potential difference. 
This point will be dealt with in the chapter on alternating currents, 

In the Kelvin instrument V, is maintained constant by means of 


Fia. 172. 


a replenisher and a trap-door indicator, as in the case of the guard- 
ring electrometer, and further the constancy is assisted by placing C 
in connection with the insulated coating of a condenser of large 


- 


* 
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capacity. Also the control is produced by means of a bifilar 
suspensicn,* 

The type of quadrant electrometer most comménly used at the 
present time was designed by F. Dolezalek, and is shown in Fig. 172. 
The quadrants are of brass, and are mounted on amber pillars A to 
ensure good insulation. The needle N is of paper, thinly coated with 
metal, or in the latest instruments it is of thin aluminium. It is 
suspended by a quartz fibre which is made conducting by dipping 
it into a strong solution of calcium chloride, which, being very 
‘hygroscopic, maintains the surface of the fibre sufficiently conducting 
to keep the needle charged by means of a battery. The quartz fibre 
produces such a feeble control that a high sensitiveness is obtained, 
without the employment of very high potential for C, With a 
suitable fibre and a p.d. of 50 to 100 volts between the needle and 
earth, one volt will cause a deflection of 200 to 400 millimetres with a 
scale distance of a metre from the mirror. The deflection is usually 
observed by means of a lamp and scale, as in the case of the reflecting 
galvanometer. If the absolute values of the deflections are required, 
the scale must be calibrated by some known source of p.d., as for 
example a standard cell. If an insulating quartz fibre be used for the 
suspension, this will enable the needle to keep the charge for some 
time. The needle may always be 
recharged by means of the contact 
maker K. 

Several Llectrustatic Voltmeters 
have been designed on the principle 
of the quadrant electrometer. 

The Kelvin multicellular volt- 
meter is essentially a quadrant elec- 
trometer, having a number of alter- 
nating quadrants, used idiostatically. 
It is provided with a pointer moving 
over a scale which has been experi- 
mentally calibrated. The moving 
sectors are suspended by a metal 
strip which also supplies the control. 

Lord Kelvin has also constructed 
electrostatic voltmeters having a 
gravity control, AB is a fixed and 
CD a movable conductor (Fig. 173), Fig. 173, 
the latter being supported on knife- 
edges at e. The p.d. which is established between AB and CD causes 
C to approach A, and D to approach B, and the couple is balanced 
against gravity. [he range of the instrument may be varied by 
altering the little weight b. The scale is calibrated in volts, the range | 


1 For further description of the Kelvin quadrant electrometer the student is 
referred to the pamphlet issued by Messrs. Kelvin and White of Glasgow. 
M 
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of the instrument with the largest weight extending up to several 
thousand volts. 

Comparison of Capacities.—On p. 151 we saw that the capacity of 
any conductor is directly proportional to the dielectric constant of the 
medium in which it is situated, and therefore the measurement of the 
constant of any dielectric generally devolves upon the comparison of 
the capacities of two condensers, one with and the other without 
the given medium as dielectric. 

Faraday’s Method.—The first determination of dielectric constant 
was made by Faraday. He constructed two spherical condensers of 
the pattern shown in Fig. 174, as nearly as 
possible alike, and tested their equality in 
capacity by charging the inner sphere of one 
of them and then sharing its charge with the 
other, the outer spheres being earthed. He 
found that the potential fell to half, on the 
sharing of the charge taking place. The lower 
half of one of them, B, was then filled with 
shellac, and the other one, A, which had only air 
between the spheres, was given a charge. On 
sharing A’s charge between the two, the poten- 
tial did not fall to exactly half, showing that 
the capacities were no longer equal. Thus, if 
V, is the original potential of A, and V, the 
final common potential, the original potential 
of B being zero, calling C, and C, the capaci- 
ties of A and B— 

The charge passing from A to B, that is 
I= C,(V; ec V;) = OV, 

Fig. 174, _ Cy  Vi- Va 


‘Oem 


WSR NN 


In this way it was found that C, = 1:50C,, Remembering that 


only half of B is filled with shellac of dielectric constant k, and that 
without shellac the capacities are equal, 


CG, ree io tae 


150 = eh +Y) 
10m aes 


which gave k = 2 for shellac. 

In a similar manner Faraday found the dielectric constant of 
sulphur to be 2:2. , 

A considerable improvement in the comparison of capacities by the 
above method may be made by using the electrometer instead of the 
electroscope, but in this case the capacity of the electrometer itself 
may be appreciable, and should be taken into account, 


— 
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If A be a standard condenser, it is first charged by depressing the 
key p (Fig. 175), and the electrometer deflection noted; let it be 6,, 
The key p is then opened and q closed, and the new deflection 6, noted. 


Since the potentials in the two cases — 
are proportional to 6, and @,, and the 
capacity of the electrometer (C) must P 
be added to that of A, we have as 
before the relation, 
SL | 
Og + * aay 6, : 1/1 


C may be found by charging A 
and the electrometer and noting the 
deflection 6, The electrometer is 
then insulated, discharged, and again connected to A and the deflec- 
tion 6, noted. 

The charge which passed from A to the electrometer being q, 


q = CA(Vs — V.) = CV~z 
bes ee 6; — & 
Cy ---—-Y FH 
: If C is very small, the experiment does not give an accurate deter- 
mination, owing to the smallness of 6;—6,; but it should be noted that 
the smaller that C is, the less is the importance of knowing its value 
accurately. 
Tf one of the capacities, say C,, be very small in comparison with 
the other, it may be charged a number of times from the other, pro- 
vided that it is discharged between the successive chargings. When 


Fig. 175. 


©, is first connected to OC, the charge remaining on C, is OT oma oR 
a 6 


where Q is the initial charge upon C,. If C, be then discharged and 
again connected to C,, the charge upon the latter falls to 


: C, ) 
Ae ¢0) le 4u) = oa): 
q For n charges and discharges, the charge upon C; falls to 
a, C, i 
. Aa, So Cy ‘ 
; ; E 
and the potential falls proportion- 
; ately. Thus, if V, is the initial poten- ¢ Wee grsy C 
tial of Cy, and Vy, Be potential after n ale. ae 4 

_ sharings— ik 

E 
Ree Bs. ae Fig. 176. 
Vi, \Ca +O, 
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V, and V, being proportional to the electrometer deflections and 
©, and n being known, Cy may be calculated. Fig. 176 shows how 
the repeated sharing may be performed by means of the key K. 
Kelvin’s Methods.—The following null method of comparing 
capacities is due to Lord Kelvin. Four condensers are required, of 
which one must be variable, and these are arranged as in Fig. 177, the 
points A and B being joined to some source of electromotive force. 
Then if the points E and F remain at the same potential, the 
electrometer needle will be undisturbed, but if not there will be a 
deflection. If a balance is not obtained, the capacity of the variable 
condenser is altered and the experiment repeated. When a balance 


is reached the p.d. between A and &, i.e. a is equal to that between 

1 
A and F, ic. om 

m_ 4d 
OC, Cy 
Pi = i 4G 
Similarly, CG, = G 
; : C,_ G, 
“. from the two equations, eM e? 


Fie. 177. Fie. 178. 


A second null method, also due to Lord Kelvin, is frequently 
employed for comparing capacities, and it has the great advantage 
over the previous method, that only one standard condenser is required, 
and this a constant one, the balancing being effected by varying the 
resistances in two boxes, R, and R, (Fig. 178). When the keys 1 
and 2 are depressed, the condenser C, is charged by the p.d. between 
the ends of the resistance R,, the value of which is 7R,, where 2 is 
the current produced by the battery in the circuit R,R., A and B 
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being earthed. Hence the positive and negative plates of C, have 
charges + iR,C, and — iR,C, respectively. 

Similarly, the charges on C, are +iR,C, and —iR,C,. On 
releasing the keys, the positive plate of C, is connected to the negative 
plate of C,, and the charge + i(R,C, — R,C,) will remain. If, now, 
the key 3 be closed, there will be a deflection unless the remaining 
charge is zero, in which case R,C,=R,C,. The test is made with 
various resistances R, and R,, until this condition is fulfilled. This 
is known as the method of mixtures, and the electrometer may be 
replaced by a sensitive galyanometer, in which case a transient current 
flows on closing the key 3, when the balance is not perfect. 

Gott’s Method.—This is a modification of the Jast. On closing the 
key 1, D and F (Fig. 179) will in general have different potentials, 
and on closing key 2, a deflection will be 
produced, If, however, the resistances be 
adjusted so that there is no deflection, the 
p.d. between B and D is equal to that 
between Band F, If, then, E is the p.d. 
between B and earth 


R 
p.d. between B and F = E. RR; 
1 E 
p.d. between B and D =-—-, P 
C, I ae Las 
Orn Os Fia. 179. 


et Be ae : . ; 
since + q 1s the reciprocal of the combined capacity of the con- 
OC, * OC, 


densers in series, and T T is therefore the charge on each plate of 
ater 
the condensers (see p. 153). 


a eae ee 
el See el ie ae aa 2 
GTiG; 
R, C, 
R,+R, 7 C,+C, 
~ RC, = B,C. 


Further methods for measuring capacities will be described in 
Chapter XIV. 

Determination of Dielectric Constant.—The dielectric constant of 
several solid substances was measured by Boltzmann’ in 1873 by 


1 L. Boltzmann, Wien. Akad. Sitewngsber., 67, (2), p.17. 1873. 
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a method somewhat resembling that of Faraday. A parallel plate 
condenser is used, between the plates of which could be inserted 
a slab of the substance. The capacity is compared with that of the 
electrometer and a fixed condenser together, by means of the method 
A of sharing the charges, both with air be- 

a tween the plates, and when the slab to- 
[dit ~~ gether with an air space separates the 
——— ’ plates. In the latter case one plate of 
Fra. 180. the condenser could be moved away from 

the other until the capacity is restored to 

its original amount, and the dielectric constant is then known in terms 
of the thickness of the slab and the displacement of the plate. Thus, 
if t be the distance apart of the plates and d the thickness of the 
slab (Fig. 180), N being the electric induction, which is uniform (see 
p. 154), since the field is everywhere normal to the slab ; the electric 


ga : 
intensity in the air space being E, that in the slab is —, and if V, and 


i 
V, are the potentials of A and B, 
E 
Va- Vo =E(t-d)+7d 
( d 
=Et-d+ 7; 
But, E = 47, 
where a is surface density of charge on plates, 
.". capacity per unit area of plate = ee ‘I’ 
dara (1 —d+ ) 
A 


and, capacity of area A = ——————_—, 
tnt —a{1 — a 
k 
Thus the effect of introducing the slab of thickness d, is the same 
as would be produced by diminishing ¢ by the amount a(a - oy without 


introducing the slab, so that if ¢ be increased by this amount when 


the slab is in, the capacity will again be brought to the value it had 
without the slab. Calling this displacement h, 


1 
ae 
d—W 


The values of & found for sulphur, ebonite, and paraffin were 
respectively 3°84, 3°15, and 2°32. 


or, k= 


\ 
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The attracted dise electrometer may be used to measure the 
quantity h of the last equation. As in Fig. 169, we see that the force 
2 


per square centimetre of A is _ , and the total force F = anal 
8x 8a 

fois as Es, 
f= qi = i) 

ie EF = A RSs — Vp 2 

a Gor FY; 

$#—dl— = 
geet 


or, Ve — Vo = {t - a1 a aoe 


Thus, if the p.d. between the plates is maintained constant and the 
slab introduced, F increases and the charged plate is pulled down. On 


then lowering the earthed plate by the amount h = a( = z) the 


charged plate will return to its original position. 

Electric Absorption.—The earlier measurements of the dielectric 
constant were all subject to error, owing to the fact that media other 
than gases do not instantaneously acquire their maximum induction 
in an electric field. This phenomenon of “ Electric Absorption” is very 
similar to that exhibited by various complex substances, such as glass, 
when subjected to torsional strain.! It was noticed by Faraday in 
conducting his experiment with the spherical condensers (p. 162), that 
a smaller result is obtained for k when the condenser containing the 
shellac is charged first and its charge shared with the other, than 
when the condenser without the shellac is charged first, and the 
change in the value of k obtained is greater the longer the interval 
that elapses between the charging of the shellac condenser and the 
sharing of the charges. 

If a Leyden jar be given a charge and its potential be measured 
by means of an electrometer, it will be found that the potential will 
fall for some time, but will eventually become constant. On dis- 
charging the jar the whole induction in the medium does not disappear 
immediately ; successive discharges, gradually getting smaller, may be 
obtained. The charge, which does not disappear at the first discharge, 
has been called the residual charge. 

This phenomenon renders it important that in making measure- 


-- ments of the dielectric constant, the time for which the charging takes 


place, and the interval between charge and discharge should be known, 
In most cases the result obtained on charging and discharging a con- 
denser within half a second is sufficiently constant to be used in 
defining the capacity of a condenser for practical purposes. 


1 See “ Properties of Matter,” by Poynting and Thomson, 
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Hopkinson’s Method.—Dr. J. Hopkinson! used a modification of 
the method of mixtures for finding the capacity of a guard-ring con- 
denser, and employing the slab method (p, 166) found the dielectric 
constant of various substances. The charging battery (Fig. 181) is 
earthed at its middle point and the terminals connected to the plate 
A of the guard-ring condenser and the inner cylinder D of the sliding 
condenser. These are consequently at equal and opposite potentials, 
and if the two capacities are equal, the charges received are equal 


E 


Fie, 181. 


and opposite. On disconnecting the battery and joining A and D, 
the resulting potential as indicated by the quadrant electrometer will 
be zero. The sliding condenser is adjusted until this condition is 
fulfilled. The slab is now introduced between A and B, and the 
equality re-established by means of the sliding condenser, the change 
in capacity being therefore known, A special key is used to enable 
the various connections to be made with great rapidity. 

As a result of an extended series of experiments, Hopkinson found 
that the dielectric ponstane for glass is constant for times of dis- 
charge varying from 5,4, to 4 second, for measuring which short 
periods he used a pendulum for connecting A and D at a known 
short interval after the charging. 

By a modification of the sharing of charges method (p. 162) 
Hopkinson,’ using the pendulum make and break, also determined 
the dielectric constant of certain liquids (Table, p. 171). 

Silow’s Method.—A method differing entirely from the last has 
been employed by Silow* for determining the dielectric constant of 
certain liquids. The liquid is made to replace the air in a 
cylindrical electrometer. The conductors A and B (Fig, 182) are four 
strips of tinfoil attached to the sides of a cylindrical glass vessel. The 
needle C is also cylindrical- and is made of platinum. It is suspended 
by a fibre, its deflection being observed in the ordinary way. One pair 
of conductors, say B, is earthed, the other pair, A, being maintained 


1 J. Hopkinson, Phil. Trans., 169, p.17. 1878. 
* Ibid., 172, p. 355. 1881. 
2p: Silow, Pogg. Ann., 156, p, 889. 1875. 
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at steady potential, C also being earthed. The deflection is then 
proportional to the dielectric constant of the liquid filling the vessel. 
For, the capacity of a condenser being proportional to k, we may 
introduce this quantity into our calculation for the deflection of the 
needle of the quadrant electrometer (p. 159), and we then find that, 
when used idiostatically 


that is, the deflection is proportional to k. 
TN ek eo arate pom eee ce eee ree eens 


/ 


2s eo eae Secon Oe (@ eed 
Fia, 182. Fie, 183. 


aoe cenau ence ne wor aed 
-7 ‘ 
t 


Cohn and Arons.—Using a modification of Silow’s method, Cohn 
and Arons’ employed an alternating p.d. for the determination of the 
dielectric constants of a number of liquids. 

An ordinary quadrant electrometer and one constructed on Silow’s 
principle to take the liquid, are connected, as shown in Fig. 183. The 
two electrometers are used idiostatically and are connected in parallel, 
the p.d, being supplied from an alternating source. Since they are in 
parallel the p.d. is at every instant the same for the two, and therefore 
from the equation on p. 159, = K'(V, — V,)’, the deflections when 
both electrometers have air as dielectric are given by, 


6, = K,'(Va pid Vo)”, 
6, = K(Va — Vo)”. 
P f ; 
K,' and K,' being the values of Inet for the electrometers, Since 
Va — Vo is the same at every instant for the two, 
| & _ Ky 
Ne eh 
however Vq and Vz, may vary. If, now, the liquid be introduced 


into the Silow electrometer, and two new deflections, 6,’ and @,', are 
simultaneously obtained— 


1H. Cohn and L. Arons, Wied. Ann., 38, p. 13, 1888. 
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6,' Ky 

6, ~ kK,” 
oe eee 
k= 6, a 


Landolt and Jahn? also employed the last method to determine k 
for a number of liquids. ‘The method has the advantage that ex- 
tremely rapid charging and discharging is used, so that the absorption 
effect is negligible. 

Dielectric Constant of Gases.—The dielectric constant in the case 
of gases has been determined by Boltzmann,’ and also by Ayrton and 
Perry,’ in both cases the change in capacity produced in a condenser, 
when the pressure of the gas is altered being found. The methods 
employed are modified forms of the method of mixtures. 

It is found that the change in dielectric constant for a gas is very 
nearly proportional to the change in pressure, and thus, taking the 
value of k for a vacuum as unity, we have for a gas at any pressure p, 


k=1+ 7 


m being a constant. 

Thus the value of & at a pressure of 76 cms. of mercury at 0° CO. is 
1+m. Change of temperature does not directly alter the dielectric 
constant of gases, but may, through changing the pressure, affect it 
indirectly. 

The relation between temperature and dielectric constant has been 
investigated by Cassie,‘ using the two-electrometers method, and he 
found that for carbon bisulphide there is a decrease of 0-0040 per 
cent. per degree Centigrade rise in temperature. For glycerine the 
value is 0:0057, for olive oil 0:0029, and for paraffin oil 0:0024, the 
change being in the same direction in all these cases, In the case of - 
glass at 30° there is an increase of 0:2 per cent. per degree rise, for 
mica, 0:04, and ebonite 0:07. 

Further methods of measuring capacities will be found on p, 257, 
and of determining the dielectric constant for high frequency oscil- 
lations in Chapter XIV. 


1H. Landolt u. H. Jahn, Zeitschr. f. phys. Chem., 10, p. 289. 1892, 
2 ZT. Boltzmann, Wien. Akad. Sitzungsber. (2), 69 p. 795. 1874. 

2 W. E, Ayrton and J. Perry, Asiatic Soc. of Japan, April 18, 1877. 
4 W. Cassie, Proc. Roy. Soc. Lond., 46, p. 857. 1889, 
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Drerectric Constants (k). 


> Substance, ke Observer. 


Ordinary glass .... 8°45 Hopkinson (Phil. Trans., 169, 17, 
‘| 1878; and 172, 385, 1881). 
Plate glass. . .... 4-67 Lecher (Wied. Anm., 42, 1891). 
Crown glass ..... 6°96 Hopkinson, 
WG IAA... est 6°61—9:096 | Hopkinson. 
ee 3°15 Boltzmann (Wien. Ber. (2), 66, 1, 
a 1872; 67, 17, 1873). 
_ Sulphur (amorphous). . |- 3°84 Boltzmann. 
Sr 6°64 Klemencic (Wien. Ber., 2, 96, 1887). 
CoS 2°32 Boltzmann. 
i? 2°29 Hopkinson. 
a 3-10 Winkelmann gore ee ae 
” ” , ° 
ae ae 18 Hopkinson. 
Pebroleumi. . 1. 2 « 1:92—2:10 | Hopkinson. 
‘ 2°054 Silow (Pogg. Ann., 156, 1885). 
2°04 Cohn a Arons (Wied. Ann., 33, 24, 
a: 1888). 
Ethyl alcohol me fen es - 26°5 . Cohn and Arons, 
a 4-75—4:95 | Hopkinson. 
| 76 Cohn and Arons. 
‘ 80 Nernst (Zeitschr. f. phys. Chem., 14, 
1894), 
80°6 Drude (Zeitschr. f. phys. Chem., 23, 
1897). 


_ Air (76 cms. pressure). . 1-000590 Boltzmann. 
0 , 1:001500 Ayrton and Perry, 

ci. : 1:000586 Klemencic. 

_ Hydrogen (76 cms. pressure’ 1-000264 Boltzmann. 
: e 1:001300 Ayrton and Perry. 

: . 1:000264 Klemencic, 

Carbon dioxide ry eS ee 1:000946 Boltzmann. 
. 1002300 | Ayrton and Perry. 

1:000984 Klemencic. 


CHAPTER VII 
ELECTROLYSIS 


Ionic Charge.—In Chapter III. we considered Faraday’s laws of 
electrolysis, and saw that the amount of an ion liberated from a 
solution by an electric current, is proportional to the strength of the 
current and to the time for which it flows; from this we may now 
conclude that the amount of the ion liberated is proportional to the 
amount of electricity which has passed through the electrolyte, since 
the current itself is the amount of electric charge passing per second. 
Taking the ampere as the unit of current, the corresponding unit of 
charge is called the coulomb, and is the amount of charge passing when 
one ampere flows for one second. We can then define the electro- 
chemical equivalent of a substance as the amount liberated by the 
passage of one coulomb—in fact, Faraday’s first law of electrolysis is 
usually stated to be, ‘‘ that the amount of deposition is proportional to 
the quantity of electricity which has passed through the electrolyte.” 

The second law of Faraday, from this point of view, states that a 
given quantity of electricity passing through the electrolyte liberates — 
an amount of substance proportional to its chemical equivalent, and it 
follows, that the amount of a monovalent ion liberated is proportional 
to its atomic weight, of a divalent ion to half the atomic weight, and 
so on. ‘Thus 10788 grammes of silver, 35°46 grammes of chlorine, 
62 grammes of NO,, 31:78 grammes of copper, etc., are each liberated by 
the same amount of electricity passing through the cell. This amount 
may conveniently be taken as a unit of quantity of the substance, and 
is called a Gramme-equivalent. Thus a gramme-equivalent of any mono- 
valent substance is a quantity which, measured in grammes, is 
numerically equal to the atomic weight, and of a divalent substance to 
half the atomic weight, etc. The importance of this, lies in the fact that 
a gramme-equivalent of any substance is liberated by the passage of a 
fixed amount of electricity through the electrolyte. This amount of 
electricity may easily be found from the electro-chemical equivalent, 
for it is the amount deposited by the passage of one coulomb; 
therefore, taking the electro-chemical equivalent of silver to be 
0:0011183 and the atomic weight 107:88— 
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Charge required to pass in order to liberate one gramme-equivalent 
107°88 
of silver = 00011183 = 96,467 or 96,470 coulombs. 

Since the gramme-equivalent of all monovalent substances contains 
the same number of atoms, we see that the liberation of each atom 
from the electrolyte requires the same amount of charge, and again, 
since the gramme-equivalent of a divalent element has half this number 
of atoms, all divalent substances require twice this amount of charge 
for the liberation of an atom. 

These facts strongly suggest that the atoms are the carriers of 
the charges, and that a monovalent atom carries a constant amount of 
electricity, whatever be its chemical nature, a divalent atom twice that 
amount, a trivalent atom three times that amount and so on, and 
further, that the metallic atoms being liberated at the cathode, have 
a positive charge, and the non-metallic atoms or radicles, since they are 
liberated at the anode, have a negative charge, 

Conduction.—So far we have not made any assumption as to 
the mechanism of the transport of the atoms with their respective 
charges from the solution to the electrode, but it becomes of the 
greatest importance to decide whether the positively and negatively 
charged atoms forming a molecule of the substance in solution are 
pulled apart on the application of the electrical field which produces 
the current, or whether they are wandering about independently of 
each other in the solution, and are merely subjected to forces, just as 
any other charged bodies would be, which drive the positively charged 
atoms down the grade of potential and those negatively charged up 
the grade of potential. 

In future we shall speak of an atom with its associated charge as 
an ion ; thus in an electrolyte the positive ions are liberated in the 
neighbourhood of the cathode, and these, on giving up their charges to 
the electrode, acquire the properties of neutral chemical atoms. 

Experience shows that a definite amount of energy must be ex- 
pended in order to effect the separation of the two ions forming a 
binary molecule, which energy reappears, usually in the form of heat, 
upon their recombination. Hence, if the ions in an electrolyte are all 
in a state of combination to form neutral molecules, we should expect 
that a certain minimum potential difference would be necessary before 
any decomposition would occur, But, on the contrary, it is found that 
any potential difference, however small, will cause some current to flow, 
although the current will soon cease unless the potential difference 
_ between the electrodes exceeds a certain amount; about 1°7 volt in the 
case of acidulated water. From this it might at first sight be con- 
cluded that there are a few unattached ions in the electrolyte, and 
that when all these have been driven to the electrodes the current 
ceases. 

Polarisation.—The real cause of the stoppage of the current, however, 
is to be sought in the layer of ions which collects upon the electrodes, 
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which layer produces an electromotive force in opposition to that driving 
the current. The phenomenon is called polarisation, and it may be 
exhibited by immersing two platinum plates in a dilute solution of 
sulphuric acid, and passing the current by depressing the key K 

(Fig. 184). On releasing the key, the 


battery is disconnected, and the galva- 
nometer connected to the plates, when 
it will be found that a current will flow 


«x for a short time. The deposition of 


hydrogen ions upon the cathode & and 
oxygen upon the anode a produces a 
+ back electromotive force, and a reverse 


current flows when the battery is re- 

Fic. 184, moved and the circuit completed. This 

back electromotive force causes the re- 

verse current to flow until the collected hydrogen and oxygen ions 
have been removed. 

We should expect on general grounds, that some minimum electro- 
motive force would be required to decompose any substance con- 
tinuously ; for in order to decompose one gramme-molecule of a 
substance such as water (in this case 18 grams) energy is required to 
separate the hydrogen and oxygen ions, the amount of which (68,400 
calories per gramme-molecule) may be determined by finding the energy 
liberated in the form of heat on allowing them to combine. When one 
gramme-molecule of water is decomposed, two gramme-equivalents of 
hydrogen are liberated, and therefore 2 x 96,470 coulombs have passed 
through the electrolyte. If this passage is caused by an electromotive 
force equal to E volts, 2 x 96,470 x E joules, is the amount of work 
done, and this must be at least as great as the amount of energy 
liberated when a gramme-molecule of water is formed. Thus, if no 
other work is performed by the electromotive force in the cell, 


2 x 96,494 x 0°239 x E = 68,400, 


from which E = 1-48 volts, and we cannot think that a less 
electromotive force can continuously decompose water ; for, if this 
were the case, we could derive more energy from the liberated 
hydrogen and oxygen by the process of combustion than was used in 
separating them, and, by a suitable mechanism, we should then have 
an inexhaustible supply of energy, which contradicts our experience. 
The actual back electromotive force, opposing the current when 
platinum plates are used as described above, is about 1°7 volts, but in 
this case the surface is too small to absorb the gases as quickly as 
they are liberated, and bubbles are formed, some of the energy being 
thus irrecoverable. If, however, the surface of the electrodes is in- 
creased by depositing platinum black upon them, the minimum electro-— 


~ 
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motive force required to produce a continuous current has been found 
by Le Blanc? to be 1°67 volts. 

If, instead of water, a substance such as copper sulphate had been 
decomposed, copper electrodes being used, we have seen (p. 68) that 
the amount of copper sulphate in the solution is unchanged, and in 
this case we find that, however small the electromotive force may be, the 
current is proportional to it, that is, there is no minimum electromotive 
force required to produce electrolysis. In any case in which the nature 
of the electrode is unchanged by the deposition, there is no polarisation 
and no back electromotive force. 

It appears then that there must be at least a few free ions in the 
solution, since a small but limited current flows, however small the 
potential difference between the electrodes, According to the ex- 
periments of Kohlrausch, who investigated the relation between the 
electromotive force and the current in electrolytes very thoroughly, 
we find that any excess of electromotive force over that necessary to 
balance the back electromotive force due to polarisation, produces a 
current strictly proportional to this excess, and hence, that Ohm’s law 
is applicable to the conduction in electrolytes. Thus i= ¥ ee where 
E is the applied E.M.F., and H, the back E.M.F’. due to polarisation, 

Electrolytic Dissociation—It is to Arrhenius? that we owe a 
satisfactory account of the process of conduction in electrolytes. 
According to him, the current is entirely due to the motion of the ions 
in the electric field between the electrodes, and it follows that the con- 
ductivity of a solution is proportional to the number of free ions 
present. Thus, in the case of a solution of silver nitrate, the salt, on 
being dissolved, dissociates to a certain extent, and free silver ions 
carrying a positive charge (Ag+) and NO, ions having a negative 
charge (NO,;—) are formed by the splitting up of the AgNO, 
molecules. 

It is found that the conductivity of a solution diminishes on diluting 
it, as would be expected if the conductivity is due to the dissolved sub- 
stance, for if we imagine the solution to be diluted until a given amount 
of dissolved substance occupies twice the origina! volume of solution, 


_ there will be only half the number of ions between two fixed electrodes, 


that is, there will only be half the number of carriers of electricity. 
Provided that the velocity of the ions in constant electrical field is un- 
changed by the act of dilution, the same electromotive force will now 
produce: only half the transfer of electric charge in a given time, that is, 


half the current, so that the conductivity is now only half its value 


previous to dilution, Thus, if no fresh ions are produced by dilution, 


we should expect the conductivity to be inversely proportional to the 


dilution, or directly proportional to the concentration, of the dissolved 


1M. Le Blanc, Zeitschr. phys. Chem., 8, p. 299. 1891. 
* S. Arrhenius, Zeitschr. phys. Chem., 1, p. 631. 1897. 
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substance, the concentration being for convenience taken as the number 
of gramme-molecules in one litre of solution. 

Measurement shows, however, that the decrease in conductivity on 
dilution is not so great as the above simple argument would indicate ; 
that is, the conductivity after dilution is greater than the simple 
proportion would give, and it therefore seems probable that, on in- 
creasing the dilution, new ions are produced by the dissociation of 

previously neutral molecules. 
; In order to follow this process, it is convenient to consider the 
change in the quantity Psi Ak for a given solution, This new 
concentration 

quantity is called the Equivalent Conductivity of the solution, and it is 
constant so long as the degree of dissociation is unchanged, As the 
solution is made more dilute, the equivalent conductivity of most of 
the solutions of inorganic salts in water increases, but the increase 
does not go on indefinitely, since a condition will eventually be reached 
in which all the molecules are dissociated, and hence the equivalent 
conductivity tends towards a superior limit for infinite dilution. 

According then to Arrhenius’ theory of electrolytic dissociation, 
the conductivity of a solution is proportional to the concentration of 
the free ions, and is therefore a measure of the degree of dissociation, 
y, the ratio of the number of dissociated molecules to the total num- 
ber. Thus, if dA, be the equivalent conductivity of a solution at 
concentration c, and \. that at zero concentration, that is, infinite 
dilution, 


For most substances, the actual conductivity gets so small before 
infinite dilution is reached that A, can- 
not be determined by direct measure- 
ment; but for strongly dissociated 
substances in solution, such as the inor- 
ganic salts, it may be obtained without 
large error by extrapolation as shown 
in Fig. 185 for potassium sulphate. It 
1 may, however, be obtained for less 
Fig, 185, ° strongly dissociated substances from a 
knowledge of the partial conductivities 

of the constituent ions, as we shall see on p. 184. 
The following table of molecular conductivities for the temperature 

18° C, is taken from Arrhenius * :— 


5000 19000 


1 Svante Arrhenius, ‘‘ Lehrbook der Hlektro-chemie.” 
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¢ in gramme- 1 


equivalents per Dilution = —, NaCl. KCL 1K2S0,. 
litre. c A A A 

re) 108-99 130°10 135-0 
0:0001_ - 10000 108710 129-07 133°5 
0:0002 5000 107°82 128:77 132°7 
0°0005 2000 107-18 128-11 130°8 
0:001 1000 10649 127°34 129-0 
0°002 500 105°55 12631 126°3 
0-005 200 103-78 124-41 121°9 
0-01 100 101-95 122°43 117°4 
0:02 50 99°62 119-96 111°8 
0:05 20 95°71 115°75 102°5 
O1 10 92-02 112-03 (959 
0-2 5 87°73 10796 88-9 
0-5 2 80°94 102-41 18:7 
10 1 74:35 98-27 71:8 


This theory of electrolytic dissociation presents many difficulties, 
as, for example, the presence of free ions, such as the sodium ions, in 
a water solution of sodium chloride, since it is a well-known fact that 
metallic sodium and water cannot exist in contact without chemical 
action taking place. But it must be remembered that an ion, that is 
an atom with its associated charge, is in an entirely different condition 
to the atom without the charge, and that if sodium be liberated by 
electrolysis, it is dissolved by the water as soon as it has given up its 
positive charge to the cathode. There is no necessity for the ions to 
be imagined to be isolated in the solution; in fact it is extremely 
likely that they are surrounded by a number of neutral molecules of 
the solvent, which group is dragged along by the force on the enclosed 
ion due to the electric field. It must also be remembered that electro- 
lytic dissociation differs fundamentally from the dissociation that is 
met with at high temperatures, in which case neutral molecules are 
formed by the splitting up of the more complicated molecule. The 
difference may be illustrated in the case of ammonium chloride, which 
dissociates at high temperatures into ammonia and hydrochloric acid. 


NH,Cl = NH, + HCl, 


both the new molecules being uncharged or neutral molecules. 
On solution in water, ammonium chloride dissociates electrolytically, 
thus—, 


NH,Cl = NH,+ + Cl-. 


Then, again, it has been advanced in opposition to the theory, that 
unless the positive and negative ions have the same velocity, the more 
rapidly moving ones would diffuse at greater rapidity, leaving the 
solution with a charge of electricity, and a separation in the ions 
might thus be effected. This objection has been met by Nernst, who 

. N 
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used this very fact to explain the electromotive force in cells con- 
structed of two solutions of the same material at different concentra- 
tions. 

Evidence from Osmotic Pressure.—There is, however, ample 
evidence from other than electrical sources to support the theory 
of electrolytic dissociation. Van’t Hoff, making use of the discovery 
of Pfeffer, that a substance in solution exerts a pressure on the 
boundary of the solution, and that this pressure is proportional in 
many cases to the concentration of the solute, showed that this 
“osmotic” pressure is also proportional to the absolute tempera- 
ture, and therefore obeys the same laws as a perfect gas. From 
this it follows that the maximum vapour pressure of water vapour 
over a solution’ is less than over pure water by an amount pro- 
portional to the number of molecules per litre present in the solu- ~ 
tion, and hence there is a lowering of the freezing point and a 
raising of the boiling point, also proportional to the concentration of 
molecules of the solute. By measuring the lowering of the freezing 
point and raising of the boiling point, on the addition of a known mass 
of the solute, the molecular weight may be determined. In many 
cases the result is in accordance with that of the ordinary methods, as, 
for example, in the case of sugar and similar organic substances, but 
for those substances which in solution form electrolytes, the pressure 
appears to be too great, and the molecular weight therefore too small. 
At great dilution, the molecular weight has, in the class of substances 
which dissociate into two ions, half the ordinary value, which makes 
it seem that there are twice the expected number of molecules present, 
and it is not unreasonable to suppose that in these cases the substance 
is completely dissociated. 

When dissociation is not complete, let y be the degree of dissocia- 
tion, and n the number of ions produced by the dissociation of one 
molecule. Then for one gramme-molecule present per litre we have - 
ny dissociated ions, and 1 — y undissociated molecules, so that the 
concentration, counting all together, is 


l-ytnmy=14+(m-—1)y =1. 
This is the quantity which may be determined from the freezing or 
boiling point experiment, and in any given case, knowing n, y may be 
found. For a number of substances, the value of y found in this way 
agrees very well with that found from electrolytic determinations, 


(y = ), which is very strong evidence in favour of the theory of 


electrolytic dissociation. 

In the last three columns of the following table, the values of ¢ in 
the above equation are given,’ from the three methods of observa: 
tion :— 

1 J. H. van’t Hoff, Zeitschr. phys. Chem., 1, 481. 1887. 
2 J. H. van’t Hoff and L. Th. Reicher, Zeitschr. phys. Chem., 8, 198, 1889. 
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Concentration. lowering of from osmotic from electrical 

freezing point. pressure. conductivity. 
a 014 a 1:81 1:86 
ee 0-13 1:94 1°92 1:84 
Ca(NOs), “oar 0-18 2°47 2°48 2°46 
i a) 0:19 2°68 2-79 2°48 
CaCl, . . 0°184 2°67 2°78 2°42 


Migration of the Ions.—According to the above theory, the free 
ions in solution experience. forces due to the electric field in which 
they are situated, and hence acquire a velocity, the positive ions 
moving towards the cathode and the negative ions towards the 
anode. Except on the first application of the field, the ions will not 
have an acceleration, since in their motion they will encounter so 
many neutral molecules that their velocity will soon reach a limit ; 
just as very small falling bodies soon reach a limiting velocity owing 
to the viscous resistance of the air. In the case of the ions, the limit- 
ing velocity depends in the first place upon the intensity of the electric 


- field and the charge upon the ion, but it also depends upon the nature 


of the solvent and upon the size of the ion with its accompanying 
group of neutral molecules. Since this last varies for different ions, 
we should expect that their velocities in equal electric fields would be 
different, and Hittorf explained the variation in concentration of the 
solute at the anode and cathode which usually occurs, in terms of this 
difference in the velocity of the positive and negative ion, and even 
succeeded in determining the ratios of the velocities of migration of 


‘the two ions in a number of cases.! 


This variation in concentration may easily be observed in the case 
of the electrolysis of a solution of copper sulphate using copper elec- 
trodes, the colour of the solution becoming lighter near the cathode, 
since the SO,~ ions have a greater velocity than the Cut ions. 
To observe the effect it is advantageous to use horizontal electrodes 
one above the other, the upper one being the cathode, with which 
arrangement the phenomenon isnot masked by convection currents 


_ set up by the variations in density in the different parts of the cell. 


The diagram given by Hittorf is a very convenient one for 


_ explaining the effect of the migration of the ions upon the changes in 
concentration occurring in an electrolyte. Let the dots represent 
_ positive and the circles negative ions (Fig. 186), At the instant of 
_ application of the electric field, the uniform arrangement of the two 
sets is indicated by the first row. Then, if the positive ions be 


imagined to have, for simplicity, twice the velocity of the negative 


_ ions, the state of affairs an instant later will be represented by the 


1 W. Hittorf, Pogg. Ann., 89, 98, 103, 106. 1853-1859, 
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middle row. The deposition at the cathode is 3 ions and at the anode 
3, and 7 molecules remain in solution, but of these 4 are in the 
cathode half of the cell and 3 
in the anode half. The third row 
represents the cell still another 


@eeeeeeee0 - 5 $ 
o90001I100000 instant later, and it will be seen 
SAR aa CA that the total deposition at each 
00001000000 electrode is now represented by 


6 ions and that 4 molecules re- 

main, 3 in the cathode half and 

1 in the anode half. Thus at 

Fia. 186, each step it will be seen that the 

loss in concentration of solute 

on the anode side of the median line is twice as great as that on the 

cathode side, In this simple case we can see that — 

Diminution in concentration at anode velocity of + ions 
Diminution in concentration at cathode — velocity of — ions 


Or in general, if w be the velocity of the positive ions and v that of 
the negative ions, the current and therefore the total deposition in a 
given time are proportional to (u +). Let the current flow for such a 
time that (uw + v) gramme-molecules of solute are removed from the 
solution. Now, considering the space near the cathode (wu + v) gramme- 
atoms of positive ions have been removed by deposition and w gained 
by migration, leaving a loss of 

(u+tv)—u=v. 

Also v gramme-atoms of negative ions 

are lost by migration, which shows 

that this part of the solution is un- 

charged, as it should be, and since it 

has lost v gramme-atoms of both kinds 

2 of ions it has lost » gramme-mole- 

Fig. 187. cules of the solute. Similarly, on the 

anode side, total loss of negative ions 

by deposition is (u +) gramme-atoms, and gain by migration is », 

leaving a balance of wu gramme-atoms lost. Also, loss in positive ions 

by migration is u gramme-atoms, and therefore resulting loss is u 
gramme-molecules of solute. 

Hence we obtain Hittorf’s relation— 


Loss in concentration at cathode v 


Loss in concentration at anode ~ wu 


To determine experimentally the ratio =, or the quantity er 


which is the transport ratio or migration constant of Hittorf, changes 
in concentration of the solute in the neighbourhood of the cathode and 
anode may be found by chemical means. Two beakers (Fig. 187) con- 
tain the solution, whose concentration at the start is uniform, They 
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are connected electrically by a small syphon containing the electrolyte 
and through which the diffusion of the solute tending to equalise the 
concentrations in the two vessels will take place so slowly, that a 
determination by chemical analysis of the amount of solvent removed 
from each vessel for the passage of a given current may be used to 


v 
measure —. 
By this and similar methods, which must be suitably modified 
when one of the ions is soluble in water, the values of 9 given 


in the table on p. 186 have been found. 

Ionic Velocities—A further step, due to Kohlrausch,' enables us 
to determine the sum of the actual velocities u and v in terms of the con- 
ductivity of the solution and the concentration of the solute. Let us 
take a case in which there are m gramme-equivalents of completely 
dissociated molecules per cubic centimetre of the solution; then the 
concentration of both positive and negative ions is m gramme-equiva- 
lents per cubic centimetre. Now each gramme-equivalent of positive 
ions carries 96,470 coulombs, and if the velocity of these ions is u, 
the charge passing unit cross-section of the cell in one second is 
mu . 96,470. 

Therefore, current density due to movement of positive ions is 
mu .96,470 amperes per square centimetre. Similarly, the stream of 
negative ions in the opposite direction constitutes a current density 
of mv. 96,470 amperes per square centimetre, But the effective current 
is the sum of these two, since they are opposite charges moving in 
opposite directions. 

*, resultant current density = m(u + v)96,470 amperes per square 
centimetre. ; 

The same quantity may also be expressed in terms of the con- 
ductivity of the solution and the potential gradient init. Thus the 
conductivity & is the inverse of the resistivity, and is the current 
produced in a conductor of unit cross-section and unit length, for unit 
potential difference between its ends ; that is, it is the current density 
for unit potential gradient ; therefore for potential gradient Ei volts 
per centimetre length ‘ 


Current density = Ei amperes per square centimetre, 
7. mu + v)96,470 = kE, 5 
fev Er 
um’ =m 96,470" 
If now we take ¢ to be the concentration in gramme-equivalents 
per litre, 
e¢ = 1000m 


and, u + v= 0:01036 “an 


1 F. Kohlrausch, Wied. Ann., 6, p. 145. 1879. 
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The transport ratio rae ; being known from Hittorf’s method, u 


and v may be separately calculated from the two equations. Further, 
k 
2 is the quantity we have called the equivalent conductivity (p. 176) 


at infinite dilution, X., since we have obtained our relation on the 
assumption that dissociation is complete. Since this quantity is known 
from Kohlrausch’s measurements of the conductivity of highly dis- 
sociated acids and salts, u and v for unit potential gradient are known. 
It will be seen from the table that these velocities are very small. 
They must not be confused with the velocity of the free ion in the 
solution, on account of which it exerts a pressure called the osmotic 
pressure on the boundary of the solution, which in the case of 
hydrogen ions is about 18-4 x 10‘ cms. per sec., the different individual 
ions moving indiscriminately in all directions. The velocity wu is a drift 
of the ions towards the cathode, due to the applied electric field. 
The ionic velocities increase with rising temperature. 


For SonvutTions IN WATER AT 18°C. 


eae _ | Ionic velocity? Partial: _ | Lonic velocity? 
reeeger fe arian aide) pebriee ie ino ee, 
practical .@.8.| ory voit per practical C.G,8, | for potential 
amits, cm. gradient. ae cm, paabeat, 
a ig Peewee 33°4 O000847 Sle Hie oi aera 46:6 
IN Gligtes pie 43-6 O:00040 TS Cl. ca 65°4 0:000678 
1 eet aaa 64:7 0000670 |. Br. . 676 
UD ratieune: 68 eases 66°4 0:000685 
OS Reh ped 68 INO 5 618 0:000640 
MEh Tees 64 0:000660 | ClO,. . 55:0 
INS ion 54:0 Q:000570" | 10,7. as 33°9 
RZ ees 46'7 BrOt tens 46 
4Mg... 46:0 ClOc aa a 64 
BEAD de bc 55°5 TOpe ayes 48 
DEE He ow © 61:3 ECLO WS 72 
bel Gotercuers 818 0:008250 |4SO,. . 68°4 
psi, Be eo 51:7 OELF ts 174 0:001780 
OL Sc 47°3 
ROB enie 51:8 


Direct Determination of Ionic Velocity.—Several direct determina- 
tions of ionic velocities have been made, the general method of which 
is to follow the course of an ion by means of some chemical reaction 
produced by it. The results are in fair agreement with the deter- 
minations of Kohlrausch. 


1 F. Kohlrausch, “ Lehrbuch der Praktischen Physik.” 
® Svante Arrhenius, “ Lehrbuch der Hlektro-chemie,” 
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Sir Oliver Lodge? filled two vessels with an electrolyte, and joined 
the two by a horizontal tube containing a solution of some suitable 
material in gelatine or in solid agar-agar jelly. Using a weak 
solution of sulphuric acid in the vessels, and sodium chloride with 
phenolphthalein as an indicator in the tube: on passing the current 
from one vessel to the other the H + ions form HCl with the sodium 
chloride, and decolourise the phenolphthalein. The progress of the 
H+ ions could thus be watched, and their velocity measured. In 
another experiment, using BaC], solution in the vessels and acetic acid 
and silver sulphate in the gelatine, the progress of the Ba + ions could 
be observed by the precipitate of BaSO, and: of tho Cl- by the 
precipitate of AgCl. 

W. C. D. Whetham? used two solutions differing in density, but of 
the same conductivity and having one ion in common. Thus with 
deci-normal] solutions of potassium bichromate and potassium carbonate, 
the K + ions pass in one direction, and the Cr,O,- and CO,- in. the 
opposite direction. Since the colour of the bichromate is due to the 
Cr,O,- ions, the travel of the surface of separation of the two liquids 
can be observed. 

B. D. Steele * has further modified the method by avoiding the use 
of colouring matter, the surfaces of separation of the liquids being 
sufficiently well defined on account of their different refractive indices, 
due to the slight differences in density produced on replacing one ion 
by another. The applicability of the method is thus considerably ex- 
tended since it is not necessary to depend upon a coloured indicator, of 
which there are only a few that are suitable. The salt solution under 
examination is placed in a U-tube, and is bounded at the two ends by 
a gelatine solution containing the indicators employed. In some of 
the experiments lithium chloride and sodium acetate are used, the 
former at the anode and the latter at the cathode. Using, for 
example, potassium chloride as the salt in solution the lithium and 
potassium ions travel in the direction of the current, the potassium 


_ chloride being converted to lithium chloride. With the ion in solution 


having slightly higher velocity than the indicating ion that follows it, 
a very clear surface of separation can be observed with suitable 
illumination, and its velocity is that of the more rapidly moving ion, 
in this case potassium. In a similar manner, at the other end of the 
column of solution the anions travel from the gelatine, and the 
chloride is converted into acetate, and the velocity of travel of 
the surface of separation is that of the chlorine ions. The arrange- 
ment is always such that the denser liquid lies underneath the less 
dense, so that the surfaces of separation are not disturbed by convec- 
tion currents, and when necessary for this, the U-tube is of the inverted 
form. Precautions are taken that the specific resistance of the solution 
EO). tod e, Brit. Assoc., Birmingham, 1886. 


? W. C. D, Whetham, Proc. Roy. Soc., 52, p. 283 a 58, p. 182 (1895). 
> B.D. Steele, Chem. Soc. Jowrn., 79, p. 414, 1901 
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shall be as nearly uniform as possible, as only then is the potential 
gradient throughout the solution known. ~ 
Partial or Ionic Conductivities—On examining the equation 
k 
utov= 0°01036-. K, (p. 181) 


k Z 
we see that for any given value of E, the quantity — or wo, Which may 


: oe eri U : v 
be written o-01036R the sum of two others, 0-01036E and 0-01036R) 


which are called the partial or ionic conductivities of the two ions. In 
any case A. is made up of the sum of two partial conductivities 
whose ratio is w:v, and hence if X, can be measured and also the 
transport ratios, the partial conductivities can be found. The 
partial conductivity of any ion is independent of the other ions in the 
solution, and hence, if the partial conductivities of the ions in a 
solution are known, the equivalent conductivity at infinite dilution 
Xe» is known, since it is the sum of the partial conductivities. 

Many partial conductivities are given in the table on p, 182, and 
from them, the limiting equivalent conductivity 4. of a substance 
which is only partially dissociated at very great dilution may be found. 

Measurement of Conductivity.—The difficulty met with in measur- 
ing the conductivity of electrolytes is due to the polarisation which 
generally occurs, producing a back electromotive force that cannot 
always be separated from the ohmic potential differ- 
ence corresponding to the resistance of the electro- 
lyte. In some cases the electromotive force due to 
polarisation may be eliminated by using electrodes of 
the material which is present in the ionic state in 
the solution. Thus in the case of a solution of 
copper sulphate, copper electrodes may be used, and 
a method of simple substitution, due to Horsford, 
employed. The tube containing the solution is placed 
vertically, and is provided with disc electrodes, which 
nearly fill the cross-section of the tube (Fig. 188). 
The resistance in the box R is adjusted until the 
galvanometer deflection is a convenient amount, The 
upper electrode is then pushed downwards by a 

Fia. 188. measured distance 1, and R is adjusted to give the 

same deflection as before. The resistance of the 
length J of the electrolyte in the tube is equal to the change of 
resistance in R. The mean area of cross-section of the tube may be 
determined by finding the weight of water required to fill a measured 
length of it. 

The method most generally applied is due to Kohlrausch, The 
electrolytic cell, which has the form shown in Fig. 189 for good con- 
ductors, and Fig. 190 for bad conductors, is placed in one arm of 
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a slide-wire bridge, a known resistance being placed in the other. 
The polarisation electromotive force may be greatly reduced by using 
electrodes of large area, since for a given amount of deposition the 
layer of deposit is then thinner than when a small electrode is used. 
The effective area is much increased, in the case of platinum electrodes, 
on covering them with a layer of platinum black, by immersing them 
in a solution of platinum chloride, and passing a current backwards 
and forwards through the solution a number of times. 

In order to reduce the polarisation still further, a small, and rapidly 


_ alternating current is used, so that the small amount of deposition 


occurring when the current passes in one direction will be removed on 
its reversal. A small induction coil with a high frequency trembler is 


i 


Fia. 189, Fic. 190, 


a very efficient source of electromotive force, but in this case an ordinary 
galvanometer is useless for finding the position of balance, since the 
deflection is proportional to the first power of the current and would 
be reversed with it ; hence, there will be no deflection with an alternat- 
ing current. In order to get over this difficulty, a telephone receiver is 


~ used instead of a galvanometer, and the observer adjusts the position 


of the slide-wire contact until a minimum of sound is heard in the 
telephone. Alternating current galvanometers, such as the Duddell 
thermo-galvanometer described on p. 80, have also been used, which 
instrument is capable of detecting very small alternating currents, 

If resistance coils are used as standards, they should be few in 
number and should be wound so that they have as small an inductance 
and capacity as possible, as, otherwise, there will not be a perfect 
balance when the proportionality in resistance of the four resistances 
of the Wheatstone’s bridge is attained. The higher the frequency of 
the alternating current the greater will be the disturbance due to 
this cause. With frequencies below 200 alternations per second the 
disturbance is inappreciable when ordinary resistance coils are used. 

In using a cell of the type shown in Fig, 189, the cross-section of 


_ the tube may be found by means of a mercury thread whose length in 


the tube and whose mass are measured. The indeterminate resistance 
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where the end of the narrow tube enters the vessel may be eliminated 
by performing the experiment twice, using two different lengths of 
tube, cut from the same piece. As the end errors are the same for 
each tube, the difference in the two resistances found is equal to that 
of a column of length equal to the difference in length of the tubes. 

If the cell have the form shown in Fig. 190, the absolute conduc- 
tivity cannot be found from the dimensions of the liquid between the 
electrodes, with any degree of accuracy. It is usual then to find the 
resistance first with a standard electrolyte of known conductivity, and 
then with that whose conductivity it is required to find. For this 
purpose Kohlrausch’ gives the conductivities shown in the following 
table ;— 


Normat SoLutions IN WATER aT 18°O, 


k= e ete dk v 
(Obms and c.m.8.) k dt’ uo 
OR A) earl ee 1840 x 10-4 0:0186 o-74 
KiGUy, eae ayers, oe 982°6 x 10-4 0:0193 0-51 
Tee cl ec 1030 x 10-4 0:0190 0°51 
KL yt enema he 1086 x 10-4 00190 051 
KNO, 805 x 19-4 0:0200 0°49 

3K,SO, 715:9 x 10-4 0:0205 0:50 
NH,Cl 970 x 10-4 0:0194 0-51 
NaOH 1600 x 10-4 0:0197 0°83 
NaCl. 743°5 x 10-4 0:0212 0°64 
NaNO, 659 xX 10-4 0:0215 0°61 

4Na,SO, 508 x 10-4 0:0236 0°64 

4Zn0Cl, 550 xX 10-4 0:0220 0:70 

+ZnSO, 262:1 x 10-4 0:0218 0-68 

4CuSO, 257°T x 10-4 0:0216 0:70 
AgNO, 676 Xx 10-4 0:0210 0:50 
HCl . 3000 x 10-4 0:0159 0-17 
HNO, 2990 x 10-4 0:0150 0-17 

3H,S0, 1970 x 10-4 0:0120 0-17 

aL 
= Ss 1 dk i 1 dk 
(Obms and B dt: kegs % dt’ 
c.m.8.) 

KCl 5percent.| 690 X 10-4] 0:020 |K,SO, 5 percent.| 460 x 10-4} 0-022 
LOS he 1360 x 10-4} 0-019 LO aes 860 x 10-4 | 0:020 
Ry One sy 2020 X 10-4} 0-018 |ZnSO,5 ,, 19 Oss 0-022 
PaO Fy, 2680 x 10-4} 0:017 OM. 821 x 10-4 0:022 

CuSO, 5 _ ,, 189 x 10-4} 0:022 rye LOM: 415 x 10-4 0-023 

Ay SOE OK 320 x 10-4} 0:022 Sy ed ae 470 x 10-4 0-024 
Ape ts sy 421 x 10-4] 0:023 pe in 480 x 10-4 0:026 
1 OOk ae 440 x 10-4 0027 


1 FB, Kohlrausch, ‘“‘ Lehrbuch der Praktischen Physik.” 
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In all cases it is necessary to observe the temperature of the electro- 
lyte at the time of measurement, since the resistance falls about 2°4 
per cent. for a rise in temperature of one degree when the temperature 
is 18° C, 

Application of Thermodynamics to Reversible Cells —The second 
law of thermodynamics can only be applied to processes which are 
strictly reversible, that is to say, will proceed in either direction when 
one of the forces producing equilibrium is increased by an indefinitely 
small amount. A gas enclosed in a cylinder by means of a frictionless 
piston affords a good example, for if the pressure inside the cylinder 
exceed that outside by ever so small an amount, the piston is driven 
outwards, and when the pressure outside is greater than that inside by 
however small an amount, the piston movesinwards. If the piston is not 
frictionless, it requires a finite difference of pressure on the two sides 
to move it, and the work done in moving it in opposition to the force 
of friction is irrecoverable; the process is then irreversible in the 
thermodynamic sense, 

In the case of an electric cell, we have reversibility when there is 
no polarisation, as in the case of a Daniell’s cell, since at each electrode 
the ion liberated does not. alter the chemical nature of the electrode, 
and we have already seen (p. 174) that in such a case an electromotive 
force, however small, will produce a current. It is also evident that 
if the current be allowed to flow until a certain amount of anode is 
dissolved and an equivalent amount of metal is deposited on the 
cathode, we can, on reversing the current by some external means, 
bring the cell back again to its original condition. This in itself is a 
satisfactory test for reversibility in the case of a cell. 

Whenever acurrent flows, an amount of work ?rt is converted into 
heat in the cell, and this is irreversible, since the process cannot be 
inverted; that is, the application of 
heat will not produce the current. 
Another source of irreversibility is the 
diffusion that takes place when there 
are two liquids in the cell, but we shall 
assuine the currents and times taken, 
to be small enough to justify us in 
neglecting these two irreversible pro- 
cesses. 

Let us then consider a reversible Fig. 191. 
cell whose electromotive force is e at 
absolute temperature ‘I’, which can be maintained constant, and let 
the cell produce current until a charge q has passed round the circuit. 
Drawing an indicator diagram for the process (Fig. 191), PQ represents 
the passage of the charge g round the circuit, and this line is parallel 
to the axis of q, since the electromotive force is constant at constant 
temperature. Now thermally isolate the cell, and let a further 
infinitesimal charge pass; the only source of energy is now the cell 
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itself, and let us suppose that the using up of the energy of the cell 
causes drop of temperature ee The heist ature is now 'T’ — dT, and 
the electromotive force e — = per, where “ be is the rate of change of 
electromotive force with ee On our diagram this change is 
represented by the path QR. Now, maintaining the lower temperature 
constant, pass a current in the opposite direction to the first, until the 
charge q has passed through the cell; this brings us to the point 8, 
Then pass a sufficient charge to bring the cell, when isolated thermally 
from outside sources, back 1 to its original temperature T. 

If all the processes are carried out by indefinitely small differences 
between the electromotive force of the cell and the applied external 
electromotive force, every part of the cycle is reversible, and the two 
adiabatic processes represented by QR and SP are identical and the 
cycle is complete. 

It is shown in works on thermodynamics, that in any reversible 
cycle between two iemperatures, the ratio of the useful work per- 
formed during the cycle to the heat drawn from the source at the 
higher temperature, is equal to the ratio of the difference in the two 
temperatures to that of the source, or 


h-h T-T 

he OD ya ae 
The work done by the cell during the process PQ is eg, and that 
restored to the cell during the process RS is (¢ - ape! and if 6T 


is so small that the difference in the amounts of work represented by 
the processes QR and SP is ae the ea of useful work 


done by the cellis eq — (e-5 — aT “30)g =g.ol. 


- and this is equal to 


h — h,, the excess of heat absorbed over that given up, so that we have 
from thermodynamics, 


de 
q.ol. av _ oT 
ae 
: de 
from which, ns ql an 


dT 


This relation holds, whatever the chemical changes going on in the cell, 
since, being reversible, it is brought back to its original condition on 
completing - the cycle, for as much “charge has passed “through it in one 
direction as in the other. 

The actual heat h drawn from the source depends upon the work 
done, eq, and the energy supplied by the chemical reactions in the cell. 
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If H be the amount of heat measured in ergs, which is liberated by the 
chemical processes occurring when a unit of charge passes through the 
cell, Hq is the amount liberated during the process PQ, and the work 
done being eg, we have by the principle of the conservation of energy 


eg = Hq +h, 
that is, h = eq — Hg, 


and substituting this value of h in our previous e juation we get 


uy’ Mag Hq = rs, 


de 
or, e=U+Tin 


This is known as the = hp ioaad % Helmholtz. From it we see that 


when the temperature poefeciast is zero, e = H, and the energy of 


a 
the current is exactly supplied by the chemical reactions occurring in 
the cell. This is approximately the case in the Daniell’s cell, in which 
case H = 2°66 x 4:18 x 107= 1:112x10® C.G.S. units, and therefore 
e=1'112 volts. 2°66 is the number of calories liberated when one 
equivalent of zinc (0-00338 grammes) replaces an equivalent amount 
(0°00329) of copper in the sulphate. The observed electromotive 
force of the Daniell is about 1:09 volts. 

If the 2 nim force of the cell increases with rise in 


temperature, a is positive and e>H. Hence, in order to supply 


the energy necessary to maintain the current, the heat of the cell itself 
is drawn upon, and the cell is thereby cooled. On the other hand, if 
the electromotive force falls with rising temperature, as is negative 
ande< H. In this case the energy liberated by the chemical reaction 
is greater than that required by the current and the cell gets warmer 
when running. 

Jahn’ determined experimentally the electromotive force of a 
number of cells, and their temperature coefficients at a number of 
temperatures, also the heats of chemical reaction by means of the ice 
calorimeter, and found the results to be in accordance with the equation 
of Helmholtz. 

Standard Cells.—The two most important cells used as standards 
of electromotive force are of the reversible type, thus ensuring 
constancy of electromotive force and temperature coefficient ; tihey are 
the Latimer-Clark cell and the Weston or Cadmium cell. There 


| H. Jahn, Wied. Ann., 28, p. 491. 1886, 
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are many patterns of these cells ; one very useful pattern of the Clark 
cell due to Lord Rayleigh is shown in Fig. 192. Through the bottom 
of each limb of the H-shaped tube is sealed a platinum wire to serve 
as terminal. Mercury is poured into one limb, and upon this rests a 
paste consisting of mercurous sulphate and zine sulphate, and in the 
other is an amalgam of zinc (10 per cent. Zn), upon 
which rests a layer of crystals of zinc sulphate, Zinc 
sulphate solution fills the tubes above the cross-piece, 
and the whole is sealed up with corks and paraffin 
wax. According to Jager and Kahle (Reichran- 
stalt), the electromotive force of such a cell is _ 


1-4328 — 0-00119(t — 15) — 0:000007(t — 15)? volt, 


where ¢ is the temperature Centigrade. 
In the Weston or Cadmium cell, cadmium 
amalgam and cadmium sulphate replace the zine of 
Fria. 192. the Clark cell, and with 10 per cent. to 13 per 
cent. of cadmium in the amalgam and a saturated 
solution of the sulphate, the value of the electromotive force of this 
cell, adopted by the International Conference on Electrical Units and 
Standards of 1908, is given as 


1:0184 — 0°0000406(¢ — 20) — 0:00000095(t — 20)? + 0:00000001(¢ — 20)8 volt.? 


The Weston cell has the advantage that the temperature coefficient 
is much smaller than that of the Clark cell. Great care must be 
taken to obtain the greatest possible purity in the materials for con- 
structing these cells, and they must be guarded against carrying more 
than an extremely small current. For this purpose it is convenient to 
connect a high resistance permanently in series with the cell. 

For a detailed account of the construction of these standard cells 
the student should refer to “Text Book of Practical Physics,” by 
W. Watson, or the specification prepared by F. E. Smith (Brit. 
Assoc., 1905, p. 98). 

Concentration Cells—The possibility of constructing cells in which 
the source of energy is not due to chemical action but to the diffusion 
occurring between two solutions of the same substance at different 
concentrations was first pointed out by Helmholtz.” In both the cells 
indicated by the formule 


Cu | CuSO, (concentrated) | CuSO, (dilute) | Cu 
and, | Ag | AgNO, (concentrated) | AgNO, (dilute) | Ag 


the metal in contact with the dilute solution goes into solution, and 
that in contact with the concentrated solution receives a deposit when 


! The value of the E.M.F. at 20° C. now accepted is 1:0183 volt. 
2 H. Helmholtz, Wied. Ann., 8, 201. 1878. 
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the cell is in action. The former is therefore the anode, and the latter 
the cathode. 

In order to examine the mode of change of the concentration of 
the two solutions, let us consider that u+v gramme-equivalent of 
metal is dissolved at the anode, and an equal quantity deposited at 
the cathode, where the ionic velocities of the positive and negative 
ions are respectively u and v. We have for the silver cell, as on 


p. 180— 
Loss of Ag at cathode by deposition = u + », 


Gain transport = u, 
*, total loss of Ag =(u+v)-u=v, 
Also loss of NO, by transport = », 

*, loss of AgNO, = v gramme-molecules, 


On the other hand, at the anode we have— 


Gain of Ag by solution =u + 2, 
Loss of Ag by transport = u, 
*. gain of Ag = (u+v)-u=v. 


-And since there is a gain of NO, by transport equal to this— 


Gain in AgNO, at anode = v gramme-molecules. 


Thus the result of the process is a transference of » gramme. 
molecules of AgNO, from the concentrated to the dilute solution. If 
instead of u+v gramme-atoms deposited we take one gramme-atom, 


the transference of AgNO, is equal to gramme-molecules, and 


v 
u+uv 


: A is the transport ratio of the negative ion. Other cells have been 


u 
devised in which the migration of the positive ion has been employed, 
and in this case the transference of the salt for one gramme-equivalent 


of deposit would be 


u é 
ge gramme-molecules, Putting the transport 


: v u 
ratio cee equal to n, we see that rig 


=l—n. 
v 


Source of Energy in Concentration Cells—We may seek for 
the source of energy of the current in the diluting of the solution 
from the concentration at one electrode (C,) to the less concentration 
(C,) at the ether electrode. The substance in solution exerts a 
pressure, the osmotic pressure, which has been shown by Pfeffer, 
and by van’t Hoff (see p. 178) to have the same value as that exerted 
by an equal number of molecules existing as a gas in a space equal 

in volume to the solution, and hence work is done as the solute 


1 
expands from molecular volume G molecular volume rom 
1 2 
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The pressure of a gas is given by the relation PV = RT, where T is 
the absolute temperature, and R a constant that can be found from 
the volume of a given amount of gas at some standard temperature 
and pressure. 

It is usual to take V as the reciprocal of the concentration in 
gramme-molecules per unit volume, so that if this be known, R will 
enable us to calculate the osmotic pressure P at any temperature T. 
If then we imagine the expansion of the solute to take place reversibly 
by enclosing it in a cylinder, in which works a piston constructed of a 
medium which is permeable to the solvent but not to the solute, so 
that the osmotic pressure P, may be balanced by an external pressure 
very slightly less than P, applied to the piston— 


work for small increase dV in volume = PdV, 


Po 
.. total work = i PdV, 
Py 


V2 
2 i RT yy, 
NG 


1 


= RT flog. V] "5 


Vo 
= RT log. v, 
: 1 1 
or remembering that, VGo= om and, V, = CG 
1 rel 2 
work = RT log, 5. 
C, 


Such semi-permeable membranes have only been found for a few ~ 
substances, but the actual work done by the solute in expanding so 
that the solution becomes more dilute, does not depend upon the 
mechanical method of carrying out the dilution, provided that the 
process is reversible, which it is in the case of the concentration cell ; 
for the solute may be carried back from the weak to the strong part 
of the solution on reversing the current by means of some external 
electromotive force. 

E.M.F. of Concentration Cells—Now, work performed in pro- 
ducing current = eq ergs, where q is the charge in absolute units 
(9647), equivalent to the transference of one gramme-equivalent of 
ion, and as there is no other source of energy than the work done by 
the solute in changing from concentration C, to concentration C,, and 
remembering that when the solute is completely dissociated, the 
ope pressure is double that for no dissociation, by Avogadro’s 

aw— 
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Work = 2RT log, a 
C, 

and therefore, for n gramme-equivalents of solute transferred by the 

passage of the above charge, we may write 


eq =2nRT log, “3 

2 
Taking the density of hydrogen as 0:0000899 gramme per cubic 
centimetre at 0°, and the atmospheric pressure of 76 x 980°6 x 13:59 
dynes per square centimetre, the molecular weight being 2°016, the 


. 2°016 : 
molecular volume (V) is 6-0000899" and since PV = RT— 


Ga sree0-6 x 13:59 < — = RT 
os x X 90000899 ~~? 


from which, R = 8:32 x10". 
And remembering that log a = 2-303 login ch we have— 
/2 /9 
_ 8:32 x 10" 522803: x2 T low C, 
Aas 9647 Be bw Ty? 
And at 18°C., T = 291, 
nel OT Or! on log < TOS 


E = 0:0578 x 2n log, 2 volts, 

Thus the electromotive force of a concentration cell consisting of 
two solutions is proportional to the absolute temperature, and depends 
upon the ratio only of the concentrations. In the silver nitrate cell 

61°8 
suggested above, n= BEL Ore = 0°533 (see table on p. 182), and 


at temperature 18° C., with ratio of concentrations 10: 1, 
E = 0:0578 x 2 x 0°533 = 0:0615 volt. 

The value found by Nernst is 0055 volt at 18° C., and the dis- 
crepancy between this and the calculated value, he attributed to the 
incomplete dissociation of the salt in solution. 

Since there is no resultant chemical reaction in the concentration 
cell, the total amount of solute remaining constant, and all the 
processes are reversible, we may apply Helmholtz’s E.M.F, equation— 


putting H = 0, 


de 

then, e = Top 
de_ av 
ree, oT 
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And integrating— 
loge e = log. T + constant, 


€ 
loge t= constant, 


or e is proportional to T, which is in accordance with the relation 
found. 

Amalgam Concentration Cells.—Another form of concentration 
cell in which the electrodes are amalgams, the two having different 
concentrations of the metal, and the electrolyte being a solution of 
some salt of the metal, was constructed by G. Meyer.’ The electro- 
motive force acts in such a direction that the metal is transferred 
from the amalgam of greater to that of less concentration, and since 
it has been shown that the osmotic pressure of the metal in an 
amalgam is proportional to the concentration, the electromotive force 
may be calculated as above. For cells with amalgams of Zn, Cd, 
Pb, Sn, Cu, and Na, there was agreement between the calculated 
and the observed electromotive forces. 

Now the expression for the work done by a gas or a solute in 
expanding, namely 


p Ve 
| "PaV, or, | ardv (p. 192) 
P, Le 


depends upon the value of P, or of es 


V 


and the value of the gas constant R is calculated on the assumption 

that the molecule is undissociated ; but it follows that when dissociation 

occurs, the pressure increases in accordance with Avogadro’s rule, that 

at equal temperatures and pressures, equal volumes contain equal 

numbers of molecules. Hence if each molecule dissociates into n others, 
tek ; RT 

on going into solution P = a 


And the expression for the work done on expansion, becomes 


Ve 

= 

i ORT GV = oRT log. 7, 
NAN : 


1 


or since PV = constant, at constant temperature— 
: P 

work = nRT loge =, 

P, 


1G. Meyer, Zeitschr. Phys. Chem., 7, 477. 1891. 
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and the value of the electromotive force at the contact of the con- 
centrated amalgam with the solution is given by 


P, 
Se g3 ? 
where gr is the quantity of electricity which passes from the concen- 
trated amalgam to the solution for one gramme-atom of the metal to 


be transferred, which is 9647r absolute C.G.S. units; r being the 
valency. 


eqr = nRT log 


PP Ll Pere 
= 9647r 8p? 


P, and P, being the osmotic pressures of the metal in the amalgam, 
and in the solution respectively. 
Similarly, at the electrode of weaker amalgam— 


_ aRT Ps 
= 96077 18 pe 


where P, is the osmotic pressure in this amalgam, and the electro- 
motive force acts from the amalgam to the solution. The resulting 
electromotive force due to the whole cell is therefore the difference 
between these two ; 

, nRT 1 FP, 

te. 96477 -°8e P; 

The results of Meyer’s experiments agree with those calculated on 
the assumption that the molecular weight : of the metal in the amalgam 
is equal to its atomic weight, the osmotic pressure being propor tional 
to the concentration. 

A further type of concentration cell may be employed, namely, one 
in which a gas, such as hydrogen, is dissolved, or rather occluded by 
platinum or palladium. On immersion in a solution of sulphuric acid 
there is an electromotive force between the electrode and the solution, 
owing to the difference in osmotic pressure between the occluded gas 
in the electrode and the ions in the solution, Wulf? has shown that 
up to pressures of 1000 atmospheres, the observed and the calculated 
electromotive forces are in agreement. 

Solution Pressure.—The consideration of the relation between 
osmotic pressure and electromotive force, particularly in the case of 
amalgams, enabled Nernst to make a great step forward in the theory 
of the voltaic cell. Ever since its discovery by Volta there had been 
a controversy regarding the location of the electromotive force in the 


_ circuit. While, on one hand, Volta and his followers maintained 


- the junction of the metals to be the seat of the electromotive force; on 


'T. Wulf, Zeitschr. f. phys. Chem., 48, p. 87. 1904. 
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the other hand, Davy looked to the contact of the metal and the 
solution, and explained the electromotive force in terms of the chemical 
affinity of the metal for the acid in solution. The experiment of the 
electrification of a copper and a zinc disc when placed in contact and 
then separated, seemed to bear out Volta’s contact hypothesis, but this 
effect was explained by the chemical school of physicists on the ground 
of the difference in chemical affinity of copper and zine for the oxygen 
of the air. 

Following the experimental work on concentration cells, Nernst’ 
explained the electromotive force in terms of the work done by the 
ions in travelling from places of higher to places of lower concentration, 
on account of the osmotic pressure exerted by them. When a metal 
is placed in a solution, the osmotic pressure of the ions in solution 
drives the ions upon the metal, but the ions in the metal itself having 
a certain pressure tending to drive them into solution, there will be 
equilibrium when these two pressures are equal. 

Thus for every metal there is a particular osmotic pressure of the 
metallic ions in solution, for which neither deposition nor dissolving 
will occur. This is called the solution pressure of the metal for the 
given solvent. From the reasoning given above for concentration cells, 
it follows that the electromotive force at the contact of a metal with 
its solution is 


eRe 
~ 79647 


where r is the valency of the metal, P the solution pressure, and p the 
osmotic pressure of the ion in solution. 

The electromotive force directed from a metal to the normal 
solution of its salt has been determined by Ostwald, the values being 
for — 


log. ; absolute units, 


Mg, + 1:22 volt. Pb, — 0:10 volt, 
Ans =10:5 la H, = 020% 
Al, + 0°22 ,, Cu, — 0°60 ,, 
Cd, + 0:19 ,, Begs 0:99 ,, 
Fe, +006 ,, Ag, —101 ,, 


From the last equation, we may find the solution pressure P for 
the metal, if we take p to be the osmotic pressure due to the metallic 
ions in the normal solution. In the case of hydrogen, taking two 
atoms to the molecule in the gaseous state, and the density 0:0899 
gramme per litre at 0° C., and the atmospheric pressure, for a normal 
a5 atmospheres 
at 0° C., from van't Hoff’s law (p. 178), taking the molecules to be — 
monatomic. 


solution of 1 gramme per litre the pressure is 


1 W. Nernst, Zeitschr. Phys. Chem. 4,129, 1889. 
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Hence the electromotive force between hydrogen (H,) occluded by 
palladium and a solution containing 1 gramme of hydrogen per litre 
being —0-25 volt, or —0°25 x 10° absolute units, 


c 8°32 x 10’ x 273 is 


: ‘jag iS - 
=e xX 10° = 1 x 9647 Bes 
Pr by 
from which, log. > = —10°74, and, > eo 2616.52 10% 
: Bax DLO x LOr* : a : 
. P= — 00899 = 4°8 x 10~* atmosphere. 


The following are the approximate values of the solution pres- 
sures in atmospheres :— 


Mg, 10“ atmospheres, Pb, 10-? atmospheres. 
Zn, 10% t to" 4 
Al, 10% us Cu, 10-¥ “ 
Cd, 10° %s By, 10" a 
Foie, Ag, 10" 


The electromotive force of a reversible cell may then be represented 
in terms of the solution pressures of the electrodes and the osmotic 
pressures of the ions in solution; thus, in the case of the Daniel cell, 
neglecting the electromotive force due to the contact of the solutions, 
which is very small compared with that due to the electrodes— 


meer PT 
e= 2x 9647 8 »p ~ 2X 9647 8 


where P and P” are the solution pressures of zinc and copper, p and p! 
being the osmotic pressures of the zine and copper ions in the solutions ; 
and, taking the emf. from zinc to solution as 0°51 volt, and from 
solution to copper to be —0°60 (table, p. 196), the e.m.f. of the cell 
would be 1:11 volt. 

Dropping Electrodes.—At the moment of bringing a metal into 
contact with a solution, a transference of ions will take place in accord- 
ance with the respective osmotic and solution pressures. If the circuit 
is not completed through some other electrode, this transference of the 
ions will produce an electromotive force at the contact of the metal and 
the solution, which will increase as the transference of ions continues, 
anti] a limit is reached, at which further transference is prevented. 

Thus, in the case of mercury in contact with a solution of sulphuric 
acid, it will be seen from the table of solution pressures, that the 
mercury ions in the solution will pass to the jet (Fig. 193), since the 
solution pressure of the mercury is extremely small, and is less than 
that for even a very weak solution. ‘The mercury will then become 
charged positively with respect to the solution. This electromotive 
_ force will, however, require an appreciable time for its establishment, 
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and it was pointed out by Helmholtz, that if the mercury issue from 
a small orifice in the form of a jet into the solution, it will break 
up into drops before any appreciable potential difference is produced, 
and the jet will then be at the same potential as the solution. 
Although the explanation of the production of the p.d. given by 
Tlelmholtz differs from the above, the fact of the usefulness of the 
dropping electrode remains. 

It will easily be seen that any attempt to measure the electromotive 
force at asingle contact between a metal and an electrolyte is frustrated 
by the necessity of making electrical connection with the electrolyte 
by means of a second metallic electrode, and the measurement gives us 
merely the algebraic sum of the two respective electromotive forces 
between the metals and the solution, unless we can obtain some 
electrode at which there is no electromotive force at its contact with 
the solution. The dropping electrode of Helmholtz supplies us with 

such a terminal, but the observations made with it 
were very unreliable until Paschen? constructed a 
form of it in which the mercury jet does not enter 
; the liquid until it is just about to break up, the 
interval of time in which the mercury is in contact 
5 with the solution before breaking into drops being 
then a minimum. In Fig. 193, the leads 1 and 2 
go to the mercury of the jet and the pool of mer- 
cury in the vessel. On measuring the difference of 
potential between 1 and 2, we thus obtain that be- 
j tween the mercury at rest in the pool at the bottom 
and the solution. 
ee Once this difference of potential between the 
Fia. 198. mercury and the solution has been found, the drop- 
ping electrode can be dispensed with, since the result- 
ing difference of potential, produced by combining this with other - 
electrodes, can be found by the ordinary 
means, 

Normal Electrode.—It is convenient 
to employ some constant form of elec- 
trode of useful pattern and known elec- 
tromotive force, to combine with other 
electrodes whose electromotive force it is 
required to find. This usually consists 
of mercury upon which rests a layer of 
mercurous chloride, and again upon this 
a normal solution of potassium chloride, 
which fills the remainder of the vessel 
and the tube T, The latter can be 
Fia. 194 placed in any cell in which the electro- 

tg motive force at contact with the electrode 

1 F, Paschen, Wied, Ann., 41, p. 42. 1890. 
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and the solution is required, The resultant electromotive force being 
measured in the ordinary way, that of the normal electrode may be 
deducted and the unknown electromotive force obtained. 

The electromotive force of the normal electrode is 0:56 volt, the 
mercury being positive to the solution. 

Capillary Electrometers.—An alternative method of measuring 
the electromotive force at the contact of mercury and a dilute solution 
of sulphuric acid has been devised by Lippmann.'' We have seen that 
the electromotive force is so directed that the mercury is positive-with 


respect to the solution. Now it is found that the surface tension of 
the mercury in contact with the solution depends upon this electro-, 
motive force, and becomes a maximum when this is zero. If, then, the 
difference of potential between the mercury and the solution be varied 
by any means and in either direction, the surface tension diminishes. 
— The mercury in a long tube (Fig. 195) will not flow through the 
capillary part at the lower end, unless the pressure of the mercury 
exceeds a certain amount, depending upon the surface tension of the 
mercury and the diameter of the tube, and since the drawn-out end of 
the tube tapers slightly, there will be an equilibrium position of the 
mercury meniscus for each value of the surface tension. The pressure 
of the mercury may be adjusted by varying the height of the column, by 
means of an arrangement not shown in the diagram, until the meniscus 
is in the field of the microscope, as shown at A. For an increase in 
the surface tension the meniscus will rise, while for a decrease it will 
sink, and its position may therefore be adjusted by varying the 
resistance in the box R and therefore the ditference of potential 
between the mercury in the capillary tube and that in the beaker. 
This difference of potential is adjusted until the meniscus reaches its 


1G, Lippmann, Ann. Chim. Phys., V. 5, p. 494. 1875. 


200 ELECTRICITY AND MAGNETISM CHAP. 


highest point, or rather lowest, as seen inverted in the field of vision 
of the microscope, as at A, when the dilute sulphuric acid and the 
mercury in the capillary tube will be at the same potential. The 
potential difference as measured by the current in the resistance box 
R, is equal to the electromotive force that exists between the mercury 
and the solution in the beaker, 

A very convenient form of capillary electrometer is shown in 
Fig. 196. The capillary tube is of uniform bore and is nearly horizontal. 
Its lower portion contains mercury and its upper portion, together with 
the vessel, contains dilute sulphuric acid. The left-hand terminal is 
naturally positive to the solution, and if this difference of potential 


Fia, 196. 


be diminished, the surface tension of the mercury surface in contact 
with the solution is increased, and the meniscus travels down the 
tube, reaching a limiting position when this difference of potential 
vanishes, If the difference of potential be further changed in the 
same direction, the meniscus travels back again. The sensitiveness of 
this electrometer may be increased by making the inclination of the 
tube to the horizontal less, by means of the screw, and by reading 
the position of the meniscus by means of a microscope. 

Changes of p.d. of the order of 0:001 volt may be detected by means 
of this apparatus. 

Secondary Cells or Accumulators——Any form of reversible cell 
may be used as an accumulator, for if a current be sent through itin . 
a direction opposite to that produced by the action of the cell itself, 
deposition takes place at the natural anode, and the natural cathode 
is dissolved. Thus energy is stored in the cell, and may be liberated 
by allowing the cell to produce current until the original condition is 
regained. Very little advantage, however, is obtained by using the 
cell in this way, as in most cases it is easier and cheaper to provide 
new electrodes rather than to produce them electrolytically by a 
reversed current. 

A very convenient form of accumulator was produced by Planté 
in 1859. He placed lead electrodes in a 15 to 30 per cent. solution of 
sulphuric acid, and passed a current through the cell. The hydrogen 
liberated at the cathode bubbles away, but the oxygen liberated at the 
anode oxidises the lead to form PbO, On removing the external 
source of electromotive force and joining the lead electrodes, a current 
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passes, the oxidised plate being cathode, the liberated hydrogen 
reducing the lead oxide, and the oxygen at the other electrode 


oxidising the lead. This current flows until both plates arrive at the 


the cell is called “forming” the 


volts, and from its construction, its 


same state of oxidation, 

lf now a current be caused to flow through the cell, one plate is 
further oxidised and the oxide upon 
the other is reduced to metallic lead: 
This lead is in a spongy form, and it 
is found that if the current be sent 
through the cell repeatedly in oppo- 
site directions, the layer of spongy 
lead gets thicker and thicker, the 
storage capacity of the cell at the 
same time increasing. This process 
of repeated reversals of the current 
to increase the storage capacity of 


plates. 
The electromotive force of such a 
cell when fully charged is about 2-1 


internal resistance is very small, so 


_ that considerable currents may be 


_ obtained by means of it. Moreover, 
_ the voltage remains nearly constant 
_ throughout the greater part of the 


_ shown in plan and ‘elevation in Fig. 


discharge. A cell of seven plates is 


197. The plates have very great Fra. 197. 


surface and are close together, being 
separated by distance pieces consisting of lengths of glass tube. 

The plate which is oxidised when fully charged is called the positive 
_ plate, and the reduced plate the negative. In the figure, the three 
_ plates would be positive and the four - negative. 

The process of charging may be represented as follows :— 


Positive plate. 

PbSO, + SO, + 2H,0 + aq = PbO, + 2H,SO, + aq. 

. Negative plate. 

PbSO, + pa + aq = Pb + H,SO, + aq. 

For rece we have— 
Positive plate. 

‘PbO, + H,SO, + H, + aq = PbSO, + 2H,0 + aq. 
Negative plate. 

Pb + H,SO, + O + ag = PbSO, + H,0 + ag. 
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Thus during charge the electrolyte gains sulphuric acid and its 
density rises, while during the discharge the reverse takes place. In 
fact, the density of the solution is the most convenient index of the 
condition of the cell; when fully charged it should not be above 1°21, 
and the discharge should never be continued until the density falls 
below 1:17, since insoluble lead sulphate is then formed. As this is 
not again reducible, the cell is ruined; it is technically said to be 
‘‘sulphated.” The PbSO, of the above equations is very different to 
the insoluble lead sulphate usually met with in the laboratory, and 
the equations themselves are very rough approximations to the actual 
processes. 

Faure Cell.—The process of “forming” the plates of the Planté 
cell is a long and therefore costly one, and it was therefore suggested 
by Faure that the plates should be constructed of lead grids, into 
which a mixture of several oxides of lead is compressed. ‘This plate 
takes much less time to “form,” but it is not so durable as the plate 
“formed” by electrolysis, Many cells of both kinds are on the 
market, and some in which the positives are Planté or “formed” 
plates, and the negatives Faure or “ paste” plates. 


CHAPTER VIII 
THERMO-ELECTRICITY 


Tue study of reversible thermo-electric effects dates from the discovery 
by Seebeck, in the year 1826, that a current flows in a circuit con- 
sisting of two different metals when a difference of temperature is 
maintained between the two junctions. He arranged 35 metals in 
a series such that, when any two comprise a circuit, the current flows 
across the hot junction from the metal occurring earlier to that 
occurring later in the series. Seebeck’s list comprises Bi — Ni — Co — 
Pd—Pt—U —Cu—Mn—Ti—Hg—Pb—Sn—Cr—Mo-—Rh—Ir—Au— 
Ag — Zn — W — Cd — Fe — As — Sb — Te, and several others of 
doubtful composition, such as brass, commercial copper, etc. 

The discovery of the complementary phenomenon, the heating or 
cooling of a junction when a current flows across it, is due to Peltier,” 
who found in 1834 that on passing a current across a junction from 
bismuth to antimony, heat is absorbed at the junction, which is there- 
fore cooled, but on reversing the direction of the current heat is 
developed, and the junction is warmed. 

The Seebeck and Peltier phenomena may both be explained if we 
assume an electromotive force to exist at the junction of the two 
metals, its direction being from bis- 
muth to antimony across the junction. 
lf the circuit (Fig. 198) could be com- 
pleted without the introduction of any 
further electromotive force, a current 
would flow in the direction BADC, a 
fall of potential occurring in the ex- 
ternal circuit from A and B. The heat Fig. 198. 
is produced by the current in the 
external circuit at the expense of the energy at the junction. Such 
@ circuit, having only one junction, is impossible, and if the ends of 
the antimony and bismuth rods be bent round and brought into 
contact at a second point, the electromotive force at this junction is, of 
course, equal and opposite to that at the first, so that the resultant 


1 T. J. Seebeck, Pogg. Ann., Bd. VI., 1826. 
2 Peltier, Ann. d. Chim. et de Phys., 2 Serie, 56. 1834. 
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electromotive force in the circuit is zero, and there will be no current. 
If, however, a cell be introduced, so that a current is driven in the 
direction DCBA, it is found that the junction AB is cooled, and from 
our reasoning on p. 60 we should conclude that the direction of the 
Peltier electromotive force is from B to A. On reversing the cell, so 
that the current flows in the direction ABCD, the junction AB is 
warmed, which fact again indicates the presence of the electromotive 
force at the junction in the direction B—A, 

On constructing a simple circuit of two metals—antimony and 
bismuth will do very well for our present purpose—we have seen that, 
owing to the opposition of the two equal electromotive forces at the 

junctions, there is no current. If, however, 

2 the junctions are not at the same temperature, 

these opposing electromotive forces are not 
necessarily equal; in fact, they are generally 
unequal, and the resultant electromotive force 
equal to their difference will maintain a current, 

Let z, be the electromotive force at junc- 
tion 2 (Fig. 199), at the higher temperature, 

1 and 7, that at 1, at the lower temperature. 

Fic. 199. In the case of the above metals 7, > 7, and if 

these are the only electromotive forces in the 

circuit, the resultant E.M.F. is m,—7, and the current is anti- 
clockwise, 

Tt will be seen that the current itself will cause a cooling at 2 and 
heating at 1, and we may therefore look upon the difference of 
temperature between the junctions as the condition for the current to 
flow, and further, the current flows until it has brought the circuit 
to uniform temperature. 

It is not difficult to demonstrate the heating or cooling at an 
Sb-Bi junction’ by placing a bismuth bar between two bars of 

~ antimony, and passing a cur- 

Roe E Q rent through the three in 

Sos i sb series as in Fig. 200. Two 
ee pieces of silk-covered, fine 

Fig, 200. copper wire are wound one 

upon each half of the rod of 

bismuth ; the two are connected to the two gaps of a metre bridge, 
and a balance found in the ordinary way. If, now, a current be 
passed through the rods from left to right, the junction A is warmed 
and B is cooled, and the two copper coils will now be at different 
temperatures. Since the electrical resistance of copper varies very 
rapidly with change of temperature, the balance of the metre bridge 
is now destroyed, and a galvanometer deflection will be observed, ~ 
which deflection may be reversed by sending the current through 


Sb Bi 


1 Nature, Feb. 16, 1911. 
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the rods from right to left. Peltier placed the junctions in glass bulbs, 
and observed the heating and cooling by the expansion or contraction 
of the air in the bulbs; but the amount of heat developed or lost is in 
all cases very small, so that atmospheric disturbances of temperature 
are liable to hide the effect sought. He also used a thermal junction, 
thus employing the Seebeck phenomenon, but it is desirable if possible 
to use an independent heat phenomenon for demonstrating the effect. 

The Peltier effect must not be confused with the Joule production 
of heat. The latter, for a conductor of constant resistance r, is @r 
ergs per second, and is irreversible ; that is, electrical energy is always 
converted into heat, the reverse process being impossible. Also the 
heating effect is proportional to the square of the current, and is 
therefore independent of its sign and direction, whereas the Peltier 
effect varies as the first power of the current and so depends upon its 
direction. Thus if the current flowing one way across a junction 
causes a heating wi ergs per second, where z is the Peltier electro- 
motive force, usually called the. Peltier coefficient, a current in 
the opposite direction causes a cooling at the same rate. Owing to 
the fact that the heat liberated at a junction diffuses by conduction 
through the mass of the metals, it is not convenient to measure the 
Peltier effects by means of the heating or cooling due to a known 
current; the actual method of determination will be described later. 

Measuring heat in electrical units, we have: heat developed at any 
junction = + zit, where ¢ is the time for which the current flows, the 
sign depending on the direction of the current. 

Laws of Addition of Thermal Electromotive Forces.—In measur- 
ing the electromotive force in any circuit due to thermo-electric effects, 
it is nearly always necessary to insert some piece of apparatus, such as 
a galvyanometer, somewhere in the circuit, and since this generally 
involves the presence of more than the two original metallic junctions, 
it is important to formulate the laws according to which the electro- 
motive forces produced by additional junctions may be added. There 
are two such laws. 

1. Law of Intermediate Metals—The insertion of an additional 
metal inte any circuit does not alter the whole elec- 
tromotive force in the circuit, provided that the 
additional metal is entirely at~ the temperature of a 
the point of the circuit at which it is inserted. 

This law may be taken as the result of experi- 
ment, but we may see that it follows from the 
second law of thermodynamics; for if a number 
of metals A, B, C, etc., are joined in series to form a 
- complete circuit, there is no current in the circuit Fra. 201. 
when the temperature is everywhere the same. 

Should a current flow, it will immediately cause heating or cooling at 
the junctions, and the energy required to maintain the current would 
be obtained by heating some parts of the circuit and cooling others, 
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the divergence of temperature becoming greater the longer the current 
flows. As there is no chemical action in the circuit, the above 
process would be in contradiction to the second law of thermo- 
dynamics, and we therefore conclude that there is no current, and that 
the algebraic sum of the electromotive forces in the circuit is zero. 
The same reasoning would apply if C were removed, and therefore 
we conclude that the introduction of C when it is entirely at the 
temperature of the point at which it is inserted does not alter the total 
electromotive force in the circuit. 

This is equally true though the junction between A and B, at 
which C is inserted should be at some other temperature, for this does 
not effect the electromotive force occurring at the unaltered junction 
of A. and B, this being determined by its own temperature only. 

2. Law of Intermediate Temperatures.—The electromotive force for 
a couple with junctions at T, and Tis the sum of the electromotive 
forces of two couples of the same metals, one with junctions at T, and 
T, and the other with junctions at T, and T,. 

For, in Fig. 202 (a) let the electromotive force for the T,-T, 
couple be [e]; and that for the T,-T, couple be [e]®%. Then if the 
junctions at the temperature T, be placed in contact there is no 

change, because like metals at the same tem- 
perature only are joined, and if then the junc- 
tions be opened to form the arrangement (8) 
there is again no change in the resultant electro- 
motive force, for the two contacts destroyed 
both had the same Peltier effect 7? at tempera- 
ture T,, and these are directed oppositely in the 


T3 Ts 
A B 
A B 
Tt compound circuit. We therefore conclude that 
Cel, = [e]: + Cele 
A B 
T, T 


Application of Thermodynamics.—Since the 

Peltier effect is a reversible one, a thermal 

couple is an arrangement for deriving useful 

energy by the absorption of heat at one tem- 

(x) (8) perature, part of which is given back at a 

Fig. 202. lower temperature, the difference in the amount 

absorbed and that given up being the energy 

applicable for external purposes. Thus the current may be used for 

driving an electro-motor in which case the energy takes the form of 

mechanical work, Although the available energy is usually very 
small in amount this does not vitiate our argument. ~ 

Lord Kelvin? pointed out that, the processes being entirely rever- 

sible, the arrangement is in reality a heat engine with source at one 

temperature (T,) and refrigerator at a lower temperature (T,), and that 

the ratio of the heat absorbed at temperature T, to that given up at 


1 W. Thomson, Phil. Trans. Roy. Soc., 1855. 
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T,, should be the same as that of T, to T,, where T’, and T, are absolute 
temperatures, 

Now, on carrying acharge q round the circuit, the heat absorbed at 
the hot junction is 7,7, measured in absolute units, and that given up 
at T, is 7,q, 


a, a 
hence, ee Oe 
- T, -—T 
and therefore, Label BP as 
Ty 1 


Now, if 7, — 7, = e, the whole electromotive force in the circuit— 
T,—T 
then, e= a(=7—). 
1 


It would therefore follow that if one junction is maintained at 
constant temperature T’,, then 7, is constant, and e« (T', — T)). 
Now it may easily be shown that this is not true; for if a piece of 
copper and a piece of iron wire be twisted together at one end and the 
other ends connected to a galvanometer, it will be found on heating the 
copper-iron junction with a burner, that the resulting current, and 
therefore electromotive force, increases at first, then diminishes, and 
passing through zero, actually becomes reversed. 

Obviously then, e is not proportional to T, — T;. 

Lord Kelvin (then Prof. Wm. Thomson) therefore concluded that 
the Peltier effect was not the only source of electromotive force in the 
circuit, and pointed out the likelihood of another, existing between the 
different parts of a metal at different temperatures, 

Tf, then, for any substance, o is the electromotive force due to unit 


T 
difference of temperature between two points of it, | odT is 
im 


the total electromotive force between points at temperatures T, and Ae 
and taking o, and o, for the value of o in the 


two metals A and B in Fig. 203, our equation ; 
of electromotive forces for the whole circuit 
will now become 
A 8 


€=%7—7— | oadi+ | ondt, 
1 - 

the small arrows indicating the directions in a 
which the various electromotive forces tend to Fig. 203. 
drive the current round the circuit. o is assumed 
to be positive for both metals, that is, the electromotive force is 
directed from points of lower to those of higher temperature, and could 
the circuit be completed by a neutral conductor so that this is the only 
electromotive force in the circuit, the current would flow in the 
external circuit from points of high to points of low temperature. 


- 
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The quantity o is called the Thomson coefficient, and the existence 
of the electromotive force involves an absorption of heat if a current 
flows in the direction of the electromotive force, since its direction is 
such that the electromotive force tends to maintain the current, and 
therefore to give energy to the circuit, which energy is supplied at the 
expense of the heat of the metal itself. If the current be reversed, 
heat is liberated for a corresponding reason (p. 60). The sign of o 
may be positive or negative, which means that the Thomson electro- 
motive force may act in such a direction that it tends to drive the 
current in the external part of the circuit from points of high to points 
of low temperature or vice versd. Thus, if o is positive the state of 
affairs is shown in Fig. 204 (i), where the ordinates indicate the 
temperature, and the small arrows the Thomson electromotive force. 
The current passing in the direction ABC absorbs heat in AB, since 
it is flowing in the direction of the electromotive force; that is, from 
points of lower to those of higher temperature ; and for a corresponding 
reason it gives out heat in BO, just as a flow of an ordinary liquid 
down a tube heated at B would do. On the other hand, if o is 
negative, we have the condition shown in Fig. 204 (ii), A current 


a PS 


Ts" ; es 
' : : 
s heat absorbed | heat given out i. 


7 B AS 
(iy? Te é 


Week is i Rasy 


x, theat given out \ heat absorbed | 


Also Bites uae 
(i) 


Fia. 204. Fre. 205. 


flowing from A to C would give out heat in the part AB and absorb 
heat in BC; that is, it gives out heat when flowing from colder to 
hotter points, and absorbs it when flowing from hotter to colder points, 
so that if we wish to find any analogy with the flow of liquid in a tube 
heated in the middle, we must imagine the liquid to have a negative 
specific heat. 

o is positive for the metals Cd, Zn, Ag, Cu, and negative for Fe, 
Pt, and Pd. 

The Thomson effect may be exhibited? in a manner similar to that 
for the Peltier effect, but in this case the difficulty is greater, on account 
of the fact that a considerable temperature gradient is necessary for 
the exhibition of the effect, and thus it is not easy to measure the 
small additional reversible heating and cooling due to the current. 
If, however, an iron rod be bent into the shape shown in Fig. 205 


1 Nature, Feb. 16, 1911. 
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with the two limbs, on which the resistance coils P and Q are wound, 
very close together and packed round with asbestos wool, then if P 
and Q are placed in gaps of a metre bridge as before and a balance 
found, a current of 10 amperes flowing round ABO will cause a dis- 
turbance in the balance when B is heated to red heat with a bunsen 
burner, and A and C immersed in mercury baths. In this way a very 
steep temperature gradient in BA and BC can be maintained, and 
the change of resistance in P and Q, due to the current, occurs in 
a manner which shows that heat is given out when the current flows 
up the temperature gradient, and the limb in which the current flows 
down the temperature gradient is cooled. 

The effect with copper is in the reverse direction, and is much 
smaller, both on account of the smallness of the Thomson coeflicient a, 
and the difficulty of maintaining sufficient temperature gradient owing 
to the high thermal conductivity of the metal. 

Thermo-electric Power.—The equation of electromotive foree— 


2 2 
e=m—m— | oil + [ nal, 
1 1 


may be written in the form— 


2 2 
d 
e= [ pee _ ic — o»)aT, 
dr 


at being the rate of change with temperature, of the Peltier coefficient 


for the two metals, and 7, and 7, the upper and lower limits of the 
: dx 

tegral | — 
EREPETS | ates: 


Or, again, 


e= (& a= oa) ar. 


Differentiating this equation with respect to T, we have— 


de dr 
ap = at ~ (7 — %)- 


a is called the Thermo-electric power for the two metals, and is the 
rate of change of the electromotive force acting round a couple with 
change of temperature of one junction. The thermo-electric effects 


in a circuit may be very conveniently represented on a diagram in a 


de 
manner suggested by Prof. Tait,’ the values of qt’ the thermo- 


1 Prof. Tait, Proc. Roy. Soc, Hdin.,p. 597. 1871. 
P 
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electric power, being plotted against the temperature. Then, at a 
temperature represented by the point F in Fig. 206, the thermo- 
electric power P is represented by EI’, and the thickness of the strip 
being dT, 


d 
area of strip = F dL = Pd =e; 


Hence the area of the strip represents the electromotive force acting 
round the couple, the difference of temperature of the junctions being dT. 

By the law of intermediate temperatures, the electromotive force 
round a couple having junctions at temperatures represented by D and 
C respectively, is equal to the sum of the electromotive forces for a 
number of couples having differences of temperature dT, provided that 
the first junction has temperature corresponding to D and the last to O. 


e 

A 
_de 
Pat, i 
B H 
E H 
A B 

D F Cc T 

Fia. 206. Fia. 207. 


Thus, the electromotive force is equal to the sum of the areas of strips, 
such as EF, and this is the area of the whole figure ADCB. 

The electromotive force for finite differences of temperature may be 
found by experiment, by measuring the total electromotive force round 
a circuit, when one junction is maintained at constant temperature 
and that of the other varied. The shape of the curve usually obtained 
is shown in Fig. 207, and the rate of increase of e, when the tempera- 


ture of the hot junction is represented by OB is the ratio Be where 
AC is a tangent to the curve at the point A, 

de ABS P 

dia Oman & 


and the curve (Fig. 206) may now be plotted for P, the thetmo-electric 
power as derived from Fig. 207. 

The experimental methods of measuring the electromotive force 
due to a couple will be considered later, but we may note that the 


Thus, 
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E.M.F.-Temperature curves for most metals approximate to parabolas, 
which would lead to the (thermo-electric power)-(temperature) curves 
being straight lines, as we shall see on p. 216. 

Second Law of Thermodynamics.—In applying the second law 
of thermodynamics to the couple, we must now take the Thomson 
effect into account, since the 
heat is not all absorbed at the 
hot junction nor all given up 
at the cold junction. Suppose 
a charge q to pass round the 
couple consisting of metals A 
and B, having its junctions at 
temperatures T, and T, (Fig. 
208). As before (p. 207), when 
charge q passes round the cir- 
cuit in an anti-clockwise direc- 
tion in the figure, the heat Fia. 208, q 
absorbed at the hot junction is 
qm, and that given out at the cold junction, g7,, that given out in passing 

2 


through the metal A is q | o,dt, and that absorbed in passing through 
1 
2 
B, is q i opdt (see Fig. 203). 
1 


Let us consider the couple to consist of an infinitely great number 
of small couples at temperatures, T,-1 and T, +44, etc., varying from 
T, to T,, From the law of intermediate temperatures (p. 206), the 
electromotive force for the whole couple is the sum of the electromotive 
forces for the small couples. For the small couple whose junctions are 
at T, + and I’, 1, bearing in mind the direction of the current and 
the fact that when this is in the direction of the Peltier or Thomson 
electromotive force, heat is absorbed and vice versd, we see from 


Fig. 208, that— 


heat absorbed at Ty41 = qmn+y 
heat given out at Tn —1 = gmn—-1, 
heat given out in metal A at mean temp. T, = qoadT, 
heat absorbed in metal B at mean temp. Ty, = qopdT. 


Since all these processes are reversible, we can apply the second law 
of thermodynamics to the cycle, which states that = 0, 
Thus, for the elementary cycle— 


Qn +1 GTn-1 _ qoudT 4: qopdT a, 
Tee. bn Tn Tr is 


For the adjacent small cycle we have— 
q™n-1 _ QTn~3 qrudl | qaydT _ 0 


Dy a Ta-3 Tn 2 eat ; 
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where the lower temperature for one cycle is the upper temperature 
for the next, and so on. Adding up these equations for all the 
elementary cycles, remembering that the first has upper temperature 


T,, and the last, lower temperature T,, the terms i *, ete., all 
n+1 
cancel out except the first and the last. 


. . ] d 
Now = and tT. are the limits at T, and T, of the esr | () 


T, 
2 2 
ES | pe [ 7 aT =0, 
Differentiating this, we have— 
ae) ae 
dT\T T : 
ee Og — Tb =T (2) 


Substituting this value of oq — op, which is a consequence of the 
application of the second law of thermodynamics, in equation— 


de dr 
Tit = Gar (ca = ob)» (p. 209) 
ay 
we have, eS = ee —T mt) 
a aaa a a 
ee ei Wes) Wasa 
oe 
= 
d 
From which, aus To 


Thus the Peltier coefficient for the junction of a pair of metals is the 
product of the absolute temperature of the junction (T) and the rate 
of change of the electromotive force for the whole circuit with change 


of temperature of the junction ( 
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Thermo-Electric Diagram.—Let us now return to the consideration 
of the thermo-electric diagram; we shall find that the relation 


arise Tor enables us to interpret the diagram more fully than we 


could hitherto. If A,A,(Fig. P 
209) is the line whose ordi- 
nates are the thermo-electric 
powers P at different tem- | ---------------772 , 
peratures, of the metal A, 

with respect to the metal 
B, the area A,A,B,B, repre- 
sents the electromotive force 
acting round the couple 
when thetemperaturesofthe 9 
junctions are T, and T,, Fig. 209. 

which on the diagram are 

imagined to be measured from the absolute zero of temperature, the 
direction of the effective electromotive force round the circuit being in 
the order of the letters, that is anti-clockwise in the diagram, 


> 


W|--------------- 


a fn se esea whlh we 


2 aD 


Now z, = T, = — ts Hl 2 


But A,B, = P,, and, OB, = T,, 
-". T = area of rectangle B,A,DO. 
Similarly, 7, = area of rectangle B,A, EO. 


: : d 
Again, from eduation t—o = T q orl z) on p. 212; 


: nr de 
since, i= al = 132 
dP 
Co, — 0b = Taq 
and, (oa — ov)dT = TdP. 


But the area of the strip LM is TdP, because LM = T, and width 
of strip = dP. 


oP if: (oa — ov)dT = area A\A.DE. 
mu 


We can therefore identify all the thermal electromotive forces 
acting round the couple, as areas upon the diagram. 


Thus, ” WT, = area B,A,DO, 
7, = area B,A, KO, 


and, : i (ea — ov)dT = area A,A,DE. 
Ns 1 
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Which would, from our electromotive force equation— 


~ See tee [oa = ona, 
give, e = area B,A,A,B,. 


It will be seen that the Peltier and Thomson effects are electro- 
motive forces which would drive a current from points whose positions 
upon the thermo-electric diagram are lower to those which are higher. 

The electromotive force “round a couple may be represented as a 
function of the thermo-electric power, or the Peltier coefficient for— 


de 7 
a a 
SGI SB Hk =(F) Ga WA 


and, [e]_; v= | an -(@) (F jar, 


where [ey]. is the electromotive force acting round a couple A-B the 
temperatures of whose junctions 
are T',; and T, respectively, and 
P, is the thermo-electric power 
of A with respect to B. 

In the above reasoning one 
metal (B) has been taken as a 
standard and the thermo-electric 
powers of the other metal (A) 
plotted with respect to it. If 
now a third metal (C) be com- 

Fra. 210. bined with B to form a couple, - 

we should have an exactly simi- 

lar set of relations for C and B. Thus for temperatures of junctions 
T, and T, (Tig. 210)— 


e = area 0,0,B,B, 
= D,. BC, and, 7, = 2,8 Crreses 


By 


and it follows from the law of intermediate metals, that for the couple 
made up of A and C— 


e = area A,A,C,C, 
Te Ly AzC,, and, ry = T, eAyG; 


Hence if any one metal be taken as standard and the thermo-electric 
powers of a number of others be plotted with respect to it, the 
thermo-electric powers with respect to each other of the different 
metals will simply be the difference of the respective ordinates for the 
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thermo-electric lines of the two metals. And further, if it is desired to 
change the standard metal, all that is necessary is to replot the curves, 
with the differences of the ordinates measured from the new standard 
as ordinates upon the newdiagram. ‘This will not change the relations 
of the thermo-electric powers of the different metals, nor will it alter 
any of the areas in the diagram, and the respective electromotive 
forces also will be unchanged. ‘Thus, in Fig. 210, if we subtract 
A,B,, A,B,, etc., from all the appropriate ordinates, A,A, will now be 
horizontal, B,B, will slope downwards from left to right, and the slope 
of C,C, will be increased, but the electrical quantities involved will all 
be unchanged. 

The metal usually taken as a standard with respect to which the 
thermo-electric powers of the others are plotted is lead, the reason being 
that the Thomson coefficient for lead is supposed to be zero,’ but should 
this subsequently prove not to be the case, the usefulness of the 
diagram would not be affected, and we could, if we chose, knowing the 
value of o for lead, replot the diagram, taking an ideal metal for 
which o = 0 as standard. 

If we assume that for lead o = 0, which is certainly very nearly 


true, and in Fig. 209 take B to be lead, equation o,-—o, = T—. 


Oe. 
becomes o, = To since o, = 0. 


Thus, since T is essentially positive, the Thomson coefficient o has 


the same sign as and if P increases with the temperature o is 


positive, if P decreases with rising temperature o is negative. It will 
then be seen from the diagram (Fig. 213) that for cadmium, zinc, etc., 
o is positive, and for iron, palladium, etc., it is negative, and further, 
that since = = tan 9, where @ is the inclination of a thermo-electric 
line to the axis at any point— 


o = T tan 0. 


Neutral Temperature.—So far we have made no assumption as 
to the shape of the thermo-electric lines ; but if they are straight lines 
we can then calculate the electromotive force round any couple when 
we know the equations to the thermo-electric lines. 

in fie. 211, let P, =m,T +c,, and P, = m,T +, be the 
equations to the thermo-electric lines for the metals A and B, Then— 


[el= iy (P, — P,)dT = [ C(m,— m,)T + ¢, — % aT, 


4 


‘ Le Roux, Ann. de Chim. et de Phys., 4 serie, 10, p. 201. 1867, 
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which, when integrated gives— 
e = 3(m, — m) (T2 — D4) + (¢.— 6) (Ts = T) 
If the temperature T, be fixed while T, be varied, we see that the 


p 
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equation connecting e and T, is that of a parabola. It may be written 
in the form— 


e=(T,—7){(2F =) (m, — m) + ( — a) 


Hence e is zero when T, = T,, which would be expected; but it 
again becomes zero when 


T, 


a heat Ste Cy — % 
nn | Pe a 
3 : : : Ca %. 
That is, when the average temperature of the junctions is = 
a Me 


This temperature is called the Neuiral Temperature, and is that at 
which P,=P,, or the thermo-electric lines, P, = mT + ¢,, and 
P, = mT + ¢,, intersect. Calling it T,, we may now write the 
electromotive force equation— 


o= (mz — m)(T,— fees _ 7}. 


T,, is evidently the tempera- 

ture corresponding to the point 

E (fig. 212) on the E.M.F.— 
Temperature diagram at which 
the curve ceases to rise and — 
begins to descend, for on refer- 
ring to Fig. 211 it will be 
seen that with one junction at 

T fixed temperature T,, the area 
B,A,A,B, which represents the 
electromotive force round the 
Fie. 212. couple, increases as T, rises, 
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until the neutral point K is reached. When this is passed, as at tem- 
perature T;, the area A,KB, must be deducted from the area B,A,K 
to get the effective electromotive force round the couple ; for at tem- 
peratures below T the thermo-electric power of B is greater than that 
of A, but this is reversed when T’, is passed, the thermo-electric power 
of B with respect to A at T\, being zero. Below T,, the Peltier and 
Thomson effects have been so directed in A,A,, A,B,, B,B,, that they 
tend to drive a current round the circuit from A to B across the hot 
junction, but at T; the effect in B,A, is such that it tends to drive the 
current from B to A at the hot junction, and its value grows until a 
temperature T’, is reached, which is as much above Tn as T;, is below it, 
when area A, KB, = B,A,K, and the resultant electromotive force round 
the couple is zero. This temperature corresponds to the point F in 
Fig. 212. The student may verify the fact that in Fig. 211— 


4 
area (A,B, x T,) —area | ‘oadlT + area (A,B, x T,) — area | aT = 0. 


If now the temperature of the hot junction be raised above 'T’, the 
resultant electromotive force in the couple is reversed. For this 
reason T’, is sometimes called the temperature of inversion, as the 
direction of the resultant electromotive force changes sign as the 
average temperature of the couple passes this value. 

A curve such as that shown in Fig. 212 is easy to determine 
experimentally, and from it the neutral temperature can be accurately 
found. The temperature corresponding to the highest point E can 
only be read approximately, since at this point the electromotive force 
is changing very slowly with temperature. But by taking two points 
p and r for which the electromotive force is the same, the mid-point 
between q and s is the neutral temperature T’,. - If this be done for 
some metal A, using lead for the metal B, o, = 0, m, = 0, and e = 0, 
since the thermo-electric line for B is now the temperature axis, and 


therefore T, = — fa 


Also when one junction is at the neutral temperature (say T, = 


T,,), remembering that m,=0, we have, e = 4m,(T, — T,)’, either 
from the diagram (Fig. 209) taking T,, as the intersection of A,A, with 
the axis of T' or by substitution in the equation for e on p. 216. 


Thus if the electromotive force fe]; = ET, (Fig. 212), be noted from 
the curve, mz can be calculated, and since T, = — a, Cc, can also 
be found, and the equation— 

Py = mT +c, 


for the thermo-electric line becomes known. 
Referring to equation ¢ = T tan 6 (p. 215), we see that when the 
thermo-electric lines are straight, tan @ is identical with m,, which is 
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constant, and that o is therefore proportional to the absolute 
temperature, 

If it is inconvenient to compare the given metal directly with lead, 
the electromotive forces for a couple made up of the metal with some 
other which has previously been compared with lead may be found, 
and the electromotive forces for the metal and lead found by means 
of the law of intermediate metals. 

Tait’ found that for most of the metals the E.M.F.-Temperature 
curves are approximately parabolas, and therefore the thermo-electric 
lines are straight; but exceptions oocur, as in the cases of iron and 


& 
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nickel, which exhibit several points of inflection at high temperatures. 
The thermo-electric line for iron cuts that for an alloy of platinum and 
iridium at several high temperatures, and it is pointed out that if an 
Fe-(Pt-Ir), couple have one junction at each of two temperatures at 
which the thermo-electric lines intersect, a current will be main- 
tained on account of the Thomson effect alone, for the Peltier co- 
efficients at these points are zero. The curves of Fig. 213 are taken 
from Prof. Tait’s paper, but the thermal electromotive forces are con- 
verted from his arbitrary units (the Grove cell, E.M.F. = 1°7 volt) 
approximately into micro-volts. 

The thermo-electric lines for iron at temperatures up to 1000° C. 


1 Prof. Tait, Trans. Roy. Soc. Hdin., p. 125. 1873. 


_ electric line of silver with 
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have been determined by G. Belloc,’ and these show clearly (Fig. 214) 
‘the points of inflection mentioned by Tait. The thermo-electric powers 
are given in micro-volts per degree, with respect to the metal platinum, 
which was taken for reference. The effect of various percentages of 
carbon in the iron, upon 
the thermo-electric power 
is also indicated by the 
dotted lines in the dia- 
gram. The approximate 
position of the thermo- 


tS 


respect to platinum is 
also placed upon the same 
diagram, and it will be 
seen that if a silver—iron 
couple be constructed and Fig. 214. 

the junctions maintained 

at 310° C. and 620° C. respectively, the Peltier coefficients at these 
temperatures are zero, and a current will then be maintained on 
account of the Thomson effect aione, the effective electromotive force 
acting round the couple being represented by the area to scale of the 
figure ABC, 

Experimental Measurements.—The electromotive force in a 
thermal couple may be measured by placing a calibrated galvanometer 
in the circuit and observing the current. Then, knowing the resistance 
of the circuit, the corre- 
sponding electromotive 
force may be found; but a 
much better way is to em- 
ploy the potentiometer, as 
in this case the current in 
the couple is zero when a 
balance is obtained. Since 
the electromotive force is 
usually of the order of a 
few milli-volts, the poten- 
tiometer must be modified 
so that it can measure much - 
smaller E.M.F.’s than usual. 
A wire, AB about a metre Fig. 215, 
long (a metre bridge wili 
do very well) is connected in series with a resistance box R, (Fig. 
215), a rheostat R,, and a secondary cell E,. The resistance per 
centimetre of AB being known, the fall of potential in micro-volts per 
centimetre of it can be found when the current is adjusted by means 


Micro-voits per degree 


1G. Belloc, Ann. de Chim. et de Phys., 80, p. 42. 1903. 
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of R,, so that the potential difference between the ends of KR, is equal 
to the electromotive force of the standard cell H,, Then, the junction 
T, being kept in ice and water, the temperature of T, may be varied, 
and the electromotive force of the couple found from the length of 
wire AB necessary to produce a balance. 

A more convenient apparatus for the same purpose, made by the 
Cambridge Scientific Instrument Company, is illustrated in Fig. 216. 
The secondary cell B maintains a steady current in the circuit 
BVVSSR,R,B. Using a standard cadmium cell C between M and N, 


Ayypanns 
Fra. 216. 


the current in the main circuit is adjusted by means of the rheostats 
R, and R, until a balance is obtained, and SC and SN are arranged 
to be of such resistance that for the proper value of the main current, 
the fall of potential over 50 ohms of circuit is 1 volt. The coil MVC 
has 29 sections, each of resistance 0:05 ohm, and the fall of potential 
per section is thus 1 milli-volt. VV is the slide wire upon which the 
final balancing is performed, and has a resistance of 0:06 ohm, so that 
the difference.of potential between P and Q due to the current may be 
varied at will from 0 to 30:2 milli-volts. This is, therefore, the range 
of variation of the electromotive force of the thermal couple to be 
measured, the couple being placed at X. As the electromotive force 
of a thermal couple rarely exceeds 30 milli-volts, the instrument is a 
very convenient one for rapidly calibrating such couples. 

If a number of points on the E.M.F.—Temperature curve be obtained 
with one junction at fixed temperature, and the other variable, the 
apparatus forms a convenient pyrometer for measurements of tem- 
perature over considerable range. 

Applications to Thermometry.—The electromotive force in a 
thermal couple, although very small, has, as a rule, a circuit of very 
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low resistance in which to produce a current, which may therefore be 
considerable. One of the best-known applications, is the detection of 
small amounts of radiant heat by means of the Thermopile. The effect 
produced by one junction is multiplied by arranging a number in series. 
Antimony and bismuth bars alternate, one set of junctions A 
(Fig. 217) being exposed to the radiation, and the other set B being 
protected by a metal cap to maintain them at constant temperature. 

A more sensitive arrangement is seen in Boys’ radio-micrometer,’ in 
which the couple and the galvano- 
meter are combined in one instru- 
ment, the loop of wire which hangs 
between the poles of a powerful 
permanent horseshoe magnet ter- 
minating in a piece of antimony 
and one of bismuth soldered to- 
gether at the tips. The radiation 
falling upon this junction warms it, 
and the thermo-electric force is Fic. 217. 
established in the circuit, producing 
a current in the loop which, hanging in a magnetic field, experiences 
a couple. This arrangement has been modified to form a galva. 
nometer by Duddell (see p. 80). 

On referring to the thermo-electric diagram (Fig. 213) it will be 
seen that some of the thermo-electric lines, for example those of copper 
and silver, are nearly parallel; if they were actually parallel, the 
electromotive force round one of these couples would be proportional 
to the difference of the temperature of the junctions, since the figure 
A,C,C,A, (Fig. 210) in this case becomes a parallelogram, and its area 
is proportional to the perpendicular distance between the sides A,C, 
and A,C,, that is, to T, — T,. This fact is made use of in the case of 
pyrometers constructed for measurement of high temperatures. The 
couple is usually of pure platinum and an alloy of platinum and iridium, 
or platinum and rhodium, and is enclosed in a tube of suitable material 
for withstanding the temperature to which it will be exposed. In 
series with the couple, a millivoltmeter may be employed, which may 
be graduated in degrees Centigrade, and is of the type described 
on p. 86. In the case of the pyrometer made by Mr. R. W. Paul, 
the couple and voltmeter are each brought up to a standard resistance 
by means of a manganin resistance included in the instrument, and 
since this has a very small temperature coefficient of resistance, the 
error due to change of temperature of surroundings is negligible. 
Another advantage of this “swamping resistance” is that the various 
couples and. voltmeters are interchangeable, the resistance in each case 
being the same for different instruments. 

Thermo-milliammeter.—A sensitive form of ammeter, applicable 


10. V. Boys, Phil. Trans., 180, A., p. 159. 1889. 
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to the measurement of small alternating or continuous currents has 
heen devised by Prof. Fleming,' in which the heating produced by the 
current flowing in a fine constantan wire 
AB (Fig. 218) warms the junction of a 
tellurium-bismuth couple. ‘The fine wires 
of tellurium and bismuth are soldered to 
the constantan wire, and the whole is 
situated ina high vacuum in a glass vessel. 
In this way considerable sensitiveness is 
obtained, and the galvanometer G in 
series with the thermo-electric couple, may 
be calibrated by passing a known con- 
tinuous current through AB. Since the 
heating effect is proportional to the square 
of the current the instrument may be used when the current is 
alternating (p. 347). 

Radio-Balance.—The absorption of heat at a thermal junction, 
when the direction of the current is the same as that of the Peltier 
electromotive force, has been employed by Prof. Callendar’ for the 
measurement of radiant heat. The radiation is absorbed by a blackened 
copper disc upon which it falls, and the rise in temperature in a given 
time might be measured by means of a thermo-electric couple of iron 
and constantan, which also acts as a suspension for the disc. To deter- 
mine the rate of absorption of energy from the rate of rise of tempera- 
ture would require a knowledge of the heat capacity of the system and 
the losses due to conduction and radiation, but, instead, the tempera- 
ture is maintained constant by passing a current through a second 
thermal junction attached to the disc, and varying the strength until 
the cooling due to the Peltier effect compensates for the radiant heat 
absorbed. If the resistance of the arrangement were so small that 
the heating due to the Joule effect were negligible, we should have— 


w = Ti, 


where w is the energy in ergs absorbed per second, 7 the Peltier co- 
efficient, and 7 the current. But the resistance is never negligible, and 
the heating due to it being 7’r ergs per second, 


w= nt — Pr, 
= mi(1 - ie b 
Tv 
Calling = the neutral current 4, for which the Joule heating is 
‘J. A. Fleming, “The Principles of Electric Wave Telegraphy and 


Telephony.” 
7 H. L, Callendar, Proc. Phys. Soc. Lond., 23, Part I., December, 1910, 
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just equal to the Peltier cooling (i,7r = zi,), so that the dise would be 
neither warmed nor cooled by such a current, we have— 


w = zi( 1 - x} 


In the actual arrangement employed (Fig. 219) there are two 
similar discs, 1 and 2, each supported by four stout iron and four 
constantan wires, the two discs being thus the junctions of an iron- 
constantan couple. The discs also form the junction of the single-wire 
iron and constantan circuit in 
which the galvanometer G is 

- included. Suppose that the 
radiation falls on the disc 1, the 
arrangement will be as shown in 
the diagram, and the current is 
adjusted by the resistance R 
until the two discs remain at 
the same temperature, as indi- 
cated by the current in G being 
zero. Knowing the current ¢, 
as indicated by the milliam- 
meter A, and the Peltier coefli- 
cient 7, w, the rate of absorp- .. Fig. 219. 
tion of radiant energy by the — 
disc 1, is known. The neutral current 7, is determined by a prelimi- 
nary measurement in which no radiation falls upon either disc. 

Should the whole apparatus become warmed by the radiation 
falling upon it, as would probably be the case when the sun’s radiation 
is being measured, both discs are affected in the same way, and the 
error due to this cause is eliminated. Also the radiation may be 
allowed to fall on the dise 2 instead of 1, for the purpose of making a 
control measurement, 

In a later design the discs are replaced by cups, for the purpose of 
rendering the absorption more complete; the electrical arrangements 
in this case are very similar to those in the disc apparatus. 

The “cup” arrangement has also been used as a calorimeter and 
the Peltier coeflicient, for a junction placed in either cup, directly 
measured. It has also been used for measuring the rate of emission 
of heat by radioactive substances (see p. 515). 

Pyro-electricity.—Another electrical effect due to differences of 
temperature should be noticed. Certain crystals, especially tourma- 
line, exhibit electrical charges when heated or cooled. The name 

_ pyro-electricity is given to this phenomenon. If a crystal of tourma- 
_tine be raised in temperature, one end becomes positively and the 
_ other negatively charged while the temperature is rising, but during 
cooling the charges are reversed. This urder of the charging takes 


a» 
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place whether the crystal be heated or cooled from the atmospheric or 
from any other temperature. If a crystal be broken up, each part of 
it exhibits the same properties, and if tourmaline be powdered and 
spread on a glass plate and warmed, or cooled, the particles gather 
themselves together in chains, owing to the polar charges, just as iron 
filings do when magnetised. 

It has been thought that only hemi-morphic erystals exhibit pyro- 
electric properties, but according to Hankel' hemi-morphism is not 
indispensable to the production of pyro-electricity, and it is exhibited 
by other crystals, provided that their crystallographic axes are unequal ; 
but, in the case of crystals having equal axes, only those which are 
hemi-morphic are pyro-electric. Boracite, quartz, and fluor are among 
the pyro-electric minerals. 

Piezo-electricity.—It was discovered by the brothers Curie? that 
the crystals which exhibit pyro-electric properties are subjected to 
compression or tension, opposite charges of electricity appear at the 
ends of the crystal. Under compression the sign of the charge at 
either end is the same as would be produced by cooling the crystal, 
while tension produced charges of the same signs as those due to 
heating the crystal. 

A suitable rectangular block is cut from the crystal, and a sheet of 
tinfoil laid over each end. The whole is then placed between ebonite 
blocks, to which the stress is applied. The quadrants of an electro- 
meter being then connected to the tinfoils, the production of phetge 
can be readily investigated. 

Tt was found that the amount of charge produced at each end of a 
block of tourmaline is proportional to the total force applied to the 
block and not to the pressure, and that the amounts of positive and 
negative charge are equal. 

The charges produced in this way were used at a later date for 
the measurement of ionisation current (p. 499) by a compensation © 
method. 


1 Hankel, Pogg. Ann., Bd. 49, 50, 58, and 56. 
2 J. and P. Curie, Comptes Rendus, 92, p. 186. 1881. 


at the other, produce a field similar to that of a 


CHAPTER IX 
ELECTROMAGNETICS 


WE will now return to the consideration of Ampére’s theorem given on 
p. 52, that an electric current is equivalent to a magnetic shell whose 
boundary coincides with the current. By a series of experiments, 
Ampére showed that the magnetic effect at distant points produced by 
a current, might in all cases be explained by the employment of a 
magnet or system of magnets, whose polar faces are bounded by the 
current, Thus a solenoidal current is equivalent to a bar magnet 
whose ends coincide with the faces of the solenoid, and a wire bent 
into a circle, when carrying current, is equivalent to a circular magnetic 
sheet or shell, whose polarity is N on one side and § on the other, the 
side whose polarity is N depending on the direction of the current, 
An inspection of Fig. 44 will make it clear which is the N side of 
the sheet. The following rule will be of assistance. 

Imagine the conductor to be placed in the palm of the right hand and 
the fingers closed upon it, the thumb being outstretched ; then if the thumb 
indicates the direction of the current, the fingers indicate the direction of 
the magnetic field. — 

It then follows that if we look upon the N side of a magnetic 
shell, the current flows in an anti-clockwise direction as seen by the 
observer. 

If the coil have a number of turns, as in the case of a solenoid, the 
turns being approximately circles, each turn has its 
equivalent shell, and within the solenoid the N polar 
face of one shell coincides with the S polar face of the 
next, and the external effect of these inner shells is 
zero, but the N at one end of the solenoid, and the S 


uniformly magnetised circular bar magnet. 

Strength of Magnetic Shell.—The magnetic moment 
per unit area of shell is called the strength of the shell. 
Thus if ¢ be the strength of the shell, and a its area, 
total magnetic moment of shell=ac. Further, we 
will define the electromagnetic O.G.S. unit of current as one which pro- 


_ duces the same magnetic field at external points as a magnetic shell of 


unit strength whose boundary coincides with the current. 
Q 
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It is not necessary to define either the thickness of the shell or the 
amount of pole per unit area of face, as the magnetic moment of unit 
area of the shell is equal to the product of these two quantities ; the 
shell is usually considered to be indefinitely thin. 

When the current circuit is of very small dimensions, the equivalent 
shell becomes a small magnet and the magnetic potential and field at 
any point due to it may be calculated as on p. 14. 


Thus V =— = and H= — e. but whatever the dimension 


of the circuit, the method may be extended to give the same quantities. 
For the circuit ABCD (Fig. 221) may 
be divided up into a number of meshes 
by a network of conductors. If now 
in each mesh a current of strength 
equal to that in ABCD be considered 
to flow in the same direction, the side 
of each mesh not situated at the 
boundary will have equal and opposite 
currents flowing in it, and the total 
currents in the meshes are therefore 
zero, except at the boundary, where the 

: resultant of the currents in the ele- 
Fia, 221, ments is the current in ABCD. Since 
each mesh may be replaced by the 
equivalent element of a magnetic shelliof strength equal to the current, 
the whole shell thus formed is equivalent to the current ABCD, 

The magnetic potential at P (Fig. 222) due to a small element a of 


the shell is : , where ao is the magnetic moment of the element. 


Now if dw be the solid angle subtended by a at P, 1°dw is the right 
section of the cone of angle dw, at distance r from the vertex P, and ~ 


2, 

r’du 

— = cos 6. 
a 


a cos 6 
=—a 


ae dw 


Hence the potential at P due to this element may be written— 


dV = cdo. 


And the potential at P due to the whole shell is, | dV = | edad; 
but o being constant— 


Potential at P = o | dw = oQ, 


where Q is the solid angle subtended by the whole shell at P. s \ 


IX, CIRCULAR CURRENT 227 


It follows that the potential at any point due to a shell depends 
only upon the strength of the shell and the solid angle subtended by it 
at the point, and this is independent of any variation in the shape of 
the shell, provided that its boundary is fixed. Thus for an infinite 
plane shell, the potential at neighbouring points is 27.¢, and for a 
hemispherical shell the potential at the centre is also 24. a, since in 


_ each case the solid angle subtended at P (Fig. 223) by the shell is 27. 


Fig. 222, Fig. 223. 


Circular Current.—If a current of strength 7 absolute units flow ina 
circle, we can replace it by a circular magnetic sheet of strength o = ¢. 

Let AB (Fig. 224) be a side view of the circle; then to find the 
magnetic potential at a point O on 
the axis, all that-is necessary is to 
find the solid angle subtended by 
the circle at O. To do this draw a 
sphere with centre O, such that the 
circle lies upon the sphere. Then 


area of Blice ACB ee whaie 0 ts 


the solid angle required. Now it 
may be shown geometrically that the 
area of a slice of a sphere lying be- 
tween two parallel planes is equal i 
to the area of the circumscribing Fig. 224, 

cylinder between the planes, and 

whose axis is perpendicular to these planes, The area of the slice 
ACB is therefore 2rrh, where h = r — x, a being the distance of O from 
the plane of the circle. 
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But, magnetic potential V = oQ = 10; 


x 
WV = 2ni(1- =) 
% 
Noting that 7° = 2 + a’, we have— 


° «we 
V = rif ~ aa 


By symmetry we see that the magnetic field due to the circular 


dV 
current is directed along the axis, and its value is therefore — a (8° 


p. 13). 


Sehee s. taeee dy — ala? + a’)- at 
= Qmif —h. a. 2u(a? + a)-3 + (a? + a?)- # 
ona 
7 (aw + a*)3 
Qrt 


For a point at the centre of the circle, = 0, and then H = th 


which is in accordance with the result derived from the law on p. 53. 

Solenoidal Current.—When the current is flowing in a cylindrical 
sheet, its direction being everywhere perpendicular to the axis, it is 
said to be solenoidal, and_the 
strength of magnetic field—inside 
it may be found from the above 
relation. This condition is very 
nearly ‘fulfilled by a current flow- 
ing in a wire closely wound upon 
a cylinder, when the thickness of 
the wire is small compared with 
the radius of the cylinder, 

If ¢ be the current per unit 
length of the solenoid, ida is that 
in a thin section of length dx 


aie eect (Fig. 225, i). The strength of 
Qarari 
ee field at P due to this is eran 


where @ is the distance of the plane of the circle from P. But, 
from the enlarged diagram (Fig. 225, ii.) we see that rd@ = da. sin 6, 
r. dO 
sin 0° 

2ra% .rd6 
(a + a”)? sin 6 


KO = 


And field due to section = 
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: ae ae ‘ 
Remembering that ; = sin é, and «#+a’?=r'*, we write the 


expression in the form— 
Qria’r.d@  2ia?. dd 


“sind rsind 
= 27i.sin 6.d0. 


0: 

And for the whole solenoid, H = mi | gin 6.d0 
re 6; 

= 2nil cos 6] 


99 


where @, and 6, are the values of 6 at the ends of the solenoid. 

If the solenoid consists of wire of n turns per centimetre length, 
the current in each turn being 3, 
91 


H= 2rnil cos 6| = 2mnil cos 6; — cos 0,|- 


82 
When the length of the solenoid is infinite, 6, = 0, and 6, = 7, and 
therefore— 


Work done in carrying a Magnetic Pole round a Current.— 
Remembering that the difference in magnetic potential between two 
points is the work done in carrying a unit N pole from one point to 
the other, and that it is independent of the path along which the pole 
is carried, we may prove one of the most important laws connecting 
electric and magnetic quantities. 

Consider two points P, and P, very close to, but on opposite sides 
of, the magnetic shell AB (Tig. 226) of which the N 
polar face is towards P,. The magnetic potential at P, 
due to the shell is +o x (solid angle AP,B), the solid 
angle AP,B being shown by the dotted arc in the figure. 
Similarly the magnetic potential at P,is — o x (solid 
angle AP,B) 


. Difference of potential between P, and P, 
= {¢ (solid angle AP,B)}—{—o (solid angle AP,B} 
= o(solid angle AP,B + solid angle AP,B) 


As the points P, and P, approach each other, the 
sum of the solid angles AP,B and AP,B becomes more Fid. 226. 
and more nearly equal to the solid angle subtended by 
the whole of space surrounding a point, that is to 47, and since the 
magnetic shell may be considered to be indefinitely thin, the points 
P, and P, may approach each other until their distance apart is infi- 
nitesimal, and still they are on opposite sides of the shell. Hence the 
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difference of magnetic potential between two points P, and P, on 
opposite sides of, and very close to, a magnetic shell is 470, which is 
then the work done in carrying unit pole from P, to P, by any path, 
provided that the path does not intersect the shell. On passing 
through the shell from P, to P,, the direction of the force on the unit 
pole is reversed, and if the work were calculated it would be found 
to be equal and opposite to that for the external path from P, to P,. 
It is not necessary to perform this calculation, because the potential 
at a point such as P,, due to any distribution of magnetisation, can 
only have one value, so that the total work for a closed path is zero; 
otherwise useful work might be done by allowing a pole to circulate 
round a closed path, without any corresponding loss of energy in the 
system, and this is contrary to experience. 

If, however, the shell be replaced by its equivalent current (o = #) 
flowing round the boundary of the shell AB, the work for the external 
path from P, to P, is 47a, or 477, as in the case of the shell, but now the 
work required to complete the path in going from P, to P, may be made 
as small as we please by taking P, and P, sufticiently close together, there 
being in this case,no magnetic material to traverse, A closed path 
such as we have described is necessarily linked once with the current, 
and thus the work done in carrying a unit pole round a closed path 
linked once with a current i is 471, and the magnetic potential at any 
point in the neighbourhood of a current may be considered to have a 
number of potentials whose values differ by multiples of 477. The 
potential due to a current is therefore multi-valued. There is, in this, 
no contradiction to the principle of the conservation of energy, for the 
current is not a statical phenomenon ; it has to be maintained by the 
continuous expenditure of energy in the battery. When the magnetic 
pole is carried round the circuit, its field cuts the circuit during the 
process and produces current which, if in the opposite direction to the 
principal current, will cause a temporary lessening of the rate of 
expenditure of energy in the battery; if in the other direction, an 
increase in its rate. In either case we can trace the source, or the 
mode of disposal, of the energy corresponding to the work done in 
carrying the pole round the path linked with the current, to the change 
in the amount of chemical action occurring in the battery. After the 
completion of the path, the circuit is not in the same condition as at 
the start. 

Line Integral of Magnetic Field——The work done in carrying a 

unit pole along any path from one 


de point to another is called the line inte- 

) H gral of the field between the points, 
ieee If the strength of field at any point 
of the path be H, and @ its inclination 

Fig. 227. to the path, the component of the 


: force on the pole, acting along the path, 
is H cos 6, and the work done in carrying it along an infinitesimal 
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length of the path dr is H cos @ dr. Thus the work done in carrying 
the unit pole from A to B is (i H cos 6dr. This is the line integral 


of the field along the path from A to B. 
If the field has everywhere the direction of the path, the line 


integral becomes. "Har. 


A 
We may now give our electromagnetic law the mathematical form— 


| H cos 6.dr= 4mi. 
i) 


where the symbol | means that we take the line integral round a 


closed path. If the path is not linked with any current— 
| H cos 6.dr = 0. 
0 


The line integral of a field round a path enclosing unit area is 
sometimes called the Curl of the field, so that our relation would then 
be written— 

Curl H = 47 (current density) 


Magnetic Field due to Straight Current.—The strength of mag- 
netic field in several simple cases, may easily be calculated from the 
above law. 

We have seen that the magnetic field due to 
an infinitely long straight wire carrying current 
is everywhere at right angles to the wire. If, 
therefore, we require the strength of magnetic U 
field at a point P (Fig. 228), ‘at a distance r H 
from the wire, we may draw a circle through P 
having its centre on the wire. On carrying a 
unit pole round this circle, the field H is every- 
where in the same direction as the path, and, by 
symmetry, it is constant. 

Therefore, line integral of field = 27r.H, 
and, from the above law, this is equal to 47i. 


vu 


~. 2rrH = 47ni, Fie, 228, 
Qi ; 
and, / (ae = 


If the thickness of the wire be taken into account, so that its form 
9° 
is that of a solid cylinder, the field outside it is =, at a distance r 


from the axis, but that inside it will be different. For let 7, be the 
distance from the axis of a point inside the wire, and let i, be the 
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current density, that is the current flowing through unit area of cross- 
section of the wire. ‘This is uniform over the whole section when the 
current is steady, and therefore the total current within the cylinder 
of radius 7, is mr%. . The 
field at distance r, due to 
this current is 

2(ar,7t,) 1. anes 


= 2ar, = 
1; a aad 


where 7 is the whole current 
mrsy. 

This is the actual strength 
of field, since the current in 
the cylindrical shell lying out- 
side the point, does not pro- 
duce any field within it, the 
circular path inside not en- 
closing any of this current. 

Thus the field due to a cur- 
rent in a cylinder is greatest 
at the surface of the cylinder, 


Fic. 229, , é 24 : 
* its value being there ri and it 


falls off as we pass either outwards or inwards, being zero at the axis. 
The distribution of the magnetic lines of force is shown in Fig. 229, 
the values of H being marked upon the circles when that at the surface 
of the conductor is taken to be 2:0 C.G.S. units. 

Magnetic Field due to Solenoid.—For a solenoid in the form of a 
ring, frequently called an endless solenoid, the line integral of the 
field round the axis of the solenoid (Fig. 230) is 27rH. If, then, 
there are n turns of wire per centi- 
metre length of solenoid, there are in 
all 27rn turns, and the circular path 
of radius ris linked 2zrn times with 
the current. If, then, i be the current 
in each turn, the effective current 
linked with the path*is 2rrni, and it 
follows from the law given on p. 230, 
that 


fe Hl = 4r(2rrni), 
*,H = 4rni. 


Fig, 230, It will be noticed that x will vary 

slightly according to whether the 

path is near the inner or the outer surface of the solenoid, and 
therefore the field is not quite uniform ; but when the thickness of the 
solenoid is small compared with its radius, this departure from 
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uniformity of field is negligible, and if r be infinite, the solenoid is a 
straight one, and the field inside it is uniform, its value being 47ni. 
This is in agreement with the result obtained on p. 229. 

Magnetic Permeability.——There is a close mathematical analogy 
between magnetic fields and statical electric fields, due to the similarity 
in the laws of force between magnetic poles and that between electric 
charges. In the magnetic, as in the electrical case, the force depends 
upon the medium in which the poles are situated. It is convenient to 
determine the unit of magnetic pole from the force between poles 
situated in vacuo, and this is practically the same as for air ; but there 
are many media for which the force between the poles differs greatly 
from that between the same poles situated in air or in vacuo, We 
must, therefore, rewrite our force equation in the form— 

MM 


—s) 
pr 


Force = 


where pu is a quantity depending upon the medium in which the poles 
are situated. It is called the magnetic permeability of the medium, for 
a reason to be given later. 

On p. 3 we saw that the strength of field due to a pole of strength 


m at a distance r is es ; but we now see that when the medium filling 


the space has permeability y, field strength H = ~ ' 
Again, the magnetic potential due to any distribution of poles is 
changed from V to — when the medium is changed from air to one of 


permeability »; in fact, the magnetic equations are modified by the 
quantity » in exactly the same way as we saw in Chapter V the 
equations for a statical electric field to be modified by the dielectric 
constant k; but this difference should be noted, that whereas k is 
constant for any given medium, « is by no means constant ; its complex 
variations will be studied in Chapter X. Still w has a definite value 


under all circumstances, defined by the equation F = a although. 


this value may vary at different times and under different conditions. 
Magnetic Induction.—The quantity »H cos @.ds is defined as the 
normal magnetic induction or magnetic flux over the surface ds, 
where 6 is the angle between H and the normal to ds; and Gauss’s 
Law in the magnetic case may be proved exactly as on p. 125 for 
the electrical case. Thus the total normal magnetic induction over a 
closed surface is equal to 4m times the amount of pole within it ; and 


fun cos 6. ds = 43m. 


It follows as on p. 128, that the strength of magnetic field due to 
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a plane polar sheet is 270), where o, is the amount of pole per unit 
area of the sheet. 

We give a special name to the quantity »H; it is, the Magnetic 
Induction (B) and is analogous to N in the electrical case (p, 130), 
thus— 


N=iE, B=,H, 


and the magnetic field may be mapped out by means of tubes of 
induction, whose characteristic property is that BS 
is constant for any tube. Thus in Fig. 231, if H,, 
H, and py, #2 are the values of H and yu at the sec- 
tions of the tube of induction having areas 8, and 
§,, the normal induction over the sides of the tube 
is zero, their direction being everywhere that of 
the field, we have from Gauss’s law when there is 
no pole within the tube— 


pas, as Ho HS, 


or, 181 = Dede 


Fig, 231, Similarly the amount of energy per unit volume 
of the medium is— 


——=s- =p (see p. 131). 


Boundary Conditions.—Following the analogy we see, as on p. 140, 
that the boundary conditions that must be satisfied at the surface of 
separation of two media of different magnetic permeabilities are— 

(i) The tangential components of the field are the same in both 
media ; 


i.e. 18h lal, 

and (ii) The normal components of the magnetic induction are the 
same in the two media ; 
1.6. B, = B, or, py = 4H, 

Thus for a line of induction which crosses 
the boundary we have (Fig. 232)— 
from (i) H, sin 6, = H, sin 6, 
and from (ii) j,H, cos 6, = peH, cos 6 


Dividing one equation by the other, we 
have — 


' 
' 
| 
! 
1 
| 
( 
\ 
i 
1 
' 
' 
' 
! 
' 
' 
! 


: tan 0; De Pa 
Fic. 232, tan 6, ps" 


The problem of a sphere of permeability »,. situated in a medium 
of permeability »,, the original field H being uniform, is exactly © 
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analogous to that for the dielectric sphere in an electrical field E 
(pp. 142 to 144), and the argument may be repeated, replacing E by 
H, k, and k, by yw, and w» The resultant field H, inside the sphere is 
thus 
3p 
H, _* YT (p. 143). 

Fig. 153 may illustrate the case in which p, > p,, as in the case of 
the magnetic metals, iron, nickel, and cobalt, situated in air; these 
substances are said to be ferromagnetic. In Fig. 154, uw, > ps, a 
condition which is fulfilled for some substances in air, in which case 
the substance is said to be diamagnetic. The most diamagnetic 
substance is bismuth, for which » = 0°99997, 

Magnetic Shielding.—The tendency of the magnetic tubes of 
induction to concentrate upon places of high permeability explains the 
use of hollow iron spheres and cylinders to reduce the magnetic field 
in the spaces within them. It is sometimes desirable to protect 
a suspended-needle galvanometer from magnetic disturbances, and 
although this can never be completely effected, the disturbing field 
may be very much reduced by surrounding the instrument by massive 
iron shields. The calculation of the change in field produced is beyond 
the scope of our present work, but the results for a sphere and a 
cylinder are of use. They have been given by du Bois.’ 

The field inside a hollow sphere is— 


H 
__ i eT PEA 
1+5(#- (1 - ws) 
where H is the external field, » the permeability, and r and R the 


internal and external radii. For a cylinder with axis at right angles 
to the field it is— 


a ae 
ere mE 


Force on Magnetic Body in Uniform Field.—We saw on p, 139 
that a body of dielectric constant greater than that of the surrounding 
medium situated in an electric field that is not uniform, tends to move 
towards ,the stronger parts of the field, and the same consideration 
would lead us to a like conclusion in the case of a paramagnetic or 
ferromagnetic body. Since the force on small bodies has been used for 
measuring their magnetic properties, we will calculate the force on 
such bodies. 

Let the body consist of two poles of strength m, the magnetic 
_ potential at the respective poles being V, and V,. 


1H. du Bois, Hlectrician, 40, p. 317. 1898, 
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Then potential energy of body = m(V, — Vs), 

being the work done in bringing the body from infinity to the point, 

and if the distance between the poles be ds— 

Va rs Vs 


potential energy = mds . te 


aN. 


=M-—,: 


when ds becomes sufficiently small, and M is the magnetic moment of 
the body. Further, =i —H, and M =ol, where v is the volume 
of the body and I the intensity of magnetisation (see p. 267). 

.. potential energy = —vIH. 


Now the work done during a small displacement of the body is the 
difference in the potential energy before and after the displacement, 
and it is also equal to the product of the force F in the direction of 
the displacement and ds the amount of displacement. 


. Fds = d(—vTH), 


or, Ee —ol 7 


In the case of a sphere of susceptibility h, placed in a field of 
strength H, we shall see on p. 269 that— 


kH 
ES Pagar 
pol Han 
oN rer aah Ae e 


ok ae 
~ —9°T teak" ds 


Hence when the field is uniform H? is constant, and there is no 
force on the body, and further, the direction of the greatest value of F 
is that in which H’ varies most rapidly ; again when k is negative, or 
is less than that of the surrounding medium, the direction of F is 
reversed. Since paramagnetic bodies tend to move from the weaker 
to the stronger parts of the field, diamagnetic bodies tend to move 
towards the weaker parts of the field. 

Equivalence of Current and Magnetic.Shell in any Medium.—The 
work done in carrying a unit magnetic pole round a closed path linked 
with a current is independent of the presence of any distribution of 
magnets there may be, since the work done in traversing the closed 
path, and due to any magnets in the neighbourhood, we have seen to 
be zero (p. 230). It follows that if there are magnets or magnetic 
material in the neighbourhood of the current, they will not change the - 


- lows. 
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amount of work done in carrying a unit magnetic pole round the closed 
path, which is therefore always 47i. 

If then, the whole of space is filled with a medium of permeability 
pw, differing from unity, the magnetic field is everywhere the same as 
when the permeability was unity, and the work done by our unit pole 
in its circuital path is still 4mi. If the space be partly filled with 
magnetic material the work is still 477, but owing to the presence of 
free poles at the boundary of the magnetic material, the field will be 
increased at some points and diminished at others, a fact which will be 
seen in dealing with the demagnetising effect in the interior of a mass 
of iron in a magnetic field (p. 269). 

We must modify our conception of the equivalent magnetic shell 
for a given current circuit to bring it into accordance with these ideas. 
For we see that on filling space with a material of permeability u, the 
field everywhere due to the current is unchanged, but that due to the 


magnetic shell is reduced to : of its previous value (p. 233). Hence 


if the shell is still to be equivalent to the current we must increase its 
strength « times, and we may then say that in a medium whose 
permeability is everywhere , the current is equivalent to a magnetic 
shell of strength o, where o = wi. 

Force on Current in Magnetic Field.—The equivalence of a current 
and a magnetic shell leads us to the conclusion that a conductor in 
which an electric current is flow- 
ing will experience a force when 
situated in a magnetic field; in 
fact, it was by a series of experi- 
ments in which the forces on 
circuits carrying current were 
produced by magnets, that Am- 
pére established the equivalence 
of a current and a magnetic shell. 
The direction and magnitude of 
the force may be found as fol- 


Consider the circuit ABC, in 
which current 7 is flowing, to be 
displaced always parallel to itself Fig. 233. 
through distance daw, so that its 
new position is A’B’C’ (Fig. 233). Owing to the presence of a N pole of 
strength m, situated at N, work is done when the displacement occurs, 
and the potential energy of the system consisting of the pole and the 
current is changed, on moving the circuit from the first to the second 
position, by an amount equal to the work done in displacing the 
circuit. 

Let Fds be the force on element ds of the conductor, acting in the 


- direction of the displacement, F being the force per unit length at this 
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part of the circuit, Then Fds.da is the work done on the element 
ds during the displacement. And for the whole ae 
work done during displacement = =Fds , 
The area swept out by the element ds is that of the figure efgh = 
ds .da.sin ¢; and the solid angle subtended by this at the point N is— 
(area efgh) sin @ _ ds.dw.sin $.sin 8 
Ape ea. = x a pn 
where 6 is the angle between the line joining N to efgh, and the plane 
of efgh; and therefore the solid angle subtended at N by the whole 
curved surface ABCC’B’A’ is— 
ds.dx.sin ¢ sin 6 
° : 
Now if the solid angles subtended by the circuits ABC and A'B’'C’ 
at N be respectively Q and Q’, 
Q — Q/ = solid angle subtended by ABCO'B’A’ 
ds. dw. sin ¢ sin 0 
=> = : 


> 


But change of potential at N produced by the dispheas of the 
circuit (p. 226) . 


Cee iae 5 0 

The change in potential measures the difference in the amounts of 
work required to bring unit pole from infinity to N, when the circuit 
is at ABC and A'BC’ respectively, and is therefore the change in 
potential energy of the system for the given displacement when the ~ 
pole has unit strength. But since the pole has strength m, this change 
in potential energy is— 

d. 
ee ad: dx . ee an 

ds.dx.sin ¢ sin 
7, 


*, SFds.dx = mis 


And for this equation to be satisfied— 


mi sin sin 6 


r 


The greatest value of this for a given value of 6 occurs when ¢ = 
20 that i is, the force is greatest in a direction at right angles to that 


mt sin 6 
of the current, in which case F = aa and for an element des 


F= 
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- mi.ds sin @ 
Force = 


r ’ 
and further, for a given displacement in any direction the work done, 
and therefore the force on the element, is greatest when the solid 
angle subtended by the circuit is changed most for that displacement, 
and this is greatest when it is at right angles to r, which is the 
direction of the magnetic field due to N. The resultant force on the 
element is therefore always at right angles to the magnetic field, and 
we have seen that it is at right angles to the element ds, and hence it 
is at right angles to the plane containing the element of the current 
and the direction of the magnetic field. 

We see from Fig. 233 that in this case 6 is the angle between the 
current and the field, and therefore the force per unit length of 
conductor is — - e But ro is the strength of magnetic field H due 


to the pole, and pt (= 3) is the induction B due to it. 


.. Force per unit length of conductor = Bi sin @, and is at right 
angles to B and toi, The force is H i sin 6 when p = 1, 

It will be seen in Fig. 234 that the directions of the quantities 7, H, 
and F are related to each other as in Fig. 233, which may be remembered 


(Current)\ \ 


Fie. 234. Fid, 235. 


by Fleming’s Left Hand Rule. If the thumb, fore, and middle fingers 
of the left hand are extended so that they are mutually at right angles, 
and the mJddle finger point in the direction of the current (I), the 
Fore finger in the direction of the magnetic Field, then the thuMb 
points in the direction of Motion when the circuit moves owing to the 
- action of the field. 
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The same conclusion regarding the direction of the force experi- 
enced by a current situated in a magnetic field may be reached by 
considering the magnetic lines of force of the resultant field. Those of 
the original magnetic field are parallel straight lines and those due to 
the linear current are circles. The magnetic lines for the current and 
field combined are shown in Fig. 235, when the current flows down- 
wards through the plane of the paper. ‘The lateral pressures between 
the tubes of force above the wire where they are crowded together is 
greater than below it, and the result will be that the wire experiences 
a force which is directed downwards in the diagram, it will be seen 
that this is the direction previously found for it. 

Suspended Coil—We can thus explain the use of a suspended coil 
for galvanometric purposes; for a rectangular coil carrying current 

experiences a couple when suspended in a 

a magnetic field, The rectangular coil abcd 

(Fig. 236 i) may be considered to be the 

suspended coil of a galvanometer. Then the 

force per unit length of ab and de is Hi, and 

H the total force Hi(ab), the direction of the 

forces being shown in the plan (Fig, 236 ii). 

c These give rise to a couple Hi(ab)(ed) tending 

to twist the coil into the position in which its 
normal has the same direction as the field. 


Couple = Hi(ab)(ed) = Hi(ab)(ad) sin 6 


= sin 0, 


where A = ab xX ad, the area of the coil. The 
sides ad and be do not contribute anything to 
the couple, since the forces on them are verti- 
cal, that on ad being vertically upwards and 
that on be vertically downwards. 3 
Fic. 236, The couple HiA sin 6 might have been 
derived directly by replacing the circuit by its 
equivalent magnet shell, whose magnetic moment is 7A, and is in the 
direction of the normal to the coil. The couple on this is HA sin 0. 
If the uniform field H be due to a permanent magnet, and the 
coil be suspended by a metallic wire which exerts a controlling couple 
c6', where 6 is the angle between the plane of the deflected coil and 
the field, equilibrium is attained when— 


X c 
or ‘~ererl ES > - — s >——— 
4 HA ‘cos 6” 


The instrument is very much simplified by employing a radial field, 
in which case the vertical sides of the coil seen at a and d in Fig. 237, 
experience forces Hil always at right angles to the plane of the coil, 
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where J is the length of the vertical side. The deflecting couple is 
Hil(ad) = HiA. 
The coil therefore comes to rest when— 


C7 = HEA, 
or, imo =e 
“7 HA” 


and the current is directly proportional to the deflection. 

The radial field has the advantage that the couple due to the 
current does not depend on the position of the coil, whereas in uniform 
field it varies as the sine of the angle between the field and the normal 
to the coil. 

Effect of Current on Current.—From Ampére’s law of the equiva- 
lence of a current circuit to a magnetic shell, we should expect that 
forces would exist between two circuits carrying current. Such effects 
may easily be produced, and their magnitudes may be calculated from 
the forces between the equivalent shells. Thus, for two circular 
currents mutually at right angles (Fig. 238) where AB is a large circle 


”~ 
v2 


Fia, 237. Fia, 238. Fie, 239. 
and CD a small one, we have seen (p. 228) that the field at the centre of 
AB is =, where a is the radius and 7, the current ; the magnetic 


moment of the small coil is at, where a is its area and 7, the current in 
Qariviga 


it. Hence CD will experience a couple 


plane into that of AB when the two are at right angles, or 


tending to twist its 


QTatyle . 


n@ 


when the planes of the two coils are inclined to each other at an 
angle 6. 
| Again, the long straight current 7, (Fig. 239) produces a magnetic 
peta’ 74 


= aba distance r from it, and a second straight current 4, 


R 
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2i7, 
parallel to the first will experience a force Hi, or rt per unit 


length, and it will be seen that 
° when the currents are in the 
same direction the force urges 
i, towards 7,; when the cur- 
rents are in opposite direc- 


tions the force drives 7, away 
(@ ) © from 7, In each case an 
equal and opposite force acts 


on each unit length of 7,, and 
we see that currents in the 
same direction attract each 
other ; those in opposite direc- 
tions repel each other. 
Fic. 240. On drawing the magnetic 
lines of force due to the two 
parallel wires we come to the same conclusions, When the currents are 
in the same direction (Fig. 240) the two wires are surrounded by lines 
or tubes of force, which, by their contraction, would urge the wires 


ec) C) 
ve, 


Fig. 241, 


together. When the currents are in opposite directions (Fig. 241), 
there are no tubes of force surrounding both wires, and since they are 
more crowded in the space between the wires than in that outside, the 
lateral pressures of the tubes will urge the wires apart. 

Coaxial Coils.—(i) For two circular coaxial coils of very nearly the 
same radius, situated a small distance apart, the force on each unit of 


a (Fig. 242) in the direction ab. The com- 


length of either coil is 


‘ 
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ponent of this, normal to the axis, taken all round the coils, will, 
by symmetry, vanish, but the component parallel to the axis is— 

24%, ac 24,%,.% 

se a aby for unit length, 
and for the whole circle, since total length is 27r,, r, being very nearly 


equal to rs— r. 
2... 2arr, 


Pore == — 
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Le SI 


1 
' 
i) 
1 
! 
i 
OL." 1 x 
ave : 
Fig. 242. 
This is zero when « = 0, 7.2. when the coils are in the same plane, 
and its maximum occurs when AP ag? iS @ maximum, putting A’ in 
+ a 


place of (r, — 7,)?. 
d x (A? 427) — 2a? A? — 2? 


Now, 


a? 
Putting this equal to zero we have A? = 2. On obtaining clave) 


and substituting A? for «* the result is negative, and therefore A* = a? 
or(,—7y=2 corresponds toa maximum. The force between the 
coils is therefore a maximum when # =r, — Ny; and its value is 
then— 


ation fab 
%.— 7; 
When the coil r, is so small that the oe 


variation of the field over its surface, 
due to the coil r,, is negligible, let H be aa 
the field due tor, (Fig. 243). Thenifthe o——“2-+__--___o 
magnetic shell due to r, have thickness Wig, 243 
da, and pole strength m per unit of area— pee 


force on under face = H.m. zr,”, 


field at upper face = H + cs dx, 


and, force on upper face = (1+ 3 Bae. wr,*, 
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The resultant force on the small coil is the difference of the forces on 
the upper and lower faces, that is— 


No 2 
a daz .m. wry. 
But m. de is the magnetic moment of unit area of the shell; that is, 
the strength o of the shell. 
dH 


., force = ary. ¢. = 
: » daz 
But o = ¢,, the current in 1. 
dH 


.. force = mr,*t, . pa 


Now on p. 228 we showed that— 


Qrrshiy 
H= Geel 
dH 6arrriot 


“de Gey 
6 ar Prt ty ~& 
(re + at)t 
This is evidently zero when x = 0, and by differentiating it again 


.. force = 


is ; r 
we may show that it is a maximum when z = 5 
a 


Kelvin's Ampere Balance.—Although the forces between current 
circuits cannot in general be calculated by simple means, it follows 
from the equivalence of the circuits with magnetic shells, that the 
forces between them are always proportional to the product of the 
current strengths. 

In the case of Kelvin’s ampere balance, the forces between parallel 

circular coils are balanced against 

A ypu B @ gravitational force. The value 

Sg ee) of the current cannot be deter- 
sag minéd in absolute measure from 

F| the force and the dimensions of the 

coils, so that it is necessary to 

/ calibrate the instrument by means 

of a silver voltameter. The four 

D Cc coils, A, B, C, D (Fig. 244), are 
Fre, 244, fixed, and the two, E and F, are 
attached to the moveable arm 

which also carries a horizontal scale on which the weight W slides. 
The coils are all connected in series in such a way that when the 
current flows, the forces between A and E, D and E, urge E down- 
wards ; similarly F is urged upwards, The moveable arm is suspended 


E 


‘ 
. 
; 
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by the conducting wires which bring the current to E and F, and the 
centre of gravity of the arm can be adjusted by means of a metal flag 
until, when there is no current, the arm is horizontal when the sliding 
weight W is on the zero mark. The couple due to the current can 
then be balanced by sliding W to the right along the arm, the couple 
being proportional to the displacement of the weight. Since the force 
between any pair of coils is proportional to the current in each, the 
downward force on E and the upward force on F are each proportional 


ai 


Fic. 245, 


to the square of the current in the instrument, and the couple is there- 
fore proportional to 7”. 
Thus if d is the displacement of W required to restore equilibrium 
on passing the current— 
Pad 


or, 2 = kv d. 


The constant & is determined when the instrument is calibrated, 
and a fixed scale is also attached which is marked directly in amperes. 

There are several weights supplied with the instrument to alter 
the range, and for each weight a corresponding counterpoise also 
- supplied must be placed in the tray at the end of the beam. 

The general appearance of the instrument is shown in Fig. 245. 

Kelvin Watt-Balance.—The watt-balance is similar in design to 
the ampere balance, but the moveable coils E and F (Fig. 246) have high 
resistance and are not connected in series with the fixed coils, If the 
power absorbed in say a lamp L is required, the current in the lamp is 
caused to flow-through the fixed coils A, B, C, and D in series. The 
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moveable coils E and F are connected through a high resistance R, 
(to make the resistance up to in some cases 1000 ohms) to the points 
MN between which the power is being absorbed. Then if the current 
in the lamp is I amperes, this is also the current in the fixed coils, and 


Fic, 246, 


if the difference of potential between M and N is E volts, the current 
in the moveable coils is = R being their resistance together with R,. 
The force between each pair of coils B-E, E-C, etc., being pro- 
portional to the current in each, is proportional to | and the couple 


acting on the beam, due to these forces being balanced as before 
by the displacement d of the weight, we have— 


TE 

R% d, 
or, since R is constant, 

ie wicca 


But IE is the power in watts absorbed in the lamp, and this is 
consequently proportional to the displacement of the moveable weight 
required to maintain equilibrium. The constant k is determined by 
finding the displacement d for a known power, as measured by a 
standard ammeter and voltmeter, and the scale is usually graduated 
directly in watts. The adjustments are carried out as in the case of 
the current balance, and several weights are supplied to enable the 
range of the instrument to be varied. 

Siemens’ Electro-Dynamometer.—Two coils, ABCD and acbd, are 
situated at right angles to each other, and when the instrument is used 
as an ammeter the coils are connected in series. With the connections 
as shown in Fig. 247, there is an attraction between AB and ab and 
also between CD and cd, the currents being in the same direction ; but 
between AB and cd, and likewise between ab and CD, there are repul- 


sions, and it will be noticed that all these forces tend to rotate the ~ 


coil ABCD in the direction marked by the arrows, and further, that 
each of these forces is proportional to ®% ABCD is suspended by a 
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fibre and the light spiral spring 8, which is attached to a pointer at 
the torsion head, and exerts a controlling couple, proportional to the 
twist in the spring. A pointer P is attached to the moveable coil 
and serves as anindicator. ‘This is in its equilibrium position for zero 
current. On passing the current, the coil is 
deflected, but is brought back to its zero position 
by rotating the torsion head, the amount of 
twist necessary to be put into the spring to 
effect this being measured by means of the cir- 
cular scale. 
Then, couple « twist (= @) 
ee 


“Poe 6,or,i= kJ. 


The constant k may be found by observing 
for a known current, and the instrument may 
afterwards be used as an ammeter. 

This instrument is sometimes designed for 
use as a wattmeter; the fixed coil having a 
great many turns of fine wire to ensure a high 
resistance. The low resistance coil is then 
placed in series with the circuit, the power Fia. 247. 
absorbed in which it is required to measure, and 
the high resistance coil is placed in parallel across it. With this arrange- 


ment, current in series coil is I, and current in shunt coil R? 2 in 


the case of the Kelvin wattmeter (p. 246). 


EI 
. couple « 4, « 8, 
. EI = k6. 


Thus the power absorbed in the circuit is directly proportional to 
the twist in the spring necessary to maintain the moveable coil in 
equilibrium at its zero position, 

Electromagnetic Induction.—While attempting to find out whether 
a steady current produces another in neighbouring: circuits, in a 
manner analogous to that in which electric charges are produced by 
the influence of other charges (p. 113), Faraday found that so long 
as the current is steady the result is negative, but on starting the 
current, a transient current in the opposite direction flows in the 
neighbouring circuit. The arrows in Fig. 248 indicate the directions 
of the transient currents in B when that in A is started and stopped. 
Exactly similar effects might be produced in B by advancing towards 
it from the side A, a bar magnet with its S pole facing B. The 
transient current in B is in the direction of that produced on starting 
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the current in A. Similarly on withdrawing the magnet the effect is 
the same as that of stopping the current in A. 

Faraday explained these results by stating that when the total 
magnetic induction linked with a circuit changes, an electromotive 
force acts round the circuit, the direction of the electromotive force 
depending on the sign of the change of magnetic induction. 

The actual value of the electromotive force due to a change in the 
magnetic induction linked with any circuit, may be deduced from our 
knowledge of the force acting on a circuit carrying current in a 
magnetic field, by making use of the principle of the conservation of 


Fig. 248, Fic. 249, 


energy. Consider a piece A,B, of a circuit in which current 7@is flowing 
(Fig. 249), and let H be the magnetic field, making an angle @ with 
A,B, Then the force per unit length of A,B, is Hi sin 6 and is in 
the direction F at right angles to H and A,B,. Let A,B, slide upon 
parallel conducting rails in the direction of this force. If length of 
A,B, is 1, work done for displacement 6a, is— 


Féa = Hil sin @. da. 


Now, if e be the electromotive force of the battery maintaining the 
current 7, work done in time oé is eid¢, and this is partly used in over- 
coming the resistance r of the circuit, the remainder being employed 
in moving the conductor A,B, Now, work done in overcoming 
resistance is 7rdt, and if there is no other action than these two in the 
circuit, we have by the principle of the conservation of energy— 


eidt = ?rdt + Hil sin 6. dz, 
Hi sin 6. da 3 
Lar 8t 


r 


or, i= 


Thus the electromotive force e of the circuit is opposed by an 
HI sin 6. da 


electromotive force vi 
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On referring again to Fig. 249, we see that léx is the area described 
by the conductor in moving a distance dz, and H sin @ is the component 
of H perpendicular to this. Hence the product (H sin 6)(lix) is the 
total normal magnetic induction over the area A,B,B,A, when the 
medium is air; when the space has permeability ~, we must multiply 
by this amount, and in the above reasoning H must be replaced by B. 

In any case, calling N the total normal induction over the whole 
circuit, Bl sin 9.x is the change in this amount (8N) on account of 
the motion of A,B,, and we therefore see that this motion produces 


: N 
an electromotive force = in the circuit. In the limit when @¢ is 


infinitesima]— 
dN 


E.M.F, due to change of induction = — es 


The negative sign is taken because the electromotive force always 
opposes that producing the current, when the motion of the circuit is in 
the direction due to the electromagnetic actions themselves. If by some 
external agency the conductor were forced from A,B, to A,B, the 
direction of the induced électromotive force would be the same as e, 

T 
but N is now diminishing, so that a is again negative. 
Rule I.—The direction of the induced electromotive force is related 
to that of the motion and the magnetic field, in a 
manner illustrated by the three vectors in Fig. 250, Motion 
the positions of which may be remembered by means 
of Prof. Fleming’s Right Hand Rule. Extend the 
thumb, fore-finger, and middle finger of the Right 
hand until they are mutually at rightangles. Then 4 /p/7) 
if the Fore finger points along the magnetic Field, 
the middle finger along the current, I, the thuMb 
will then point in the direction of Motion. 
Rule I1—Another simple and useful rule for 
remembering the direction of the current in the I/Current 
whole circuit may be obtained by an inspection of Fi¢, 250. 
Fig. 248, If the observer look along the magnetic 
lines of force towards the circuit, the induced current is anti-clockwise 
when the induction is increasing, and clockwise when it is diminishing. 
lf the circuit in Fig. 249 were considered to be flexible so that 
each element were moveable, each part would travel outwards, the 
limit of travel being reached when the conductor became circular, in 
which case ib would embrace the maximum amount of induction, and 
hence the rule given by Maxwell, that a circuit always tends to move in 

that direction which tends to make the amount of induction through it a 
maximum. ‘This rule is sometimes of great convenience in determining 
_ the direction of a force acting on a circuit due to a magnetic field. 


I 


Fy 
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It should be noted that if the direction of H in Fig. 249 be 
reversed, the direction of motion is reversed. The circuit, if flexible, 
will then shrink and will eventually turn over and expand in the 
opposite direction, the motion all the time being in a direction towards 
the condition for the embracing of maxi- 
mum magnetic induction by the circuit. 
This may easily be shown by taking a 
loop of thin, flexible, rubber-covered 
wire and tying a piece of thread round 
at a distance of about 10 cms, from 

the end of the loop. On hanging it 

eats Se between the poles of an electromagnet 

Fia, 251. (Fig. 251) the loop will spread out to 

an approximately circular form on pass- 

ing a current of a few amperes round it. If the current be suddenly 

reversed, the loop collapses, and expands in the opposite direction, 

always reaching equilibrium when the current is clockwise, as seen 
from the N pole of the magnet. 

Lenz’s Law.—A nother generalisation on the laws of electromagnetic 
induction is due to Lenz,! which states that when a conductor moves 
with respect to a magnetic field, the currents induced in the conductor 
are in such a direction that the reaction between them and the 
magnetic field opposes the motion. 

This law follows at once from -the principle of the conservation of 
energy; for if the forces due to the motion were in any other direction 
the motion would be increased, and it would only be necessary to start 
a conductor moving in a magnetic field and its velocity would 
continually increase, which is contrary to experience. 

We can easily see that Lenz’s law follows from the electromagnetic 
effects that we have already studied. For 
if the magnet and the conducting loop | 
(Fig. 252) approach each other, the in- 
duced current in the loop as seen from 
the magnet is anti-clockwise (Rule II., 
p. 249), since the induction is increasing. 
Hence the equivalent magnetic shell has 

Fra, 252, its N polar side towards the magnet, and 

there is consequently a repulsion between 

them. ‘Their relative motion is thus opposed. If the direction of 

motion is reversed, the effects are all reversed and an attraction 
results, which is again in accordance with Lenz’s law. 

A well-known experiment in which a copper dise is caused to 
rotate underneath a suspended magnet, the magnet then being dragged 
round in the direction of rotation of the disc, is easily explained by the — 
electromagnetic effects. For the motion of the conductor in the magnet’s 


1 Lenz, Ann. de Phys., 31, p. 483. 1834. 
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field produces currents which tend to prevent the relative motion of 
the magnet and the disc, and the magnet therefore follows the disc, 
This is known as Arago’s disc experiment. 

If the disc were delicately suspended and the magnet caused to 
rotate, a similar explanation would show that the disc would follow 
the magnet. This is the principle upon which the polyphase induction 
motor is founded, a rotating magnetic field produced by alternating 
currents, causing a closed conductor mounted upon an axle, to rotate 
in the direction of rotation of the field (p. 374). 

Use is made of Lenz’s principle in constructing galvanometers 
of a dead-beat type, in which the suspended needle or coil will 
quickly come to rest after being disturbed. With an undamped 
system, the oscillations that occur after every movement, render it 
exceedingly tedious to measure deflections, or to find the zero position 
in making Wheatstone’s bridge tests. The oscillations are therefore 
damped out by surrounding the needle by a copper enclosure, the 
reaction between the induced currents in the enclosure and the needle 
itself tending to destroy the motion of the needle. 

In the case of the suspended coil instrument a copper ring is 
placed inside the coil, the induced currents in which, as the coil 
oscillates, quickly bring it to rest. The presence of the ring does not 
in any way disturb the position of equilibrium when making readings 
of deflections, unless there are magnetic impurities in it, as the 
currents only exist when the ring is moving. 

When unprovided with a damping ring, the suspended coil may 
be quickly brought to rest in its zero position by short-circuiting the 
galvanometer terminals, the induced currents taking place in the 
coil itself. : 

Circulation of Charge due to Induced Electromotive Force.—In a 
closed circuit, the electromotive force produced by the variation of the 


magnetic flux linked with the circuit, we have seen to be — - The 


; retieé ‘ 1 : 
current due to this being 1, we have i = — — , Where r is the 
resistance of the circuit. In the interval of time dt, the amount of 


charge crossing any section of the circuit is idt = dq, since, 


i= ai (see p. 121), 
: 1 dN 
dq — ip . “dt dt, 
a. 
—_—e r e 


Therefore the whole charge q passing any section as the magnetic 
induction linked with the circuit changes from zero to N, is— 
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5 . 
If the induction N is removed from the circuit, the total charge 


passing any section is + —. The sign indicates the direction in which 


qe , the N 
the charge passes round the circuit. Its magnitude is in each case —. 
r 


Ballistic Galvanometer—Suspended Magnet Type.—In order to 
measure the quantity of charge q which passes each point in a closed 
circuit, a galvanometer is inserted in the circuit. But the instrument 

63 must be of a particular type, as it has to inte- 
‘fe: grate the quantity dt, in order to give the 

: charge q. If the suspended needle or coil be 

: free to execute simple harmonic oscillations, 

_+Gir then an impulse given to it when at rest in its 

equilibrium position will set it oscillating, and 

the amplitude of the oscillation may be taken as 

a measure of the impulse. The following simple 

theory determines the relation between the quan- 

tity of charge passing through the coil of the 

@2 galvanometer and the resulting amplitude of 

Fia. 253. oscillation. The method of treatment varies ac- 

cording to the type of instrument. We will 

take the suspended magnet form first. Let the current in the coil 

(Fig. 253) at any instant be 7, then the magnetic field at the centre 

of the coil is Gi, where G is the field at the centre for unit current. 

The strength of pole of the suspended magnet being m, the force on it 

is Gim. This, acting for infinitesima] time dt, gives 1t an impulse 
Gimdt, and from start to finish of the current, the total impulse is— 


Gim 


T 7 
i rere sever | ide 
0 0 


But ip idt = q, the total charge sent round the coil ; 
: *, impulse = Gig. 


If half the length of the magnet be /, moment of impulse about 
the centre is Gmql, and for both poles, 2Gmql. 
But 2ml = M, the magnetic moment of the magnet ; 


*, moment of impulse = MGq. 


Consequently this is the angular momentum of the magnet, which, ‘ 
if I be its moment of inertia and w its angular velocity, is To; ; 


“GMg= Te. .*s 0. Qe 
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If we could observe w, then knowing the constants, G, M, and I, we 
could calculate g. We cannot, however, observe w directly, but it may 
be determined indirectly as follows. 

The impulse being over before the needle has rotated appreciably 
from its position of equilibrium, it possesses 
kinetic energy 4Iw? while still in the zero mH 
position. The needle will rotate until the 
controlling field brings it to rest, that is, 
until the work done in opposition to the con- 

trolling force is equal to the original kinetic 
energy. In the enlarged view of the needle 
in Fig. 254, mH is the controlling force on 
each pole, and if @ is the angle of deviation 
when the needle has just lost all its kinetic 
energy and is on the point of turning back, 
the work that has been done by theforcemH mH 


B 


on the pole is— Fia, 254, 
: mH x AB = mHI(1 — cos 6), 
and for both poles, = 2mHI(1 — cos 6) 
= MH(1 — cos 6), 
peed —cos 0) =flw? . . . . s «.» (ii) 


Eliminating » from (i) and (ii), 
- G?M*q? = 2MH(1 — cos 6) 
2 ui 
I 4H? (1 — cos 6) 
4-H’ @ 2 
NE 2 ae mM , 
= MH . @ -Sin z 


Now the time of oscillation T of the suspended needle, vibrating in 
the earth’s field, has been shown on p. 23 to be given by— 


I ae Be 
= 2 ans 7) aS ee 
a \/ ae + a ip 
¥ 4 H? 2 
Hence, "pe G2 sin’ 40, 
q= a sin 30 


Ballistic Galvanometer—Suspended Coil Type.—In the case of the 
- suspended coil galvanometer, the force on each vertical side of the coil 
_ for current i flowing in it is (HJ, where H is the magnetic field due to 
the permanent magnet (see Fig. 236) and 7 the length of the vertical 
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T 
side of the coil. The impulse as before is | *Hldt = Hig, and the 


0 
moment of momentum about the axis of suspension is Hlbq, for the two 
sides, where b is the length of a horizontal side of the coil. The area 
of the coil is Jb = A, and therefore the momentum equation is— 


HAg=leo .°) (Jee 


As in the previous case, the kinetic energy is }1w?, but now the coil 
is brought to rest by performing work in twisting the suspension. 

If c be the restoring couple for unit twist in the suspension fibre, 
cO is the couple for twist 6, and the work done for an additional small 
twist dé, is cOdé. : 


* . . . 8 
.. whole work done in twisting suspension = | cOd0 = 3c6? 
0 


where @ is the deviation of the coil when its kinetic energy 41w? is just 
expended in twisting the suspension. 


~fot=ieF . . | 
Cc 
@ 197 
H2A?2 2 
From equation (i) , o = ig i ’ 
, A ee 
a ig Bal we 
oe 
q Hage: go 


Now the time of one torsional oscillation of a body of moment of 
inertia I when ¢ is the couple for unit angle of torsion is— 


ANE 
“P= Gomes 
cr 
a 6 = 5A 


It will thus be seen that the relation between q and @ is not the 
same for the two types of galvanometer, the charge passing through 
the instrument being proportional to the sine of the angle of throw 6 in | 
the suspended magnet type, and to the angle 6 itself in the suspended 
coil galvanometer. It should be noted that H in the first case is the 
controlling field ; in the second it is the field to which the deflection is 
due, and hence it appears in the numerator in the first case and the ~ 
denominator in the second. These two magnetic fields should not be 
confused with each other. 
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Damping.—It never happens that the vibration of the suspended 
system is simple harmonic; the vibrations always die away, the 
amplitude getting less and less. This decrease is due to a number 
of causes, the most important of which are the resistance of the air to 
the motion of the system, and the electromagnetic damping described 
on p. 251. On observing successive values of 6 to left and right as 
the needle swings, it will be found that the ratio of one value to the 
next is a constant. Taking then @,, 6,, 63, etc., as the succeeding 


values of 6, we have — 


rotating vector OA (Fig. 255) upon 


This constant ratio d is called the decrement, and log.d the 
logarithmic decrement 2 ; therefore log.d = X andd=ec«*. When the 
oscillation is simple harmonic it may ; 
be represented by the projection of a 


any fixed straight line, say OB. In 
this case succeeding amplitudes are 
OB, OB’, OB, etc.; but if the ampli- 
tudes get less in a constant ratio, we 
must imagine the rotating vector OA 
to shrink at a constant rate, and it 
will be seen from the diagram that the 
shrinkage from @, to 6, takes place in 
half a vibration. If there were no 
damping, the amplitude would all the 
time have been 6 = OA; and since Fic, 255. 
the impulse was given to the system 
when in its middle position, that is the position corresponding to OA, 
the shrinkage of the vector that has actually occurred, before the first 
throw @, is observed, has taken place during a quarter of a vibration. 
Now, for half a vibration, shrinkage is— 


and for a whole vibration ? = "4, and so on, the shrinkage being 


2 3 
_ proportional to the power of ¢; and hence for a quarter vibration it is 
a a 


—= 


; : 6 
e. Therefore z= @ 
, i 


‘ne 2s xr x rs 
: o=6e =O +5+77+55 + at ) 


’ 


Since d must always be nearly equal to unity for a ballistic 
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galvanometer, A is always very small, and \’ and the higher powers of 


\ may be neglected. 
r 
2 6=6(1 +5) 


Thus we can correct for the damping of the needle, although we 
cannot avoid it, and the equation for the two types of ballistic 
galvanometer will then be— 


jolie r 
qg= ey sin yo( a 3), 


cT r 
ars a= pita (1 +3) 


If great accuracy is not required, the undamped throw may be 


obtained from the damped throw by multiplying it by “d, where d is 
the decrement, obtained by observing two consecutive elongations. 


oft. Oe 


and, 6 = 6,,/d. 


The advantage in the longer method lies in the fact that a great 
number of swings may be taken to determine X, for if 6, and 6, are 
observed, 10 half-vibrations occur between the observations— 


A, 
——— - = ss 
Gear "hs io ite ge 


Calibration of Ballistic Galvanometer.—In using the ballistic 
galvanometer to compare charges, or 
magnetic fluxes, the ratio only of the two 
respective throws is required, and the ~ 
constants occurring in the equations need 
not be found. If however the charge or 
the flux is required in absolute measure, 
we must by some means determine these 
constants. The most convenient method 
is to pass a steady current through the 
galvanometer by means of a standard 
Fic. 256, cell, a high resistance being included in 

the circuit. If a sufficiently high resist- 

ance is not available, a known fraction of the electromotive force of the 
cell may be obtained by means of a resistance box used as a shunt 8 
(Fig. 256). If then the effective electromotive force applied to the 
galvanometer circuit. be e, and r the resistance of the circuit, 


Hw xp 
current 7 = ss 
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Then in the case of the suspended magnet galvanometer there will 


Ge 


be a steady deflection 6,, where = = tan 6,, thatis, a tan 6,, 


_ G_rtand 
mie = Mears e ’ 


and the equation for g, on p. 253 becomes— 
eT sin 36 


4 = or ‘tan 6, 
: : el). 
which may be written gq = 5—- a? when 6 and 6, are small, 
1 


For the suspended coil galvanometer, the steady deflection 6, is 
biven by (AH = 06, (p. 241), ie. “A 


Hite 6 
= c6,, and substituting = for 


eat) ’ eT 6 
Pies the equation for g on p. 254, we have q = eB 


We see that when the calibration is performed in this way we are 
led to identical equations for the quantity of charge passing through 
the galvanometer with both types of instrument. T is determined 
by observing the time for a number of complete oscillations. 

Capacities. —If the condenser C be charged by means of the cell of 
electromotive force e,, the charge on the condenser will be e,C = q, and 
if this be sent through the ballistic galvanometer, we have from the 
last equation— 


Xr A 
eT 6(1 + 5) eT 6(1 %. 5) 
de a Qar- es or, V = Orre, 6, ; 


If the electromotive force e, used for charging the condenser be the 
same as ¢, that used in calibrating the galvanometer, the expression 


for the capacity becomes C = #8: . - Tt should be noted that if the 
1 
resistance is given in ohms, C will. be in farads 


(see p. 396). 


The charge and discharge key K (Fig. 257) c 
is a useful one; on depressing it the condenser |e ls 
is charged, and on releasing it, first one end K 


of the battery is insulated, and then the galva- 

nometer circuit is closed so that the condenser G 

is discharged through it. Fig. 257. 
When a comparison of two capacities merely 


is wanted, it is not necessary to calibrate the galvanometer; we 
_ obtain a throw 6, by discharging the first condenser OC, through the 


Cae oe 


§ 
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galvanometer, having previously charged it by means of a cell of 
electromotive force e, (Fig. 257), and then repeat the process for the 
second condenser C,, obtaining the throw 6). 


Then C, = k6,, and, C, = k6,, 


since the other quantities in the multiplier ( = ES or, k= uae 
are constant, and therefore k is constant. 

If one of the capacities be a standard, and the cell have known 
electromotive force, the instrument may be calibrated by finding the 
constant & from the relation g = eC =k6, but it should be noticed 
that the constant determined in this way may only be used when the 
galvanometer is on open circuit. When the circuit is closed, the 
resistance is not the same, and in general the time of oscillation T will 
be altered. 

Resistance by Method of Damping.—In the case of a ballistic 
galvanometer, the resistance to the motion of the moving part when 
the circuit is open, is due to air friction, viscosity in the fibre, and to 
the induced currents in any neighbouring masses of metal. This 
whole effect is very small in a well-designed instrument, and we may 
consider the effect to be a couple, whose value at any instant is propor- 


tional to the angular velocity, and ma y therefore be written p , We which 


opposes the motion of the suspended part. When, however, the circuit 
is closed, the motion of the suspended needle causes the coil to be cut 
by a magnetic flux, and a current to be induced in it proportional 
to the angular velocity, and inversely as the resistance of the coil, 
and the reaction between this and the pore teas field gives rise to a 


: : ; d : 
retarding couple which we may write a where mis a constant 


Re d 
involving the magnetic flux due to the magnet and the area of the coil. 
The equation of motion of the suspended part may then be written— 


129 m 

ae (R +0) EL 
where I is the moment of inertia of the moving part, and c the con- 
trolling couple per unit deflection when this is small. 
a6 1/m dd ¢ 
atin + ela + 19 = 


a6 
or, ae + 2b ais k’6 = 0, 


Thus, 


1/m c 
when, ae +p) = 2b, and, T = he? 
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The solution of which is (see p. 337)— 
6 = Ac-* cos Jk? — b't. 
Thus the elongation @, when t = 0, is A; and 6, whent = Fo 
PB 
o> 
is —Ae “#= and so on. Successive elongations being in opposite 


_ directions, the opposite signs of alternate elongations will be omitted, 
and we have— 


: a ee 
ee | ae ks hig | 
ae ae rr nae = OL GRE, 
Dr 8) a a ea gon 
| 6 
| Gg =, =o, =< Ve ad. 
Thus, log. d =A= Ee logarithmic decrement. 


Now, for the galvanometer tobe ballistic, b must be small in 
comparison with k, so that we have— 


4 a Om 1m \/ = 
SE ae teyV > 


-4i+) 


_ where p, =", and-a is a new constant. 


Se eS 


f Let the logarithmic decrement A, be determined with the galvano- 
| meter on open circuit; then R =o, 


and, Ay = ap. 
_ Again, let it be determined with the galvanometer short-circuited, 
Ry being the resistance of the galvanometer itself. 


: 
1 Then. r, = oe + ) 
, See R, Pr p 
and again, with a total resistance R in circuit— 
| 
‘ r= a 5 + ps) 
Subtracting Ay from d, we get— 
1 1 
agde- 2) 
ce aS tam 
Subtracting A, from Ax we get— 


a 
AR —~M= BR. 
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Now, dividing the last equation but one by the last— 

A4j—Ar R-R, 

AR—A =60Ry * 


R —R, is the resistance added for the third determination, and 
hence it can be found in terms of R, or vice versd. 

This method must be modified in the case of a moving coil 
galvanometer, for on short-circuiting the coil, the motion becomes dead 
beat; but two high resistances may be compared ; for if R, and R, be 
the total resistances, including that of the galvanometer, and A, and A, 
the corresponding logarithmic decrements— 


From which as before— 


Mom _ Re, 
Jy = ys te 
Bees 


Measurement of Magnetic Induction.—If a closed coil be rotated 
in a magnetic field, current flows in it owing 
to the electromotive force produced by the 
change in the magnetic induction linked with 
the coil. _Let the coil have effective area A 
and the magnetic field in which it is situated 
be uniform and of strength H. ‘Then, if the 
—_—————>— plane of the coil make angle 9 with the direc- 
Fig, 258, tion of the field (Fig. 258)— 


magnetic induction linked with coil = HA sin d= N, 


Hence, as the coil rotates— 
dN d(HA sin @) 


dt dt i 
and at each instant the current 7 is <. 
HA d(sin 6) 
OR tad hae meres) 
r dies 


HA 
or, idi = ——~ asin 6). 
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Tf, then, =3 at time t = 0; and —5 at the end of an interval of 
time ¢— 
6 ay T 
oN 
| “st ay = _HA d(sin 6), 
0 r * wT 
6 = 3 
nl i® QHA 
= ——]sin 9 = . 
i T ie 
2 


If, then, the coil is in series with the ballistic galvyanometer, 
ealibrated in the usual way— 


2HA aye 
r 
I 
or, A= sao 


where & is the constant determined by the ordinary method (p. 257). 

When H is the horizontal component of the earth’s magnetic field, 
the coil is known as the Earth In- ° 
ductor, Fig. 259, and the method may 
be used for determining H. On the 
other hand, if H be accurately 
known,.the method is a convenient 
one for calibrating the ballistic gal- 
vanometer, 

Care must be taken that before 
and after rotation, the coil shall be 
at right angles to the meridian, as 
otherwise the charge passing round 


the coil is less than = The cor- 


rect position is that in which a 
maximum throw is obtained for a 
sudden rotation of the coil through 
180°." + Fig, 259, 

The vertical component of the 
earth’s field may be found by laying the apparatus on its side so that 


the coil is horizontal before and after rotation. Then V = ae 


and the dip may be found by taking the ratio of the throws produced 


_ in the two positions— 
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rk rk 
H=53¢s, V=3,6n 
V 6y 


tan (dip) = Ri pet 
It should be noticed that in measuring a magnetic flux, the total 


amount of charge caused to circulate in the circuit is ~~ where r is' the 


resistance of the circuit, and consequently to get the greatest effect on 
the galvanometer, r should be as small as possible. With the suspended 
coil galvanometer, 7 must not be indefinitely reduced, for this would 
have the effect of rendering the galvanometer dead beat, whereas the 
relation between charge and throw depends on it being ballistic. 
Hence for the measurement of small values of the flux it is desirable 
to use a suspended magnet galvanometer, which, even when short- 
circuited, is usually sufficiently ballistic for the purpose. For large 
values of the flux, a suspended coil galvanometer may be used, a high 
resistance being put into the circuit without unduly diminishing 
the sensitiveness ; in fact, for measurements of magnetic permeability 
(p. 274) it is generally necessary to reduce the sensitiveness in this 
way, the additional advantage of rendering the galvanometer ballistic 
being attained. 

In the measurement of capacity no such difficulty arises, for the 
amount of charge caused to pass through the galvanometer is indepen- 
dent of the resisfance of the circuit. Hence the greater the number 
of turns in the coil of the galvanometer the better, and the sensitiveness 
of a high-resistance galvanometer is therefore greater than that of one 
of low resistance. 

Standards of Magnetic Flux.—Standard magnetic fluxes are very 
useful for the calibration of ballistic galvanometers. One form of such 


standard consists of a long solenoid, on _ 


the middle part of which is wound a 
secondary coil of a great many turns. 
If the solenoid have m, turns per 
centimetre length, the magnetic field in 
the interior when a current 7 absolute 
Fic, 260. units flows in it is 4rn,i (p. 229). If 
then A be the mean area of section of 
the solenoid, the total magnetic flux across any section far removed 
from the end is 4azniA. If the secondary coil has n, turns the effective 
amount of magnetic flux linked with it is 4rnjiAn, This flux enters 
it on establishing the current in the solenoid, and leaves it on stopping 
the current, and if the ballistic galvanometer be connected to the 
secondary terminal 8, 8, (Fig. 260), the charge caused to circulate 


through the galvanometer on starting or stopping the current is 


4anyn, At 


absolute units, where r is the resistance of the circuit. Since 


a a a ee 


Ix, GRASSOT FLUXMETER 263 


all these quantities are easily measurable, the method is a convenient 
one for calibrating the galvanometer. 
Another convenient source of flux is the Hibbert magnetic standard 


- (Pig. 261). <A block of hard steel has a cylin- 


drical slot cut in it. The steel is magnetised 
so that the magnetic flux cuts radially across 
the slot. A circular coil C wound on a hollow 
brass cylinder can be dropped into the slot, and 
in doing so cuts the magnetic flux due to the 
eylindrical magnet. The number of magnetic 
lines must in the first instance be determined 
by comparison with some such standard as that 
last described, and it is found that owing to 
the form of the permanent magnet the flux 
remains very constant and forms a useful and Fig. 261. 
easily employed standard. 

Grassot Fluxmeter.—The passage of the electric charge through 
the ballistic galvanometer must have ceased before the moving system 
has moved appreciably, or the impulse will not be applied to the system 
in its position of equilibrium, and our equations no longer apply. For 


‘Ineasuring magnetic fluxes, the Grassot fluxmeter has the great advan- 


tage over the ballistic galvanometer, that the change in flux need not 


- take place instantaneously, or at any particular rate, the moving coil 


being at rest before and after the change, the difference in position 
being proportional to the change in flux linked with the circuit. This 


- result is attained by reducing to a very small amount all sources of 


usually insignificant, so that the only effective 


damping other than that due to the electro- 
magnetic effect between the permanent field 
and the coil as it rotates, until this becomes 
the predominating control. The coil BB (Fig. 
262) is suspended by a single silk fibre attached 
to the spiral spring R to prevent damage from 
shocks. The current enters and leaves the coil 
by two fine silver spirals, S and S’. The 
mechanical control is thus very small, and the 
damping due to the air resistance to motion is 


damping is that due'to the induced current in 
the coil as it rotates, in fact the period of 
oscillation of the coil on open circuit is of the 
order of a minute. 

The terminals L and L’' are connected to 
an exploring coil, the variation in flux through Fra. 262. 
which, it is required to determine. If the 
effective area of the exploring coil be known, the magnetic induction 
ean be calculated from the flux (N= BA). With the exploring coil 
connected, the total resistance is of the order of 20 ohms, and the coil 
will remain practically at rest in any position. 
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When the flux through the exploring coil changes, there will be 
an electromotive force acting in the circuit, and consequently a current 


Nae TCA : : ad ye 
in it, whose value is a=; where r is the resistance of the circuit and 


e the resultant electromotive force. The coil therefore experiences a 
couple AH, A being the effective area of the galvanometer coil and 
H the field due to the permanent magnet. 


j dw 
*tAH = I 


where I is the moment of inertia of the moving coil and w its angular 
1 
velocity, so that =H is its angular acceleration. 


eAH dw : 
> if dt . a, Loni . < (i) 


Then, 


r 


Now e is the difference between the electromotive force due to rate of 
change of flux in the exploring coil (2) and that in the galvanometer 
coil due to its rotation with angular velocity w in the field of the 
permanent magnet. The latter is AHo, or AH - , where @ is the 


angle the coil makes with its mean position. 


dN 
Thus, c= (4, - Aue), 
N do) a 
and from (i), “(9° — an?) = 1%. 


Integrating, we have— 


t 

Now the last integral is [.| , and since the coil is at rest before 
t=0 

and after the change in flux, both these limiting values of w are zero. 


t 
_ | (an dd 
oe — AH; dt = 0, 
t t 
or, [x] — ax{o| =0. 
0 0 


fe. N = AHO ='k0; 
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where N is the total change in magnetic flux linked with the exploring 
coil, and @ is the corresponding change in position of the suspended coil. 
This relation is independent of the time during which the change in flux 
takes place. Thus to measure a flux, all that is necessary is to put the 
exploring coil into the space in which the flux is required, in performing 
which action the coil cuts the flux to be measured, and the displacement 
of the galvanometer coil measures at once this flux. The coil is 
provided with a pointer moving over a scale so calibrated that with an 
exploring coil of definite resistance the flux for one division of the scale 
is known. A mirror is also attached to the moving system, so that by 
means of the deflection of a spot of light, very small magnetic fluxes 


-may be measured, but in this case the scale must be calibrated by using 


a known flux to determine the constant & in the expression N = k6. 


CHAPTER X 
MAGNETIC PROPERTIES OF MATERIALS 


Theories of Magnetisation—Passing over the early theories of 
magnetisation, which accounted for the phenomena by the existence 
of two magnetic fluids (Coulomb), and others by means of vortices 
(Decartes), we come to the first approach to a molecular theory, due to 
Poisson, who supposed that the magnetic materials contained small 
spheres which are conductors of the magnetic fluids, and in a magnetic 
field behave in an analogous manner to that of conducting spheres in an 
electric field. The next advance was due to Weber, who assumed that 
the molecules of a magnetic substance are themselves permanent 
magnets, and that in the act of magnetisation they are turned into the 
direction of the magnetising field. In order to account for the fact 
that a field, however weak, will not set all the molecular magnets 
parallel to the field, and therefore produce saturation, a mechanical 
restraint opposing their rotation was postulated. Prof. J. A. Ewing 
added to the molecular theory by showing that the magnetic inter- 
action between the molecules themselves is sufficient to account for the 
known behaviour of magnetic materials. Hwing’s theory will be 
considered more in detail later, but we. shall take the molecular 
hypothesis as fully established. 

Intensity of Magnetisation and Magnetic Susceptibility —We 
define the intensity of magnetisation (1) of a magnetised material as 
the ratio of the magnetic moment to the volume of any piece of it, the 
piece being sufficiently small for us to consider its magnetisation 
uniform. 


Thus, pe tenons menial 
volume 


If a rectangular piece of the material (Fig. 263) have length J parallel 
to the direction of magnetisation and cross-section a, then if o is the 
amount of pole per unit area of each end, we have, when the magneti- 
sation is uniform,—total pole at each end is ac, and the magnetic 
woment is lac. But the volume is la, 


- on account of the rotation of its mole- 


a 


field be found for every point, we /f:-- 
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Thus the intensity of magnetisation may also be defined as the 
amount of pole per unit area taken at right angles to the direction of 
magnetisation. 

If the volume taken be situated in the interior of a magnetised 
body, o is not free pole, in the sense that it produces an outside effect, 
for it is situated indefinitely close to an equal and opposite amount of 
pole upon the adjacent layer. It is only where the magnetic poles form 
the outside layer of the material that their effects are not balanced by 


Le ees 


Fig. 263. Fig. 264, 


that of opposite poles, and the ordinary polar phenomena are produced, 
as at A and B (Fig. 264). 

The ratio of the intensity of magnetisation (1) at any point within 
a body to the magnetic field (H) to which it is due is called the 
magnetic susceptibility (k) of the material. Thus k =F 

Induction within a Magnetic Material—The magnetic induction 
(B) has already been defined on p. 234 as the product »H, where H is 
the strength of magnetic field, and » the permeability, which we have 


seen is defined from the relation F oT for the force between 


2 3 
poles situated within the material. We will now obtain the value of 
B in terms of I and H. 
On placing a bar of unmagnetised material in a uniform magnetic 
field, the material becomes a magnet 


cules into alignment with the field, 
and if the resultant of the field pro- ‘s 
duced by the magnet and the original 


have then obtained the field actually : 
existing. for external points there 5 ys . 
is no difficulty when the field due to i oc oe 7 Se 
the magnet is known ; at points such = + 
as 1 and f (Fig. 265) the field is Fic. 265. 
strengthened, and at g and h it is 

weakened. Within the material, let us imagine a surface AB of unit 
area, drawn at right angles to the direction of magnetisation, in the 
interspaces between the molecules. If the intensity of magnetisation 
be I, the amount of pole on each side of the area is also I (see above), 
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N pole on one side and § pole on the other. The field in this interspace 
due to each polar surface is 27I (see p. 234) in the direction of magneti- 
sation, and due to the two together it is 47I. Thus the magnetic 
induction (which is also the magnetic field in the interspaces where » 
is unity) over this unit area is H, together with 47I due to the resulting 
magnetisation, and the total B, or »H, is the sum of these two, 


« B= H+ 471. 


It is this induction B, or »H, whose surface integral over a closed 
surface is, according to Gauss’s theorem, equal to 4a times the total 
magnetic pole within the surface. 
‘The magnetisation contributes to the 
induction; but owing to the prox- 
imity of the molecular N and § poles 
to each other, it does not contribute 
to the force on a pole of finite size 
situated in the medium. ~The re- 


5 tee ee sultant state of affairs may now be 


a ge \ Xs represented on a diagram by draw- 
= Seearanee Pee i ing the resultant induction every- 
Fra. 266. where. In the space outside the 


magnetic material the problem re- 
sembles that for a bar magnet placed in a uniform field, and we are 
assisted in completing the drawing for the interior of the material, by 
remembering that the induction inside is continuous with that outside. 
The last diagram now becomes modified to the approximate form 
shown in Fig. 266. <A similar diagram for a sphere is shown in 


Fig. 153. 
On dividing the last equation through by H we have— 
B I 
H = i a ep 
that is, joie Aak. 


Thus, if by any experimental means k be determined, ~ may be 
calculated, and vice versd. : 
Demagnetisation. — It must be 

H understood. that H in the above ex- 
pression is the actual field producing 
magnetisation within the material, and 

$s N that if there are free poles upon the 
specimen they will always produce a 
field which is in opposition to, and must 
be subtracted from, the original field, 
within the material, to obtain the 
resultant magnetising effect. Thus, 
for a magnet NS (Hig. 267) each pole produces its own radial field, 
the resultant being the ordinary field due to a pair of poles. At the 
middle of the magnet this field is opposed to the magnetising field H, | 


Fig. 267, 
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and therefore exerts a demagnetising effect upon the bar. It is for the 
purpose of removing the free poles that produce this demagnetising 
effect, that permanent magnets are usually provided with ‘soft-iron 
keepers, the keeper producing poles equal and opposite to those of the 
magnet, and being very nearly coincident in position with them, these 
poles produce a field equal and opposite to the demagnetising field. 

Whatever the form of the magnet, the demagnetising field is pro- 
portional to the strength of the pole to which it is due, and this in turn 
is proportional to the intensity of magnetisation, so that the demag- 
netising field is equal to NI, where N is a constant depending on the 
geometrical form of the magnetised body. 

If then H’ is the magnetising field when the body is absent, and 
H that actually existing in the interior of the body— 


H = H’- 
N may be calculated in a number of simple cases when the 


interior field is uniform, but this is not in general the case. On 
p. 235 we saw that the resultant field inside a sphere of permeability p, 


3 
+ on, times the external 
field. If now we consider a sphere of ee of bes meability w situated 


situated in a material of permeability p, is 


in air, the resultant interior field is 


eae times the original field, that 


Ss — 


Remembering that, = 
and that, Lle= 
H = 


we then have, H’ — érl, 


from which we see that for a sphere, N = jz. Thus, with the value 
p = 1000— 
aie Ps oe H! |B 

and since B = »H— : 


B = 2600H’ = 3H’ approximately. 


1002 


If there were no demagnetisation effect, B would have 
been 1000 H’; and hence the important part played 
by the free polar surfaces in this case. 
The effect is greatest for a magnetic sheet per- 
 pendicular to the field. In this case the surface con- 
— dition (ii.), p. 234, tells us that B = H’ (Fig. 268). Fie, 268, 


Ht 


Further, “B= pH, epee 


But, =] + Anke, . A( + dak) — i, 
H = H’ — 4rI. 
oo NS 4a 
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For a permeability of 1000, the actual field inside the sheet is only 
jo55 Of that outside. 

In the case of a very long wire parallel to the field, the demagneti- 
sation effect throughout the greater part of the length of the wire is 
negligible, owing to the distance away of the poles at the ends. When 
the wire is not very long, Ewing’ treated it as an ellipsoid with the 
axis parallel to the field of much greater length than the axes perpen- 
dicular to the field. 

For an ellipsoid having semi-axes, a, b and c, when ¢ is the long 
axis, parallel to the field, and a=b= ,/1-—e’c, it is shown in 
“ Maxwell’s Treatise on Electricity and Magnetism,” vol. ii., that— 


1 1 lte 
N= 4e(5 - 1)(3; eG - 1) 


and using this equation, the values of N corresponding to different 


c : ; : 
values of aor ratio of length to diameter of the wire, are calculated— 


length 
diameter N. 

50 0:01817 
100 0-00540 
200 0-00157 
800 0:00075 
400 0:00045 
500 0:00030 


Thus for a wire of length equal to 500 times its diameter— 
H = H’ — 0:000301, 


Ore = = 1 + 0:00030k. 


k does not often exceed 200, and for this value—« 


HI’ 


Thus, the field is reduced about 6 per cent. by the free poles. The 
magnitude of the effect shows that in measuring the susceptibility of an 
iron wire, it is usually necessary to correct the magnetising field for the 
demagnetising effect of the free poles upon the specimen. 


1 J. A. Ewing, ‘ Magnetic Induction in Iron and other Metals.” 
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Practical Methods.—(i) Magnetometer. For material in the form of 
a wire, the magnetometer, as developed by Ewing,’ is usually employed 
in studying the magnetic properties. The specimen is placed vertically 
inside a magnetising solenoid, with its upper pole on a level with the 
needle of the magnetometer of the type shown in Fig. 7. If then a 
be the area of cross-section of the wire, the strength of pole at each end 


mall] | 


COO 


LUDURUEERREDREEEANINT 


mill! 


is [a, when intensity of magnetisation is I, and the strength of field at 


7 Fie. 269. 


I 
the magnetometer needle M due to the pole A is 3 (Fig. 269). That 


F I ‘ 
due to the pole B’is — Fir the horizontal component of which 
I 


pis — @ pp the resulting horizontal field due to the specimen 


EA 
is Taf 5 _ a When this is at right angles to the controlling 


_ field f, then the deflection 6, is given by— 


2 


1 d 
Tal - appa fo 4 


d , ‘ 
If the specimen is very long the term (E+ Pi is small, but in any 


case it may be calculated. The effective length / is about three- 
_ quarters of the length of the wire. If the controlling field f be known, 


I can then be found in terms of the deflection 9. The magnetising field 
H’ is known in terms of the current 7 in the magnetising solenoid ; n 


_ being the number of turns per centimetre length of coil, H’ = 47ni, 


where 7 is in absolute units. 


1 J. A. Ewing, “‘ Magnetic Induction in Iron and other Metals.” 
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There are several disturbances to be allowed for. In the first place 
the solenoid produces a magnetic field at the magnetometer. This effect 
is eliminated by placing the vertical circular coil C, whose axis passes 
through A and M, in series with the solenoid and adjusting its distance 
from M, with the specimen removed, until on passing the current 
the magnetometer needle is undisturbed. ‘This balance, if perfect for 
one current, holds for all currents, and the disturbing effect of the 
solenoid on the needle is then eliminated. The coil C serves another 
useful purpose, for if we disconnect the solenoid and observe the 
deflection 6, produced by a current 7, in C, we can obtain the value of 
the controlling field f. Calling the distance of M from CO, a, the field 


Qarn 
at M due to the current in C is Cee Ey a (see p. 228), where n is the 
number of turns in C. 
Qrnaa 
£O (+2) = f tan 615 


from which f can be found. 

The second disturbance is due to the fact that the specimen is 
always magnetised by the vertical component of the earth’s magnetic 
field. To eliminate this effect a second solenoid is wound upon the 
first (not shown in the diagram) and the current in it adjusted until, 
on demagnetising the specimen, the magnetometer needle remains in 
its true zero position when there is no magnetising current. This 
earth neutralising current is maintained constant during the experi- 
ment. 

Having made all the adjustments, a series of values of 6 and 7 is 
observed, beginning with the slider of the rheostat in the position R,, 
so that the value of the magnetising current is small. The current is 
then increased step by step to a maximum by moving the contact from 
R, to R, 6 and 7 being observed at each step. The current is then - 
diminished in a similar manner to zero, then reversed by means of the 
key K, increased to a negative maximum, diminished to zero, and 
finally reversed and increased to its original positive maximum. ‘The 
series of readings of @ and ¢ are then converted by constant factors, 
determined as above described, into the corresponding values of I and 
H’, which may then be plotted in the form of a curve. In the 
case of the ordinary reflecting magnetometer, the deflection is usually 
sufficiently small to use 6 instead of tan 6, without appreciable error. 

Then— 


Qrnat, 1 d ree 
T= ry ai, ' \2- GaP pee 
H! = 47ni. 


If the currents are measured in amperes, each of these expressions 
must be divided by 10, 
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The dotted curve H’ for a specimen of steel piano wire is shown in 
Fig. 270. To obtain the curve connecting I and H from this, the demag- 
netisation effect is to be allowed 
for. To do this the line Oq is drawn 
through the origin, making angle 
pOq such that the tan pOg = N. 
But H = H’ — NI. Then, 


pg = Op tan (pOq) = Op. N = NI. 


Thus, pg = H’ — H, and drawing 
ef = pq, horizontally from the point 
e of the H’ curve, we get the corre- 
sponding point f on the H curve. 
The whole curve is then corrected 
in the same way. This is equivalent 
to shearing the H’ curve through an 
angle tan~' N to obtain the true H 
curve, and obviates the necessity of 
calculating the demagnetisation ef- 
fect H'—H or NI for every reading. Fig. 270. 
(ii) Ballistic Method.—In this 
method the total magnetic flux in the material is measured by means 


of the ballistic galvanometer. The material in the form of a ring, 


usually of circular cross-section, is wound uniformly with an endless 
solenoid which produces an approximately uniform magnetising field 
4anyI 

“TOF (p. 232), where the current I in it is measured by the 
ammeter A. 

A secondary coil of n, turns (Fig. 271) is also wound upon the ring, 
and is cut by the magnetic flux Ba, on establishing the magnetising 
field, B being the magnetic induction in the material, and a the area 
of cross-section of the ring. In series with the secondary coil is 
a ballistic galvanometer G. The charge caused to circulate in the 

Ban, 


galvanometer is then R”? where R is the resistance of the secondary 


Bans 


R= k0. kis determined 


by means of the standard flux produced by the straight solenoid n, and 
its secondary n, (p. 262), and if 6, be the throw produced by establish 
ing current J, in this standardising solenoid— | 


. Ann T,An, 
10R 


circuit, and if be the galvanometer throw, 


=> k6, ’ 


The two secondaries nm, and n, being permanently in series with the 
Bo emeter, R is the same in both cases, and therefore, eliminating k 
from the last two equations, we have— 

T 
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4zn.n,Al, 
Bede 
From this and the equation— 
4azn, 
H=79 1 


the ballistic throws 6, and the ammeter readings I, may be converted — 
into the corresponding values of B and H. 


| 


. From an inspection of Fig. 272 it will be seen that on establishing 
a field Oh, and then removing it, the reverse throw on remoyal will be 
less than the direct throw on pro- 
ducing it, since a large fraction of 
the magnetisation remains ; in fact, 
the throw obtained on establishing © 
or removing the field depends so 
much on the previous condition of 
the specimen that it does not afford — 
any useful information regarding 
its condition. ; 
A better method of procedure 
is to obtain the throw for a reversal 
of the field, which of course gives 
2B instead of B, for any value of 
Fic. 272. H. Thus in Fig. 272, if the value of 
the magnetising fieldis Oh, and this 
be reversed to Oh’ = — Oh, B changes from Ob to OV’, that is, the ballistic : 
throw is proportional to bb’ = 20b. Instead of halving the value © 
obtained for B to get that corresponding to the magnetising field Oh, © 
it is usual to use a reversal of the current I, when obtaining the 


\ 
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standardising throw 0,, and since the throw for a reversal is made in both 


F a .. 4anyn ALO 
cases, the numerator and denominator in the quantity ——— are 
: ~ 10an.6, 


both halved, which of course leaves it unaltered, and the fact of reversal 
may be ignored. 

The method of procedure then is to apply the greatest magnetising 
current that is going to be used, and adjust the resistance R, until 
the ballistic throw on reversing the current by means of the key K 
(Fig. 271) makes full use of the galvanometer scale, but still lies 
upon it. This resistance must then remain constant throughout the 
observations. A few reversals of the current bring the iron into a 
steady cyclic condition, and then the throw 6 for the reversal of the 
current I from positive to negative and again from negative to positive 
is observed, and the mean value of the two taken. The current is then 
reduced by means of the rheostat R,, the repeated reversals performed 
and the process repeated. ‘This is continued down to the smallest 
currents that give a reasonable throw. The 6’s are then converted 
into B’s, and the I’s into H’s, and the results plotted in the form of a 
curve. In Fig. 272 the curve OMP is obtained in this way for a ring 
of soft iron, and the permeability p is calculated for each value of H 
by dividing B by H. 

In this method there are no free polar surfaces, the tubes of 
magnetic induction being complete circuits within the iron; there is 
therefore no demagnetising effect, which is one of the advantages of 
this over the magnetometric method. Another advantage is that the 
galvanometer, if of the suspended coil type, is much less sensitive 
to outside magnetic disturbances than the magnetometer needle. 
Thus the employment of the magnetometric method requires the best 
laboratory conditions for success, but the ballistic method can be 
carried out almost anywhere. On the other hand, the ballistic method 
requires the welding, turning to circular form, and separate winding 
of each specimen examined, whereas in the magnetometric method 
any piece of the wire to be tested can be immediately placed in the 
magnetising solenoid for experiment. Then again the ballistic method 
does not, asa rule, give us the cycle of magnetisation, but only the 
curve passing through the tips of the cycles for various magnetising 


fields. 


Cycle by Ballistic Method.—If a cyclic curve of magnetisation be 


- required, it may be found by modifying the key K, Fig. 271, by 


replacing one of the cross conductors ab by a rheostat R, (Fig. 27 3). 
In making the reversals to establish the steady cycle of magnetization, 


_ the short-circuiting tapping key T can be closed. To make the first 


h 


i 
; 
a 


- measurement, T is kept closed and the rocker which connects e to d 


and f to 6 thrown over to a and c, which simply reverses the current. 
The reversal of H from the value OE to OF (Fig. 274) causes a throw 
proportional to the change of induction AB, and this is plotted 
downwards from ‘A, the point C on the curve being obtained. Thea 
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process is now repeated with T open, so that the magnetising field 
OE is reversed to the value OG, the corresponding throw being 
proportional to AL. This gives us the point M on the curve. 
'T’ is then closed, the reversals made to re-establish the cycle, R, in- 
creased, T’ opened, and another throw obtained, giving the point 


Fig, 273. Fig, 274, 


P on the curve. The point S is found by merely breaking the circuit 
to reduce the field to zero, the throw proportional to AR being 
obtained. Points such as IT are obtained by diminishing the field 
OE or suddenly increasing, by a small amount, the resistance of R, 
(Fig. 271). The other half of the cycle may then be drawn from 
symmetry. 

The values of I may be obtained from those of B by means of the 
relation B= H+ 47I. Thus the I—H curve may be derived from 
the B—H curve, and vice versa. 

Cycle of Magnetisation— Hysteresis.—The behaviour of magnetic ~ 
materials when subjected to cyclic changes of magnetic field, were first 
systematically studied by Prof. J. A. Ewing, and for a detailed study 
of such cyclic changes, the student is referred to Ewing’s work on 
“‘ Magnetic Induction in Iron and other Metals.” A typical cycle is © 
seen in Fig. 275, the behaviour of the material being represented by the 
curve OABCDEFG. It will be observed that the descending branch 
of the curve always lies above the ascending branch. Hence the zero 
value of I occurs at a later point of the cycle than the zero value of H. 
To this lag of the magnetisation behind the magnetising field Ewing 
gave the name of Hysteresis, 

The value OC of the intensity of magnetisation when the mag- 
netising field is reduced from great values down to zero is called the 
Residual Magnetism. ‘The value OD of the reversed field required to 
reduce the intensity of magnetisation to zero, is called the Ooercive Force. 
A knowledge of the intensity of magnetisation near saturation, together 


4 
j 
2 
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with the values of the residual magnetism and the coercive force, enable 
one to draw approximately the magnetic cycle, and hence, failing the 
complete diagram of the cycle, these three quantities give avery good 
knowledge of the magnetic properties of the material. 

The condition of the material at a point in the cycle represented 
by D, is very different from that of the 
neutral or unmagnetised condition repre- 
sented by O; for a further negative field De 
produces a large increase in the intensity of 
magnetisation represented by ef; while an 
equal negative field Og, applied to the un- 
magnetised subtance, would only produce the 
small intensity gk. Or again, if, when the 
point L on the cycle is reached, the magne- 
tising field, instead of being continued in 
the negative manner is brought back to its 
positive maximum, the dotted curve LB is 
followed, or if the return is made on reaching 
the point D, the path is the dotted curve Fic. 275. 

DMB, in either case a closed loop being 

formed. Thus if the field is merely removed after the point D has 
been reached, there will be remaining magnetisation of intensity OM, 
and the specimen is certainly not demagnetised. The only satisfactory 
way to demagnetise a specimen is to take it repeatedly through 
cycles of continually decreasing range, ending with extremely small 
cycles ; for the effect of one or two reversals of the field is to wipe 
out the effect of previous cycles, provided that there is not a great 
difference in range between the cycles. A specimen of iron may 
be demagnetised by heating it to red heat, and allowing it to cool 
in a region of no magnetic field; but this method is unsatisfactory, 
as the heating and cooling change the physical -properties of the 
material, 

Iron and Steel.—In Fig. 276 the curves are taken from Ewing’s 
results, A is for annealed soft-iron wire, and B for the same wire after 
being hardened by stretching. C is for annealed pianoforte steel wire, 
and D for the same wire, glass-hard. We can see that the harder the 
material, the less is the residual magnetism, and the greater the coercive 
force. In Fig. 277 we have the curve E for annealed nickel wire and F 
when hardened by stretching. G is that for cobalt (containing 2 per 
cent. ofiron), The curve for nicke! resembles that for soft iron, but 


the saturation value of B is only about one-third of that for iron, The 


cobalt curve resembles that for steel, but the ascending and descending 
branches lie closer together. The saturation value of B for cobalt is 
very little short of that for iron and steel. The coercive force for 
nickel is about 7°5 and for cobalt 12. 

The effect of mechanical disturbance such as tapping is to make the 
ascending and descending branches for soft iron very nearly coincide ; 
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the residual magnetism and coercive force are practically zero, The 
effect upon steel is in the same direction, but is not so marked. 


Fig. 276. 
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Work due to Hysteresis.—The act of taking a body through a cycle 
of magnetisation involves the expenditure of energy ; for the energy 
required to magnetise a specimen is not recoverable on removing the 
magnetic field, since the magnetisation does not fall to nothing; a 
negative field has to be applied before the intensity of magnetisation 
is brought to zero, 

We will show from first principles that the work necessary to 
produce a change dI in the intensity of magnetisation is Hdl, dI being 
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so small that the magnetising field H may be considered to be constant 
throughout the change. 

Let m be the magnetic moment of one of the molecular magnets of 
the material, and @ the angle its axis makes with the direction of 
magnetisation. 

m cos @ and m sin @ are the components of its moment parallel and 
normal to the direction of magnetisation. Then for the whole of the 
magnetic molecules throughout unit volume, Sm cos 6 = I, the total 
magnetic moment per unit volume, and further Sm sin 6 = 0, other- 
wise there would be a component of the magnetic moment at right 
angles to the direction of magnetisation, which is contrary to the very 
meaning of the term 

From the former equation we have— 


dm cos 6 = dI 
ie, — Sm sin 6.d0 = di. 


Now the couple acting on the molecule m in the field H is mH sin 6 
(Fig. 278); and for a small rotation —dé the work done is 
—mH sin 6. dé. 


For all the molecules in unit volume— 


work done = — SmH sin 0.d0, 
= —HXmsin 0. dé, 


since H is constant. But this means an increase dI in the intensity 
of magnetisation, and 
— msin @.d6 = dl, 
.. work done = HdI. 


Thus in the I—H diagram, Fig. 279, the work done for the small 
change dI in the intensity of magnetisation is Hdl, that is, the area of 


Fic. 278, ¥ : Fic. 279, 


the strip ef, and that in passing round the curve from a to d is the 


area of all such strips, that is the area abecdfa. Similarly the 


work done for the path dka is represented by the area dhkabed ; and the 


ve 
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balance of work done on the specimen’ of unit volume, for the whole 


cycle is area afdka; thus | Hd1 is the work done for any cyclical path, 
see 


where [ is the integral round the whole path. We can therefore see 


0 

that the work for a cycle of magnetisation of steel is much greater 
than that for soft iron, since the hysteresis curve encloses a much 
larger area, This work appears in the form of heat in the specimen 
and represents an irrecoverable loss of energy. Not only is energy 
lost, but the heating effect is cumulative, and in a mass of iron 
subjected to an alternating magnetic field, as in the armature core of 
a dynamo, or the core of a transformer, the consequent rise of tem- 
perature may be considerable. For this reason the iron used for these 
purposes has as low a hysteresis effect as possible. 


The area | HdI may be obtained from any of the I—H cycles, 
0 


paying due regard to the scale upon which the curve is drawn. If the 
curve be one for Band H, the area must be divided by 47 to obtain the 
work done per cubic centimetre per cycle. 


For, B=H-e471) 
- HdB = HdH + 4cHdl, 
=e I, Has = fs dH. de if Hdl. 


The term i HdH is necessarily zero, for if we plot H against H, we 


get a straight line, and the area enclosed for any cycle will of course 
be Zero. 


The value of | HdlI varies from-about 10,000 ergs for annealed soft 


0 
iron to 117000 ergs for hardened pianoforte steel wire. 


Taking the density of iron as 7:7 and its specific heat 0-11, ; 


the thermal capacity of 1 cc. is 7:7 x 0-11, and the rise in tem- 
j Ha 


perature per cycle of magnetisation is 
the mechanical equivalent of one calorie being 4:2 x 10’ ergs. Fora 
value of 50,000 for i HdI, and a frequency of 100 cycles per second, 
we have a rise of temperature per second of — 


50000 x 100 
TEIE SRO, Se Hey Sei 


or 8:4° per minute, provided that the heat produced did not leak away. 
Hysteresis Tester..—The importance of this hysteresis loss of 


> J. A. Ewing, Inst. Elec. Eng., vol. 24, p. 398, 1895. 
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energy in a magnetic material led Prof. Ewing to devise a piece of 
apparatus by means of which the hysteresis loss in a specimen of the 
material may be found, without making the laborious test for finding 
the magnetic cycle. The specimen is rapidly rotated between the 
poles of a permanent magnet, which is supported upon knife-edges 
to enable it to turn about a horizontal axis (Fig. 280). 

As the specimen rotates, it is magnetised by the field of the 


Fie, 280, 


permanent magnet, the lag in polarity causing it, by the attraction 
between the respective poles, to drag the magnet after it. The 
deflection of the magnet is measured by the pointer and scale, and is 
preportional to the hysteresis effect in the specimen, being independent 
of the speed of rotation. This may be shown in the following 
manner :— . 

Let H be the field due to the permanent magnet at any point, 
and @ the angle between H and the direction of magnetisation of the 
_ specimen at the point. As the specimen makes one complete rotation, 
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its magnetisation at the point considered goes through a cycle, and 
the work done due to hysteresis is | HdI per unit volume. 


Thus, at the point considered, H i this expression must be replaced 
by H cos @, and further, I = £H cos 6, where k is the susceptibility. 


. dl = —kH sin 6. dé. 
Therefore the work done for one cycle is— 


[x cos 6(—kH sin 6)d0 = — [ eH sin 8. cos 6. a8. 
0 0 


Again, to find the couple exerted on the specimen,—I is the 
magnetic moment of unit volume, and the couple on it is therefore 
TH sin 6, tending to rotate the specimen into the direction of H, and— 


= kH cos 6, 
.. couple = kH? sin 0. cos 0. 


The mean value of this for a complete rotation is— 


| JB sin 6. cos 0.8 
0 


| 29 


Comparing this with the expression for the work done due to 
hysteresis, we see that the variable parts are identical, and therefore 
the mean couple acting between the specimen and the permanent magnet 
is proportional to the hysteresis effect, and ‘is independent of the speed 
of rotation. It is balanced by the gravitational couple, which is 
measured by the deflection of the permanent magnet from its mean ~ 
position. 

The instrument is calibrated by means of two specimens, one of low 
and the other of high hysteresis value, and the samples to be tested 
are made of the same size and shape as the standards, the length being 
the important quantity to have correct. 

Steinmetz Law.—An empirical formula for the work done in a 
cycle of magnetisation has been given by Steinmetz,’ which is very 
useful for many practical purposes ; it states that the work per cycle 
is proportional to the magnetic induction raised to a constant power 
which ranges between 1°66 and 1:70. 


Thos— | Hal = Bt, 


re © [ HE sin 6. c08 0.6. 
27/0 


where 7 is a coefficient depending upon the material, and B the 
maximum value of the induction during the cycle. 


1 ©, P. Steinmetz, Hlectrician, 26, p. 261 (1891) ; 28, p. 425 (1892). 
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For very soft iron n = 0:0020. 
» hardened steel n = 0°025. 
» annealed cast-steel 1» = 0-0080. 
» nickel n = 0:012 to 0:038, 
» cobalt 7 = 0012. 


The law only roughly represents the truth, and can only be used for 
approximate purposes. 

Tron and Steel Alloys——Many substances, such as_ silicon, 
chromium, tungsten, and manganese, in small quantities, profoundly 
modify the magnetic properties of steel. Thus chromium, tungsten, 
or manganese, in small quantities (up to 4 per cent.), greatly increase 
the coercive force, in some cases up to 40 or even 50, while 12 per 
cent. of manganese (Hadfield’s manganese-steel) renders it almost 
hipaa at low fields, the permeability being about 1:4 for all 
fields. 

Magnetic Alloys of Non-magnetic Substances.—It was found by 
Heusler’* that it was possible to produce an alloy of non-magnetic 
substances that shall itself be magnetic. Thus several alloys of 
manganese, aluminium, and copper, and of manganese, aluminium, and 
zinc, exhibit marked magnetic properties. An alloy of 26°5 per cent. 
Mn, 14°6 Al, and 58-9 Cu, has a permeability of 225 for a magnetising 
field of strength 20.1 The magnetic behaviour of these alloys depends 
very much upon their previous condition with regard to temperature. 

Force between Magnets in Contact.—When two magnetic polar 
faces are in contact, as in the case of a soft iron core divided trans- 
versely, there is a force pulling the two polar faces together. Let o 
be the amount of pole per unit area of face, N on one side and 8 on 
the other, Then each produces a field of strength 27c, and the other 
polar face being situated in this, experiences a force 2ro* = F per 
unit area. The two faces are not in contact at more than a few points, 
and the strength of field H in the air interspace is daa = H (p. 268). 


Sar 
But the magnetic field being normal to the faces, the value of H 
in the gap is equal to the value of B in the iron (p. 234). 


2 

ies 
Weak Magnetic Fields.—The experiments described above are not 
sufficiently delicate to determine the form of the curve of magnetisation 
very near the origin. Lord Rayleigh? has examined this point, and 
finds that for very weak fields k and pw are constant, and hence the 
I—H and B—H curves are practically straight lines near the origin, 
and are inclined to the axisof H. ‘The method he adopted was to 
_ place the specimen inside a magnetising coil B (Fig. 281), with its end 


1 Fr. Heusler, ‘‘ Verh. D. Phys. Ges,” 1903. 
? Lord Rayleigh, Phil. Mag., 23, p. 225, 1887, 


284 ELECTRICITY AND MAGNETISM CHAP. 


very close to the magnetometer needle. For moderate field strength 
the effect on the magnetometer needle is balanced by a coil A, in 
series with B. On varying the current, the balance is still perfect if 
the permeability is everywhere constant, but 

- B if that of the specimen varies, the effect of A 
and B on the needle will not change at the same 

rate, and the balance is destroyed. With a 

piece of Swedish iron wire the balancing was 

made with a field of strength 0:04, and it was 

found to remain perfect as the field was reduced 

to 0:00004. Hence, for these fields the per- 

meability is constant. Up to values of H 

equal to 1:2, the following formule gave, fairly 


Fig. 281, well, the values of & and yp. 
k=644+45:1H. 
pw = 81+ 64H. 


Time Lag.—Prof. Ewing found that in the case of soft iron, the 
specimen did not take its final value of the magnetisation instan- 
taneously, and in employing the magnetometer, an interval had to be 
allowed to elapse before reading the deflection, to allow the magnetisa- 
tion to creep up to its full value. This renders the readings taken by 
the ballistic method somewhat uncertain, but if the ballistic galvano- 
meter were replaced by the Grassot Fluxmeter (p. 263) this difficulty 
would be removed. With hard iron and stéel, Lord Rayleigh found 
that there was no time lag for weak 
fields. Using a method similar to 
Lord Rayleigh’s, Prof, Ewing * found 
that annealed wrought iron took in 
some cases as long as 60 seconds to 
creep up to its final magnetisation 
for fields not exceeding 0-1, but the 
greater part of the magnetisation was 
acquired within 5 seconds. A cycle 
of magnetisation may therefore be 
produced in a variety of ways. ‘Thus 
for the weak field Oh (Fig. 282) suddenly applied, the resulting 
intensity of magnetisation is ha, but after a time this creeps up to hb. 
If the field had been applied very slowly, the path Ob would have been 
followed. On then suddenly reversing the field bd’ is the curve fol- 
lowed, and with time the point b’ is slowly reached. Another reversal, 
followed by a pause, gives the path b'db. Thus for a cycle consisting of 
rapid reversals, the magnetisation curve is aoa'oa, and there is no 
hystersis loss ; for very slow change of field the curve is bob’ob, again 
with no hysteresis; but for any other change there is always a loop 


Fig. 282, 


1 J, A. Hwing, Proc. Roy. Soc., 46, p. 269. 1889. 
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and consequently hysteresis loss, reaching a maximum for the path 
bd’b'db. 

Very Strong Fields.—In order to determine whether the intensity 
of magnetisation really approaches a limiting saturation value, as in- 
dicated by the molecular theory, Prof. Ewing and Mr. Low! employed 
what they called the Isthmus method. The specimen forms a neck or 
isthmus between the tips of the conical poles of an electromagnet. 
They showed that for greatest uniformity of field at the neck, the 
semiangle of the cone should be 
39° 14’ while for greatest value of 
the field it should be 54° 44’. Both 
forms were used. The magnetic 
induction in the specimen forming 
the neck was measured by winding 
a coil on it and rotating it through 
180°, the throw of a ballistic galva- 
nometer in series with the coil being 
observed. In order to make the 
rotation possible, the tips of the 
pole pieces are bored through transversely by a circular hole abed 
(Fig. 283), and an iron bobbin with the neck as shown placed to fill 
the hole. The strength of magnetising field is determined by winding 
a second coil outside the first, so that it encloses an air space of known 
section, The difference in the ballistic throws for the two coils is 
proportional to the magnetic flux through the air space between the 
coils, and therefore to the magnetising field. 

The results for a specimen of Vicker’s tool steel are given below— 


A 


H B I ys 


6210 25480 1530 4:10 
9970 29650 1570 2:97 
12120 31620 1550 2°60 
14660 34550 1580 2°36 
15530 35820 = 610 2°31 


It will be seen that the intensity of magnetisation has become very 
nearly constant, and » seems to be approaching the value unity, which 
it should have for infinite fields if I ceases to increase ; for we see from 
the expression— 


B=H + 47I, 


that if H becomes very great compared with 47I, the latter is negligible, 
ana 5 =H, or p=) 1. 


' J. A. Ewing and W. Low, Phil. Trans., A., 180 (i), p. 221. 1889, 
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Variation of Temperature.—All magnetic materials vary in sus- 
ceptibility when the temperature changes. Hopkinson’ found that 
in general the susceptibility increases with rising temperature when 
the specimen is subjected to a weak magnetising field, but for 
strong fields the reverse is the case. At a dull red heat, iron loses 
its magnetic properties entirely, the: temperature at which this occurs 
varying from 690° C. to 870° ©. for different materials. The 
change does not take place suddenly, but in a few degrees’ rise in 
temperature the iron changes from a highly magnetic to a non- 
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magnetic substance. This critical temperature is also the temperature 
at which recalescence or the sudden reglowing of a mass of cooling iron 
occurs, and it was shown by Tait that the thermo-electric power of the 
magnetic metals undergoes rapid changes at the critical temperature. 
Evidently some important molecular rearrangement occurs at this 
temperature, and that this arrangement is intimately associated with 
the acquirement of magnetic properties on cooling, is shown by the fact 


that non-magnetisable manganese steel (12 per cent. Mn, 1 per cent. OC) _ 


does not exhibit the phenomenon of recalescence, From Fig. 284, 
taken from Hopkinson’s results, it is seen that in the case of soft 
wrought-iron, for fields below 0:5 the susceptibility increases with 
temperature, while for strong fields the susceptibility falls with rising 
temperature, as will be seen on comparing the changes of B with 
temperature along the vertical lines F and G. At a temperature of 
788° the material has become non-magnetic. 

If the permeability be plotted against the temperature for three 
fields 0:3, 4, and 45, the diagram, Fig. 285, is obtained. It will be 
seen that for low magnetising fields the permeability increases rapidly 
as the critical temperature is reached, but for high fields in which 
the value of B is of course much nearer saturation value throughout, 
the permeability is not so much affected by temperature, and in all 
cases the permeability becomes zero at 785° C. 


1 J. Hopkinson, Phil. Trans., A., 180 (i), p. 443. 1889. 
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For nickel, Hopkinson } found the critical temperature to be 310° C. 
and the general course of the phenomenon similar to that in iron, 

Ewing has shown ? that there is no temperature hysteresis unless 
the range of variation of temperature includes the critical temperature. 
That is, on heating and cooling the metal in a magnetic field the 
intensity of magnetisation at any temperature is the same when the 
temperature is falling as when it is rising. 

It has been found by Curie* that besides the great change that 
takes place at the critical temperature, there are others at still 


Fia. 285, 


higher temperatures, the most important of which consists in a sudden 
rise in magnetisation at 1280°C. On plotting the magnetisation- 
temperature curve to a very large scale, it is seen that between 750° 
and 800°C, the intensity of magnetisation drops to one-hundredth of its 
value, and then continues to decrease, with a slight inflection at 860° C. 
At 1280° O. I suddenly rises from about 0:025 to 0:040, and from then 
again decreases, 

Mechanical Stress.—The effects of mechanical stress upon the 
magnetic properties of materials are exceedingly complicated, but the 
following are the most striking. 

It was found by Villari‘ that for weak fields, longitudinal tension 
increases the magnetisation, but for strong fields the reverse is the 

case. Thus the curves for annealed soft iron wire subjected to a pull 
are as shown in Fig. 286, after Ewing.’ Also the effect of varying the 
load in a cyclic manner, when the field is constant, is similar in character 
at all fields, but varies in amount with the field. With a magnetising 
field of 0°34 the effect of increasing and then decreasing the load is 


1 J. Hopkinson, Proc. Roy. Soc., 44, p. 817. 1888. 
2 J. A. Ewing, Phil. Trans., 176, p. 523. 1885. 
$ P, Curie, Compes Rendus, 118, 726, 859, 1134, 
: * HB, Villari, Pogg. Ann., p. 822. 1868. 
5 J, A Ewing, loc. cit. 
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seen in the lower dotted curve (Fig. 287), and on again increasing 
and decreasing the load, the curve becomes cyclic, as shown by the 


oO 
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= Gkilos 
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full line. With a magnetising field of 2°49 the effects are similar 


and are much more marked. Fewer reversals are necessary to reach 
the cyclic state at high magnetising fields than at low fields. In 
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the case of steel and hard iron there is no hysteresis, the chain curve 
in the figure being typical of the changes which take place. 
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In nickel the Villari reversal is absent, the effect of longitudinal 
pull being to decrease the magnetisation for all field strengths, while, on 
the other hand, the effect of longitudinal compression is to increase the 
magnetisation.! 

The effect of longitudinal tension upon the magnetisation of iron was 
also investigated by Lord Kelvin,® who found that a transverse stress 
had the opposite effect to one applied longitudinally. From this, many 
interesting and complicated effects may be expected when a magnetised 
wire is subjected to torsion, which effects have been experimentally 
obtained. 

Magneto-striction.—The changes in dimensions caused by magnetisa- 

tion have been studied by 
Shelford Bidwell,? who ob- 
served the increase in length 
by a system of two levers 
and a mirror, so that by 
means of the deflection of 
a spot of light, he could 
measure a variation of one 
ten-millionth of the length 
ofthespecimen. The varia- 
tions in length for iron, 
nickel, and cobalt are given 
in Fig. 288, which is taken Fig. 288. 
from Bidwell’s results. The 
effect of applying a tensile stress to the iron at the time of magnetisa- 
tion isshown in the dotted curves, where the ordinates indicate the 
elongation due to -magnetisation while under stress. The curve 
changes continuously in character from that under no stress, to that 
under a stress of 1950 kilos. per square centimetre. 

Molecular Theory.—The molecular theory of magnetisation, due in 
its original form to Weber, has been improved and confirmed by sub- 
sequent experimenters, until now it is used universally for explaining 
magnetic phenomena. The essential truth of it rests upon afew simple 

facts, namely, the production of new poles when a permanent magnet 
is broken transversely, and the saturation which occurs in very strong 
magnetic fields. Again, there is never an excess of one kind of pole 
over the other in any magnetised body, which may be proved by show- 
ing that there is no resultant force producing translation acting upon a 
magnet in'a uniform field. If a magnet be floated upon a cork on 
water it is seen that the magnet rotates into the meridian but does not 
move bodily in one direction or the other, as it would if the amount of 
\N pole on it were not equal to the amount of S pole. 


Nickel 


1 J. A. Ewing, Phil. Trans., A., 179 (i), pp. 325 and 333, 1888. 
* Sir W. Thomson, Proc. Roy. Soo, 27, p. 489. 1878, 

_ # Shelford Bidwell, Proc. Roy. Soc., pp. 109, "957 (1886) ; Phil. Trans., p. 469 

8h: ; 179 (i), p. 205 (1888), 
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These effects follow at once if we consider a magnetic body to be a 
collection of molecular magnets, which in the neutral or unmagnetised 
state of the body are oriented indiscriminately in all directions, but, 
in a magnetic field, are rotated into its direction to an extent which 
increases with the field. 

In order to get over the difficulty that all the molecular magnets 
should not, even in the weakest field, rotate entirely into the direction 
of the field, and thus at once produce the condition of saturation, 
Weber assumed that the molecules are subject to restoring couples 
acting towards their neutral. position and of an amount proportional to 
the displacement. This, however, does not account for the phenomenon 


of residual magnetisation, and Maxwell suggested that the restoring . 


couples resemble the strain in a solid substance; for small. effects the 
elasticity is perfect and there is no hysteresis, but for strains beyond 
the elastic limit, the recovery is not perfect and hysteresis is exhibited. 
Wiedemann suggested that the opposition to rotation is of frictional 
character, which explanation accounts for the phenomenon of hysteresis, 
but it would follow that the magnetisation for very weak fields would 
be zero when the directive force due to the field is less than that 
required to overcome the frictional resistance to turning. Lord 
Rayleigh, however, showed that the susceptibility is not zero but has a 
constant value differing from zero, for extremely weak fields (p. 283). 
Prof. J. A. Ewing suggested that the only restraint on the molecules 
of which a magnetic substance is composed, is due to the magnetic 


forces occurring between neighbouring molecules, and he showed how ~ 


the phenomena of residual magnetism, hysteresis, and the other effects 
in varying field could in this way be accounted for. The student is 
referred to Ewing’s book on ‘“ Magnetic Induction in Iron and other 
Metals,” for a full account of this theory, but a general idea of it may 
be obtained from a few simple considerations. 


Consider four neighbouring molecules (Fig. 289). With no external_ 


magnetising field they would, if free to turn, set themselves as in (i). 
In a weak field H, they would be slightly deflected into the direction 
of the field (ii), but the force between the poles would prevent their 


swinging round into the direction of the field. As the field is increased, © 


an unstable state would be reached, when the couples due to the field 


are greater than the restoring couples due to the poles, and the 
condition (iii) will be attained. Any further increase in the field — 


can only produce a further slight increase into alignment with the 


field, A curve of magnetisation corresponding to this group of four 
molecules is indicated in Fig. 290, and it will be seen to have some 


resemblance to the actual curves of magnetisation for iron (Fig. 284). 
When it is remembered that a piece of magnetic material consists of 


an infinite number of groups of all degrees of stability, it will be seen — 


that the groups will not all break up at the same time, and the angular 
curve of Fig. 290 will become the flowing curve of magnetisation of 


Figs. 272 or 284. By means of a model consisting of a number of 
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pivoted magnets, the whole cycle of magnetisation may be traced, as 
the magnetic field undergoes a slow cycle. 

Sir J. A. Ewing ' has recently modified the above model to account 
for the fact that the initial stages of magnetisation without hysteresis 
have a much smaller range than is consistent with the control being 


D7 %, ee 
ae ie 2 ee 
(i) 


(fi) (iii) (iv) 
Fie, 289. 


due to neighbouring magnets, unless these are closer together than 
is allowable, owing to the control being too great. He suggests that 
a part only of the atom can rotate, the magnetic control being due 
to other, fixed, parts of the atom. If now the rotating part A 
(Fig. 291) is situated as shown with respect to the four radial magnets, 
it is stable but only very feebly controlled. This control is due to 
inequality or want of symmetry of the pair N,S,N,S,, possibly due to 
the presence of A. A very feeble magnetising field H produces a 
small deflection of A, but a stage is soon reached at which A moves 


Fia. 290, Fia, 291, 


to a new stable position B, and further increase in H only produces 
a slight increase in magnetisation. The model may be extended to 
three dimensions and the magnets represented by closed electronic 
orbits. 

The Magnetic Circuit.—We have seen that magnetic flux is dis- 
tributed circuitally, for at the surface of separation of two media the 
normal magnetic induction is continuous as it crosses the surface (p. 234), 
and in a uniform medium the tubes of induction are continuous. Con- 
sat a tube of induction whose cross-section at any point is s, the value 


1 J. A. Ewing, Phil. Mag., 43, p. 493. 1922. 
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of the induction at the section being B. The total normal induction or 
magnetic flux over this cross-section is Bs, if B is uniform; and if B is 
not uniform then /Bds is the flux. This quantity is constant for every 
section (p. 234) and is therefore characteristic of the tube. 

Let us now find the line integral of the magnetic field for a circuital 
path round the tube of induction. It may be expressed in the form 


| Hdl, if H is everywhere parallel to the element of the path dl, which 
will be true if the tube is sufficiently narrow; but in any case 
| H Cos edi will be the line integral, where « is the angle between the 


0 

directions of H and dl. This line integral is the work done on carrying 
a unit pole once round the path, and by analogy with the corresponding 
electrical case, it is sometimes called the Magneto-Motive Force 
(M.M.F.) round the complete circuit formed by the tube of induction. 
We have seen that the line integral of the electric field round any 
closed path is equal to 47 times the total current linked with the path. 
4arnl 
oe | é Hdl = 102 
where I is the current in amperes flowing in a wire linked with the 
magnet circuit, and m the number of times the two circuits are linked 
together. The product nI is frequently called the number of ampere- 
turns linked with the circuit, and hence we may now write for any 

magnetic circuit— 


M.M.F, = Xx (ampere-turns), 


Again, for the circuital tube of ee 
magnetic flux N = Bs = » Hs 
=", 


and, MME. ee fa. xf 2 
ps 


since N is constant for the circuit. 


iy Ma 


dl 
ice 
0. 


By analogy with the case of an electric current circuit for which— 


= 
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Sdl . : , : 
where { ree ae the resistance, S being the resistivity at any point, the 


dl , F P 9 
quantity | rr is frequently called the magnetic resistance of the circuit. 


0 
Tt must be remembered, however, that the resemblance is only in the 
form of the expressions, as there is no such thing as a magnetic 
current. The quantity N, although called a magnetic flux is only a 
statical condition defined by the relation N = /yHds. 
When the shape of the tube of induction is completely known, and 


dl 
also the value of p at each point, the quantity 7a be found. In 


9 

certain simple cases the circuit may consist of several parts, for each of 
which » and s are constant, and when this is so, the magnetic resist- 
ance of the whole circuit is the sum of the magnetic resistances of these 
separate parts. In many other cases, where the boundary of the 
circuit considered is not everywhere parallel to the direction of the 
flux, useful approximate values for the magnetic resistance may be 
obtained by following a similar method, but in this case the magnetic 
circuit is not perfect, and uncertainty in calculation is introduced by 
the uncertainty of the dimensions of the nearest perfect circuit. 

The following examples will illustrate the method :— 

(i) Ring wound with Endless Solenoid.—In this case the magnetic 
circuit consists of one homogeneous iron ring; B, H, and p» being 
approximately constant for all points. The magnetic resistance of the 


0 
Hence if there are n turns per centimetre length of ring, total 
turns = 2rrn, With current I amperes in each turn— 


ampere turns = 27rnI, 


and M.M.F, = fern) f 
4a(2rrnl) 
10 4rnT ps 
Be tetera = 10 
“ps 
N 4rnIp 
BM Diep ee 
B 4rnI 
apa, : Hi Z =I0? 


a result which we obtained previously on p. 232. 
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(ii) Ring with Small Air-Gap.—If the air-gap have thickness d 
(Fig. 292), the magnetic circuit consists of two parts (2ar — d) ems. 


d : : 
, and d cms. of air, having 


of iron, having magnetic resistance 


: : d . 
magnetic resistance —, since p = 1. 
8 


ps 8 
By Qar + (p — Ijd 

= 7 tay ; 

aa 4a(2rrn1) __ ee 
ies. es ee (ee {2ar+(u—1)dt 


Qr—d d 
ae 


.*. whole magnetic resistance = 


By comparison with the value of N for 
the ring without gap, it will be seen that 
the magnetic effect of the gap is to increase 
apparently the length of iron in the ring 


cS by an amount (u — 1)d, which is approxi- 
mately 1000d, when » = 1000. Hence the 
enormous drop in magnetisation due to quite 
a small gap, 
[] N 4ar( 2arnl)p 
Fia, 292. As before, Be - = 10 {2ar+(p—1)dh’ 


and the actual value of H within the iron, where the permeability 
1s p, Is— 
Be 4(2QrrnT) 


HS nO ene 


Calling the corresponding value of the magnetising field when there is 
no gap, H’— 


4n(2rrn1) 


ae 10(2zxr) ? 


and we have— 


Hy ea aa, ee 
deh 2Qur ee Qr Or 


d 
But > = 9, the angular thickness of the gap ; 


oH = As eee 


Tv 
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Now, p=1-+ 4k, “.p— 1 = 4k, 
and, mace, 
HH’ =H + 210 
4° 
where 6° is given in degrees instead of radians, for— 
5 360 
= 5,8. 
i: , 476? ae 
The equation is therefore H = H' — 360 I, and it will be seen by 


comparison with the equation on p. 269, 
that the gap produces a demagnetising 
effect, the coefticient of demagnetisation 


being oe When the gap has a thickness 


of half a degree—- 
H = H’ — 001741. 


And it will be seen from the table on p. 
270, that the demagnetising effect of the 
gap is nearly the same as that for an 
ellipsoid whose length is fifty times its Fig. 293. 
diameter. 

(iii) Core of Electro-magnet.—In a complicated case such as the 
core of an electro-magnet (Fig. 293), an approximate value of the 
magnetic resistance may be obtained froin the dimensions of the 
circuit. Thus— 


for the air gap, magnetic resistance = “i 


for the pole pieces is "3 ae 
21, 

for the cores i" Hi = — 

282 

and for the yoke - ss fis Ass 
38a 


The total magnetic resistance is then— 
Bh hd 


8 pS © fe82 * py8s” 
and if there are nI ampere turns— 
4nn1 (0 i Us 


ee ae ay eS ripened 
10 s) us Pa8i ie P82 + bss 
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The value of B in the air-gap is N/s,, and since the permeability is 
here unity, this is also the strength of field in the gap. The above 
calculation is only an approximation, since the circuit is very imperfect 
from the magnetic point of view, but it becomes more reliable as the 
air-gap is reduced, since the magnetic induction in that case will be 
more confined to the iron, less straying into the surrounding space. 

Bar and Yoke Tests.—The objections to the magnetometer and the 
ring methods of measurement of permeability, consist in the necessity 
for drawing the material 
into the form of a wire in 
the former case and welding 
it into a ring in the latter. 
Both processes produce phy- 
sical change in the material, 
and hence the desirability of 
employing some method in 

Fie. 294, which these processes are 
unnecessary. | Hopkinson? 
used a straight bar of the material and completed the magnetic circuit 
by means of a heavy soft-iron yoke, so that there are no free poles 
(Fig. 294). The magnetising coil is wound on the rod, the number of 
ampere-turns being known. In the earlier experiments, the experimental 
rod was constructed in two parts so that the secondary coil 8, which 
is in series with the ballistic galvanometer, might be jerked out of the 
field on separating the parts of the rod. The joint, where the ends of 
the rod are in contact, introduces an unknown magnetic resistance, so 
in later experiments the rod was made in one piece and the ballistic 
throw for a reversal of the magnetising current observed. 

Then, if J,, s,, and 4, are the length, area, and permeability of the 

rod, and J,, s,, and p, the values for the yoke— 


I, 


‘t 
magnetic resistance of circuit = —— ne = 


[28q” 
4anl SA 1, ) 
and, 1035 SOs [282/- 


where nI is the number of ampere-turns in the magnetising coil. 
Then if H is the magnetising field, and B the induction in the 
rod— 


4 §. Hopkinson, Phil. Trans., 176, p. 455. 1885. 
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If the rod alone formed a complete magnetic circuit so that there 
were no free poles, as in the case of the ring, we should have had— 


_ 4xnl 

ps |i Mi 
. : eas 1,8, py 
and we see that the yoke is equivalent to. an additional length ——— 
of rod. ‘This is made as small as possible by making s, and p, large, 
the yoke being of high permeability soft iron, and as massive as 

possible. 

Double Bar and Yoke.—The method has been modified by Prof. 


Ewing* by using a double bar and yoke in such a way that the error 
due to the yoke is eliminated. 


The equation for H on the last page, may be written— 


4rnL 8, p,H 


H'= 10h jah, 


But »,H = B, the induction in the rod ; 


dnl RS 
n= a5, ir 


Two rods RR are employed, which are united at their ends by two 


Fig. 295. 


massive soft-iron yokes YY (Fig. 295). Then, for any given value of 
B, the quantity B( a) i is constant for the given yokes, and writing 
S2}4o 


in place of it, we have, taking J as the length of the rod— 


Now ree: is the magnetising field H’ due to the coil when there is 


1 Ewing, ‘‘ Magnetic Induction in Iron and other Metals.” 
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no correction to be applied on acvount of the magnetic resistance of 
the yokes, 


“Ty £3 
.H=H-; 


With half the length of rod, the equation would have been— 


H=H"_ “ 
l 

S H” —-H' =; 
= H’—-H 


The measurement of the induction B is therefore made twice over, 
the length of rod in the second case being half the length in the first, 
with the same number of turns 
per centimetre of the magnetising 
coil in the two cases. This is 
attained by having the magne- 
tising coils wound on two pairs of 
bobbins, one twice the length of 
the other, the first having 100 
turns on 12°56, i.e. 4a cms., and the 
other 50 turns on 6°28, 7.e, 27 cms., 

: 4anl 
eee so that in each case iol = LODE. 
A curve of B and H for each 
arrangement is obtained by the ballistic method in the ordinary way, 
and the curves for H’ and H" plotted as in Fig. 296. Then for each 
value of B, such as OD, we have seen that— 


H” — H’=H' - 8. 


Hence if FG be made equal to EF, i.e. to H” — H’, the point G is 
situated on the true or corrected B—H curve. 

The two bars must be of the same material, and the B—H curve 
being found, one of the bars may be compared with a bar of any other 
material, having the same dimensions, by the rapid method to be next 
described. ‘The experiment with the double bar and yoke is carried 
out in a similar manner to that with the ring (p. 274), a set of 
observations being made with each pair of magnetising coils. The 
secondaries of these and of the standardising coil are permanently in 
series, so that the resistance of the secondary circuit is not changed 
during the experiment. 


x. PERMEABILITY BRIDGE 299 


Permeability Bridge..—The rod A, standardised by the double bar 
and yoke method, and B the rod to be tested, are placed between 
massive yokes CD as in the double bar and yoke test, the direction 
of magnetisation produced by the magnetising coils being shown by 
arrows in the plan in Fig. 297. The “distance between the yokes is 
12°56 cms., and the number of turns upon A, 100, so that the 
magnetising field in A is 
10 x I. Thenumber of turns Si = 
upon B can be varied by Bad an) | Bete 
means of a switch or plugs, Guar &: 
until the induction is the 
same in the two rods, the 
ratio of the number of mag- 
netising turns upon A and B 
when this balance is obtained 
being the ratio of the two 
magnetising fields required to 
produce that particular value 
of B in the tworods. If M 
(Fig. 298) is a point on the 
B—H curve found by the 
last experiment (p. 297) for 
the rod A, and the ratio 
LN : LM be that of the mag- 
‘netising fields in B and A 
for this value of the induction, 
the point N on the B—H curve Fig. 297. 
for the specimen is found. The 
whole curve ONH, may be found from the standard curve OMH 
in the same manner by taking the ratio of the magnetising turns for 
various values of the induction B. 

The test for equality of the values of B in the two rods is made by 
observing that the suspended magnet G (Fig. 297) remains stationary 
when the magnetising current, which passes through the . two 
magnetising coils in series, is reversed. This shows that there is no 
magnetic flux passing from C to D through the soft-iron horns E and 
F. Hence the flux entering the yoke C from the specimen B is equal 
to that leaving C by the specimen A, and the same for the yoke D, 
and the magnetic induction in A is therefore equal to that in B. 

Permeameter.—For testing the magnetic properties of iron in bulk 
without’ the necessity of making specimens of it into a wire or 
rod, C. V. Drysdale? has devised the instrument which he calls the 
permeameter. By means of a specially designed drill, a hole is bored 
into the material, leaving a central pin A (Fig. 299). Into the hole is 


J. A. Ewing, The Electrician, 37, p. 41. 1896. 
°C. V. Drysdale, Jowrn. Inst. Hlec. Eing., 31, p. 283. 1902. 
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inserted an iron plug E carrying a bobbin upon which the magnetising 
and the secondary coils are wound, the bobbin fitting on to the pin A. 
It will be seen from the diagram that the magnetic circuit lies within 
the material to be tested, except at the small portion of its path where 
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Fig. 298. Fig. 299, 


it passes through the iron plug E. The author describes several 
methods of making the tests, but the most satisfactory is to obtain the 
B—H curve as described on pages 274 and 275, 

Magnetic Analysis.—Steel is a mixture of iron and carbon of 
varying complexity, dependent upon temperature. One constituent is 
iron carbide (Fe,C), which has a magnetic critical temperature of 
213°C. Ithas been shown by S. W. J. Smith ! that on measuring the 
magnetisation of steel during heating or cooling, a small change in 
‘magnetisation occurs at 213° C. The amount of the change can be _ 
used to measure the proportion of carbide in the steel. By using an 
appropriate strength of field the change can be made very abrupt. 
On examining the critical transition at 700°-800° C., Smith and Guild? 
found a combination of iron and carbon (eutectoid) to have a critical 
temperature different from the rest of the iron, and at such a sharply 
marked temperature (730° C.) that this might be used as a calibration 
temperature in thermometry. The change on cooling, when the 
eutectoid became magnetic, was not so sharply marked as that on 
heating, and occurred at a temperature below 730°C. Smith has 
pointed out the value of this magnetic analysis in determining the 
composition of steels, It is very delicate, and, unlike chemical analysis, 
it does not destroy the specimen. 


1g, W. J. Smith, Proc. Phys. Soc., xxv. p.77. 1912. , 
2 Smith and Guild, Phil. Trans., coxy. (A), p. 177. 1915. 


CHAPTER XI 
VARYING CURRENTS 


THE laws which govern the flow of steady currents in conductors are 
inadequate to determine the value of the current when changing. 
From Ohm’s law we can define the resistance of a conductor to steady 
current, and then calculate the electromotive force required to 
produce any current in the conductor. When, however, the current 
varies, the magnetic flux linked with the circuit varies, and we have 
seen that this variation in the magnetic flux linked with the circuit 
means another electromotive force acting in it. Again, there may be 
accumulation of electric charge at some part in the circuit, and this 
also implies a changing electromotive force in the circuit. For sim- 
_ plicity, we shall in the first place neglect this last effect, which is only 
of importance within certain limiting values of the capacity in the 
circuit, and confine our attention to the effect of the changing magnetic 
flux. The effect of capacity will afterwards be treated, and finally the 
circuit will be dealt with, in which the effects are all taken into 
account. : 

Inductance.—When the magnetic flux linked with a circuit is 
changing, an electromotive force acts round the circuit, whose value 
is the rate of change of the flux (p. 249). Thus— 


Again, for current i in the circuit there is always a magnetic flux 
linked with the circuit ; let this flux be i. Then— 


Rieetetrar Felco OG) 
vend, © Pe hg, 4 Vw nts, GY 


provided that lis constant, which is true so long as there is no material 
of variable permeability in the neighbourhood of the circuit. 

When the current i is increasing, we may, by the laws on pages 
248 and 249, show that the induced electromotive force e is in the 
opposite direction to the current ; consequently work is being performed 
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at the rate ei ergs per second, the energy appearing somewhere in the 
circuit (p. 60). That is— 


rate of working = ez 


i di 
= —h- 7, ergs per second 


and for the total work done in opposing this E.M.F. while the current 
d, is being established— 


i ee : se 
~ [uta = -1f" iat = — aig « ss eet) 
i, being the final steady value of the current. 

The quantity 7 which appears in these three equations is called the 
Coefficient of Self-Induction or the Self-Inductance of the circuit; it 
may be defined from (i) as the flua linked with the circwit when unit 
current flows in it ; from (ii) as the E.M.F. round the circuit due to unit 
rate of change of current in it; and from (iii) as twice the work done in 
establishing the magnetic flux associated with unit current in the circuit. 

The three values of J are constant, and are, moreover, identical so 
long as the medium comprising the magnetic circuit linked with the 
current has constant magnetic permeability, but when y is variable the 
three values are neither 
identical nor constant, and 
the inductance of the cir- 
cuit may be defined from 
either of the equations, the 
question of the most con- 
venient definition for any 
particular problem, being 
decided by experience. 
Thus, if OKA (Fig. 300) 
be the curve connecting 
N the total magnetic flux and the current 7 in the circuit considered, 
it is of the same form as the B—H curve, the scale only being changed ; 
for N = Bs, when B is constant across any section of the magnetic 
circuit, or /Bds in any case; and the magnetising field is everywhere 
proportional to the current. Then from equation (i) — 


Fic. 300. 


IN: AB 

4h OB 

; dN di 
Again, e=— aay 


B : 
and ois equal to ae where AD is the tangent to the curve at the 
point A; hence— 
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But from equation (ii)— 


di 
e= le 
] AB 

aie 07 


The work done in establishing the current is— 


[ieiae = oe aN = =|. idN 


= area ORAN O. 
But from equation (iii)— 
work = — 11. OB’, 
. 31. OB? = area OEANO. 
Sis 2 area OKANO 
or Oe 


Tt will easily be seen that if OKA becomes a straight line, in which 
case the permeability is constant, all these quantities are equal and are 
moreover constant.’ 

In practice the meaning of the term self-inductance must vary with 
the conditions in which it is employed; with iron in the circuit it 
varies from value to value of the current, but without iron the term 
has a definite meaning, and for a given conducting circuit it is constant 
so long as the current does not change so rapidly that the distribution 
of current in the conductor itself differs from that for a steady current. 

Growth of Current.— While the current in a circuit is growing, the 


di. ‘ 

electromotive force la is acting, and therefore the resultant 
poet force overcoming the resistance of the circuit is 
e- i oh where e is the applied electromotive force due to outside 
sources, Hence our equation from which to feta the current, 
changes from ¢ = ri for steady current, to e — a a = ri for varying 
current, 

ere 

la 1 ri =e. 


This is the general equation of electromotive forces for a circuit 
having inductance and resistance only. In order to integrate it let it 
be written in the form— 
di 
e—f1r 

l 3 / 
1 W. E. Sumpner, Pil. Mag. (Ser. 5), 25, p. 453. 1888, 


= dt, 
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or, assuming J to be constant — 


ats) 


aut 
“s 


Integrating both sides, we have— 
l e—r 
=log, =— 
r re ( l ) t+ k. 


i is the constant of integration, to be determined from the conditions 
of the problem ; for the differential equation represents the manner in 
which the quantities vary with respect to each other, and its integral 
is the total change in a given time, but will not give us the value of the 
current reached at the end of this time, unless we know the value at 
the beginning of the time during which the change has taken place. 
Let the current at the moment of applying the external E.M.F, be 
zero, t.e. leti =O whent=0, Then— 


l 


fe 


c 
loge * T= k, 
and substituting this value for k we have— 
l e—fr l e 
7108: ( ro) > pleq= 
€ — 7h Tee 
or, log. rer aa 


Writing this in its exponential form we have— 


“7 ents 

Te ee 
é 

. e r 

or, 1 = 701 - eT) 


é. 
7 is the final steady value of the current, and writing 7 for this we 


have— 

i= i(1— 77) 
an equation which shows us how the current grows. The mode of 
growth is shown in Fig. 301, in which the values of ¢ and ¢ are plotted. 
Strictly speaking the current never reaches its steady value % but 


continually approaches it, 
Thus for 7 to equal %.— 


e- >= 0, 
on bes) 
The rate of growth of the current may easily be found ; it is-~ 
di aes ead 
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This gets less as i approaches its final value i,, but for any value of 7 
it is proportional to : The rate at which a current approaches its 


final value therefore depends upon the ratio ; and not upon the 


separate values of r and J. Unless the circuit has a great many 
turns, or the circuit includes iron, / is usually very small compared 
with r, so that the current approximates to its final value in a very 
small fraction of a second. 


2 
4 
4x10 7 See. 


Fia. 801, 


The ratio is called the Time Constant, X, of the circuit, and the 


equation for the current may be written — 


Bet, C lon ee 8). 


—1 
After time ), i= i(é : ) 
17S 
=%- 2718 = 06322). 
3 : ee, ee ? 1-718 
Thus the time constant is the time in which a current reaches 718 


or roughly two-thirds of its final value. The four curves in Fig. 301 
are drawn for values of the time constant equal to 4 x 10-8, 2 x 10-%, 
10-3, and 0°5 x 10-3, and the time taken for each current to reach the 
line A, where OA = 0°632%,, is the time constant. 

The variation in rate of growth of the current cannot be observed 
with an ordinary galvanometer, but by using one having a very high 
frequency for its moving part, as for example the vibration galvano- 
meter (p. 380) the difference in rates of growth of current in an electro- 
magnet and in an equal resistance having small inductance may easily 
be demonstrated. 

x 
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Decay of Current.—If, when the steady value i, of the current has 
been reached, the electromotive force be suddenly reduced to zero, the 
variation of the current may be found, fore in our H.M.F, equation is 


then zero. 


pe 
l atte 0. 
Transforming the equation as before, we get— 
L di 
a - = dt 
roo 
: : l : 
and integrating, =e log t= —t+h. 


When # = 0; ¢ = 4. 


I ; 
be , loge op ey 


and substituting this value for k, we have— 


or, 


Thus the greater the Pane of A, the more slowly will the current die 
away. Fig. 302 illustrates the decay of the current for A= =4 x 10-3, 


EO, 10-8, and 0°5 x 10%. 
It will be noticed that the growing and decaying currents are 
t - 


complementary, for if the currents i,(1—e A) and ie A be added 


O T me Te 
109 2x10 3x04 4x10 9 SCC. 
Fie. 302. 


together, the sum is i. Hence the curves in Fig. 302 are those 
of Fig. 301 inverted. 
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The variation in rate of decay of the current in different circuits may 
be demonstrated by means of the vibration galvanometer in a manner 
similar to that described for the growing current (p. 305), but in this 
case the circuit must be closed as the battery is cut out; it must not 
merely be broken, as this would introduce an infinite resistance. The 
result of this increase in resistance is that the time constant of the 
circuit is reduced and the current drops at an enormous rate. The 
electromotive force due to inductance, being proportional to the rate of 
change of current, is then enormous, and is sufficient to cause a spark 
or even an arc at the break in the circuit. 

Inductance in electrical problems plays a similar part to mass or 
inertia in mechanical problems; its effect is to retard the growth of 
the current or the motion, and similarly neither the current nor 
the motion can be stopped instantaneously. The energy due to the 
_ magnetic field linked with the current is 4/i? ergs; that due to the 
inertia of a moving mass is mv? ergs. 

Inductance of Solenoid.—In certain simple cases, the self-inductance 


of a circuit may be calculated from the definition e = — 1. = pro- 


vided of course that the permeability is constant. In the case of a 
solenoid having an air core, if b be its length, n the total number of 
turns, and a its area of cross-section— 


Aant 


Field inside solenoid = ——) (p. 232) 
magnetic flux = ales 


Tf the solenoid is straight b must be great. 


3 When i varies, any change in the flux cuts the circuit n 
times, 

4 

° 5 eel a) 

ca a FE ED 

l _ _ 4an’a di 

: De rere 


By comparison with the above equation for J we see that— 


4rn?a 


l=. 


: Coaxial Cylinders.—When the circuit consists of two coaxial 
_ cylinders of radii a and b, one being the return circuit for the other, 
_ the magnetic field is confined to the space between them. For, a 
 cireular path taken externally round them both encloses equal and 
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opposite currents (Fig. 303) and, therefore, the line integral of the 
magnetic field round the path is zero. Again, within the inner cylin- 
drical current the magnetic field is zero, for a 
closed path in this region does not enclose any 
current. It follows that the resultant magnetic 
field is confined to the space between the cylinders 
and is that due to the current i in the inner 
cylinder. At external points, the magnetic 
fields due to the two cylinders are equal and 
opposite. This proves incidentally that the field 
due to a cylindrical current is the same at 
external points, as though the current flowed 
along the axis, for the inner cylinder may be 
reduced to as small dimensions as we please. 


Fig. 803. The value of H at the point P is therefore a 
r 
and the flux through the area ABCD, where AD has unit length, is— 


b94 b 
‘ a 2i[ log. | . 
® a? a 


N= 271 e 
= 2i log. =. 
Now when 7 varies— 
_ _@N 
, dt 
b di 
=> 2 loges +a: 
di 
But, e=— Laie 
- b 
L=2 loge 5 


per unit length of the coaxial cylinders. 

Practical Unit (the Henry).—In the foregoing equations, all the 
quantities have been given in absolute C.G.S. units, but in practical 
work it is desirable to employ a unit in conformity with the system— 
volt, ampere, ohm,etc. The unit chosen is called the Henry, and is the 
inductance of a circuit in which a rate of change of current of one 
ampere per second produces an electromotive force of one volt. The 
relation of the henry to the absolute unit of inductance may be found 
in a manner analogous to that employed in the case of the ohm (p. 62). 
The volt is equal to 10° absolute units of electromotive force and the 
ampere to 10~* unit of current, whereas the second is the unit of time 
on both systems, and thus, since— 

di E volts 
C= fae ay 
qj amperes per sec. 


henries, 
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1 volt _ ___ 10% absolute units of E.M.F, 
1 ampere per sec. 10—} absolute unit of current per sec. 
= 10° absolute units of inductance. 
Thus the inductance of a solenoid— 


or, | henry = 


A4rn?a 


= 0% henries, (p. 307) 


and that of the coaxial cylinders on p. 308 is 2 x 10-° log, 7, henry. 


In future we shall use the letter J to represent inductance in absolute 
units, and L that in henries, 

A convenient form of variable inductance made by Messrs. Nalder 
Bros, & Co., Ltd., is shown in Fig. 304. The two coils are in series, 


Fia. 304, 


and one of them can be rotated so as to vary the resultant magnetic flux 
due tothetwo. The scale on the instrument is calibrated in millihenries. 

Charge and Discharge of Condenser.—-On applying an electro- 
motive force e, due to some external source, to a circuit consisting 
of a, capacity in series with a resistance, a current will flow for a time, 
but electric charge is all the time accumulating upon the plates of the 
condenser, and for charge gq, the difference of potential between the 
plates is q. where ¢ is the capacity of the condenser; and this is 
directed one particular way round the circuit. A current in one 
direction will increase this, giving energy to the condenser, and in the 
other the energy of the charge on the condenser will be used in driving 
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the current. Hence the condenser produces an electromotive force in 
the circuit, and the equation of electromotive forces becomes— 
apd ee 
ri tte 
Cc . + c 
Now the current in every part of the circuit 
e being the same, it is equal to the rate at which 


=— charge accumulates in the condenser. 
afl : 
lg ; i= St, or, q = fidt, 
Fig. 805. gt 
TORO 


t 
gq =ec(l—e @) 
ec is the final steady charge in the condenser ; calling.this ¢, we have— 
; 
q= Qo(1 —«" oc), 
The time constant in this case is cr, 
t 
“ G@=Q(l—e« 4). 
If now the external electromotive force be reduced to zero, the 
E.M.F. equation becomes— 
ae ae 
r at + a = 0, 
dq dt 


whence, a 
q cr 


t 
log. g = =k 


xl. 


or, 
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If g = q, when ¢ = 0— 


k = log. qo 


ye 
Fia. 306. 


The curves for q and ¢ for charge and discharge are drawn in 


Fig. 306. 


charge, remembering that i = + 


Fic. 3807. 


The equations for the current may be obtained from those for the 


dt” 
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Thus, for the charge— 


: Cine Gane 
fa ql d= — Bes, 
Since 6a 
c 
Qo _ @ 5 
Mine Poise Su 


i, being the value of the current at the beginning of both charge 
and discharge. It may be noticed that in both cases the current starts 
with its greatest value and falls off exponentially; the discharging 
current is negative, that is, it is in the reverse direction to the 
charging current (Fig. 307), 

Measurement of High Resistance by Leakage.—From the equa- 
tion for the discharge, we see that q falls to about one-third of its 

t 


value in time A = er; for, Goexk= oe when t=A. If the time ¢ 


0 

is to be measured with reasonable accuracy, it must be over a 
minute, say 100 seconds. Therefore cr must be at least 100. Now - 
the condensers of convenient size, found in every laboratory, have 
a capacity of the order of a micro-farad, that is 10-* farad, or 10-* 
absolute units, where the practical unit of capacity, the Farad, is the 
condenser which one coulomb will charge to a potential difference of 
one volt. Hence for cr to have the value 100, when c is 10-”, r must 
have a value of 10” absolute units or 10° ohms. Hence a capacity 
of 1 micro-farad discharging through a resistance of 10° ohms or 100 
megohms (1 megohm = 10° ohms) will lose about two-thirds of its 
charge in 100 seconds. 

This gives rise to a convenient practical method of measuring 
resistances of the order of 20 megohms and upwards ; for the condenser 
is charged and then allowed to discharge through the resistance for 
a known time ¢ From the relation— 


or, 


c being known and 2 being observed, r can be calculated. When the 
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rate of leakage is small, fo may be measured by means of the quadrant 
electrometer, the deflection being read at known intervals. 


0, _% _ 


a 68.’ ¢ 
Or the condenser may ve charged and instantly discharged through the 
ballistic galvanometer. The throw @, is then proportional to q,. It 
is again charged and allowed to leak for ¢ seconds through the resistance 


_ and then discharged through the galvanometer. The throw @, is then 
_ proportional to the charge g remaining after ¢ seconds, so that— 


t 
fs 


log, 2 
0 log. 
It is advisable to obtain a number of readings of ¢ and 6 by 


A 


straight line lying evenly amongst these points may be drawn and 


repeating the above process and plotting a curve of ¢ and log, 8, 


from it a mean value of 


7 obtained, from which r may be 
1 
log. 8, 
calculated. 

Mutual Inductance.—We have already seen that a variation of the 
current in a circuit is accompanied by an electromotive force in any 
neighbouring circuit (p. 247). Thus if the current in the circuit A 


_ (Fig. 248) varies, there will be an electromotive force in the circuit B, 


d ‘ ae ; . 
equal to —m 7? due to this variation of the current in A. mis called 


the coefficient of mutual induction or the mutual inductance of the two 
circuits. The defining of mutual inductance is subject to all the 
difficulties encountered in the case of self-inductance when the mag- 


_ netic permeability is variable (p. 302). It may be defined as above, or 
as the magnetic flux linked with the secondary circuit B, due to unit 
- current in the primary A. Thus— 


OS a Ca 
Bee co dt 7 ae 
when m is constant. 


m way also be defined as the mutual potential energy of the two 
circuits when unit current is flowing in each, and this again leads to 


_ the same value of m when the permeability is constant. 


’ 


Bi 


Let 2, be the current in the secondary circuit, and let it be situated 


in a magnetic field whose value at the point P, Fig. 308 (i), is H, 6 being 
_ the angle between the field and the circuit at P. Then the force per 
unit length of the circuit is i,H sin @ (see p. 239), and for the small 
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length J of the circuit, is i,HJ sin 6, and is at right angles to 7 and H. 
Let the element J be displaced in the direction of the force by an 
amount da, then work done = 7,H sin 6.1.8z. 

But H sin 6 is the component of H normal to the area 1.dx 
swept out by the element 
(Fig. 308 (ii)), and therefore 
H sin 6.1.8x is the amount of 
magnetic flux dN added to 
or withdrawn from the total 
amount linked with the cir- 
cuit. Hence— 


work done = i,dN, 


and ft,dN is the total work 
done when the magnetic flux 
N, linked with the circuit, 
Tia. 808, changes by the amount fdN, 

t, being constant. 

It is immaterial whether the circuit changes in size, or whether the 
change in N is due to the alteration in the distribution of the flux, for 
the work done at each element of the circuit is proportional to the 
value of H at the point, and to the relative motion of the circuit and 
the flux; in fact the problem is similar to that of finding the work — 
done in the case of the change of volume of a gas, which is /pdv, where 
p is the pressure at the boundary and dv a small change in volume. 
The same limitations as regard reversibility apply in the two cases. 
If the permeability is not unity H must be replaced by B in the above. 

If now the flux N is due to another circuit carrying current 7,, the 
flux due to it and linked with both circuits is m,t,, and therefore 
M,t;t, is the work done in linking the flux m,i, with, or withdrawing it 
from 7. Similarly the current 7, involves a flux mpi. linked with 4, 
and to withdraw this flux from 7, involves an amount of work mzi,j;. 
These two amounts of work must be the same, for if the two circuits 
be separated to a great distance, the forces on the two at each instant 
during the act of separation must be equal and opposite. 


. Mylo = Moalaly 
and, My, = Mg, 
so that there is only one value of the mutual inductance between the 
two circuits, and the flux linked with the second due to unit current 
in the first is equal to the flux linked with the first due to unit current 
in the second. 

Calculation of Mutual Inductance.—In any case in which the 
flux linked with the secondary circuit due to current 7 in the primary 
circuit can be calculated, the mutual inductance may be deduced from 


the relation e = -nZ Thus for the solenoid (Fig. 260) in which n 
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turns of secondary are wound near the middle of a primary of n, turns 
per unit length— 
H = 4rni, and, N = 4rn,Ai. 


This is the flux linked with each turn of the secondary, 


bok 


—n, © (4an,Ai) 


di 
— 4rnn.,A° a’ 


from which, m = 4rnn,A. 


II 


If the flux due to the current in the primary is not all linked with 
the secondary, as, for example, when the secondary turns are not all 
wound near the middle of the solenoid, the mutual inductance will be 
less than the above amount. 

In the case of two identical circuits wound so that they practically 
coincide with each other everywhere, the mutual inductance would be 
equal to the self-inductance of either. 

From the identity in form of the quantities self, and mutual, induct- 
ance they are measured in the same units. Thus the henry is the 
practical unit of mutual inductance; and is the mutual inductance of a 
pair of circuits when a rate of change of one ampere per second in one, 
causes an electromotive force of one volt in the other. We shall write 
“m” for mutual inductance measured in absolute units, and ‘‘ M ” for 
that measured in henries. 

In comparing inductances experimentally, it is often convenient to 
have a variable standard of inductance, but in the case of self-induct- 
ance there is the difficulty that the low values cannot be obtained, since, 
however the positions of the two parts of the circuit (see Fig. 304) are 
varied, the self-inductance can never be reduced to zero. Mr. A. 
Campbell! has suggested instead, the employment of standards of 
mutual inductance, since this can be varied for two coils from zero, or 
even a negative value, up to a maximum, by altering the relative 
positions of the primary and secondary coils. 

Current in Secondary.—On starting the current in the primary 
circuit, we have seen that there is a current in the secondary, which 
ceases when that in the primary has become steady. Further, on 
stopping the primary current we again get a transient current in the 
secondary. ‘To find the value of the current in the secondary at any 
moment, we must write the electromotive force equations for the two 

circuits and then obtain a solution. Let 7,, l,, and 7, 4,, 1, and r,, be 
the currents, inductances and resistances of the two circuits, and m the 
mutual inductance; then for the primary— 
di di ; 
hat may t nh = 6, 


' A, Campbell, Proc. Roy. Soc., Scr. A., 79, p. 428. 1907 


‘ 
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and for the secondary— 
di, di : 
la + may + tala = 0, 

To obtain the equations for the primary and secondary currents, 
these two simultaneous equations must be solved. The mathematics 
involved is beyond the scope of this work, but the currents may 
be plotted by the step by step method with the help of these 
equations. 

Writing them in the form— 


a Oa : ‘ 

——~ =—-4=%4-1 
Pek oy ay. dt:= Are Gta aee lee 
l,di, , mdi, 


and, =~ +—7=—=1 
r,dt rr, dt Mee 


where %, is the final steady value of the current in the primary, we can 


: : di d 
then solve the simultaneous equations for a and ry . This gives us— 


di, _ (i) — ary + mr, 
dt ll, — m* 
dig ean (t — &)mr, + tLirg 
dt Ll, — m* ; 
Ib — i) mr, 
é | ai, = Oe a 
) ; ; 
teed (i) — a,)mr, + tolre 
eh teenie! Gem Ci, 


If small intervals of time, dt, be taken, we can begin with any 
values of 7, and 7, we please, say 7, = 0 and i, = 0, and find the values 
of di, and di, for the first interval. From these we know the values — 
of i, and i, for the beginning of the second interval and can then 
calculate di, and di, for the second interval. This process may be 
repeated until 7, has reached its steady value and 7, has again become 
zero. The first two curves in Fig. 309 have been obtained in this 
way, taking L, = 10 henries, L, = 1 henry and M = 0°8 henry, 
R, = 10 ohms, R, = 1 ohm, and E = 10 volts, in which case the 
equations are written— 


(I, ick, LM 


ut ve 
dts ia Pe a 

26a MEL ELE 
Cicit os, Tit mes 


and I, = 1 ampere. It will be seen that after six seconds the steady 
state has been very nearly reached. The dotted curve gives the 
growth of the primary current when there is no secondary circuit. 
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The second curves have been drawn for the falling primary current. 
They may be obtained by putting E = 0 in the differential equations, 
whence— 


— 1,1,R, + I,MR, 


eee eg cal 
VAEME LIK, 


ani Ee 
and taking the initial value of I, to be Ij, #.e. Rc 
1 


Fie. 809. 


Charge Flowing in Secondary Circuit.—The quantity of electricity 
that has been caused to circulate in the secondary circuit at either the 


starting or the stopping of the primary current, is | t,d¢ and is the 


area included between the 7, curve and the axis (Fig. 309). It may 
also be found from the equation— 

I, dig , m di, ., 

Tr, dt epee tao 


Integrating this with respect to time, from zero to infinity, we get— 


1, “dis 4 m [” di; ix 

S| eR gh gr eee | ee, | Sere 

TJ 0 at i YJ 0 dt a 0 pal 
Now at time 0, p= ADC t= 10. 

and at time ¢, 1 A= 0,. ANG. 0) = ey. 


Therefore the first term is zero at both limits, and— 


to o 
t ai,=- | indt. 
To 0 0 


Now | "indi is the quantity of electricity that has circulated in the 
; 
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: Migs mi 
secondary circuit, and therefore it is equal to =e When the 
2 


current is stopped, the limits 0 and %, are reversed, and therefore the 
quantity is =, 
Divided Circuits. —Bya ‘sieailar method we may prove that when 
a quantity of electricity passes 
through two circuits in parallel, 
it divides between them in the 
inverse ratio of the resistance, 
just as a steady current would 
do, the inductances of the parallel 
circuits having no effect upon 
the ratio in which the charge 
divides. Let the two circuits 
Fic. 310, have resistance and inductance 
11, T and l,, 1, respectively, and 
e be the impressed electromotive force acting between the points A 
and B (Fig. 310). 
For the first cireuit— 


1 
L, The ni = e, 


and for the second— 
di, ; 
Lay + Ml, = 6 
Since they are in parallel ¢ is the same for both. 


1% di. é 
sate ek ih = In a, + Tale 


nf ars, [ iat =f Patt nf indt. 


Now if the current is zero before and after the passage of the 
charge— 


ie Th ae = i di, = 0, and similarly, i ay “dt = 0, 


Hence— 


and further, i. judt = ds 
t 
and, i tndt = Qo, 
Se MQ = 124a 
or, a 2 


GQ 
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Hence in comparing capacities by means of the ballistic gal- 
vanometer, a shunt may be employed to reduce the throw, since the 
charge divides exactly as a steady current would do, the ratio in which 
the division takes place being unaffected by the inductances of the 
shunt and galvanometer. It does not follow that the currents at each 
instant will be inversely as the resistances: they will not. For let 
l, = 0; then the current in the first branch will be in excess of that 
calculated from the resistances, while the currents are growing. But 
it will be less while the currents are decaying and may even be reversed, 
owing to the inductance /,. All that is implied by the above calcula- 


_ tion is, that the total charges passing through the two branches are 


inversely as the resistances. 

The Induction Coil—A particular use of mutual inductance, of great 
practical importance, is made in the case of the induction coil, which is 
a piece of apparatus for pro- 
ducing small currents at very 
high electromotive force from 
comparatively large currents 
at low electromotive force. 
The primary coil PP (Fig. 
311), consisting of a number 
of turns of thick wire, is 
wound upon an iron core D 
built up of a number of 
strands of soft-iron wire, 
while the secondary coil SS 
has a great number of turns 
of fine wire, and is wound 
upon the primary. On start- 
ing the current in the Fic. 811. 
primary, the magnetic flux 
produced in the core cuts the secondary, producing a high electromotive 
force, and when the primary current is stopped, the flux again cuts the 
seconaary but in the opposite direction, causing a reversed electro- 
motive force. Many induction coils are provided with an automatic 


_ make and break, which consists of a spring having at its extremity 


a soft-iron armature A which is attracted towards the core when the 
primary current is made. This breaks the primary circuit at B, and 


on the core becoming demagnetised the spring recovers its original 


position, and makes the circuit again by means of the contact B, and 
the process is then repeated. As considerable sparking occurs at B 
when the circuit is broken, the surfaces that come into contact are 


~ faced with platinum to prevent undue sparking and wearing away. 


- 


: 


Although an électromotive force is produced in the secondary coil 
at both make and break of the primary circuit, the latter is by far the 
greater, since the primary current dies away much more rapidly than it 
grows. When the circuit is closed, its resistance is small and its time 
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l ae yar : 
constant 6. great, but when the circuit is broken r is enormously 


increased and the time constant correspondingly reduced ; thus the rate 
of decay of the primary current is high. The magnetic flux in the core is 
therefore removed much more rapidly than it is produced, and the electro- 
motive force in the secondary is much higher at the break of the 
primary circuit than at the make. On this account the electromotive 
force in the secondary circuit at the make is usually insufficient to 
produce a discharge through the gas surrounding the secondary 
terminals, and the secondary current is therefore unidirectional. 

The manner in which the secondary current rises and falls on each 
break of the primary circuit may be seen from Fig. 309. 

The efficiency of the coil is much increased if a condenser be placed 
in parallel with the contact breaker of the primary circuit, for the 
primary coil and the condenser comprise a circuit in which electrical 
oscillations occur, the condenser at the end of the first half oscil- 
lation being charged oppositely to its condition at the instant of 
break. The magnetic flux in the core due to the primary current is 
therefore reversed at each break, and the amount of charge caused to 
circulate in the secondary approaches double the value in this case, of 
that when no condenser is used, for without condenser the primary 
current merely drops to zero on account of the high resistance intro- 
duced at the break. The oscillations in the primary current will be 
rapidly damped, owing to the loss of energy due to heating produced 
by the currents in both primary and secondary, so that only the first 
discharge is of importance. 

The effect of the condenser upon the secondary current may be 
found, on neglecting the effect of the resistance of the secondary at 
the beginning of the discharge. This is, to a first approximation, 
justified, for when the secondary current is varying rapidly, as at 
the beginning of the discharge, the predominant factor in deter-_ 
mining its rate of growth is the large inductance of the secondary 
circuit. 

The E.M.F, equations for the two circuits are therefore— 


di di. 
1g + may +h = 0 

, di, di 
and, le +m m a = 0. 


Multiplying the first by 7, and the second by m and subtracting, we 
have— 


di 3 
(lpm) +hni=0  , 
the solution to which is— 


ais 1,7, t 


=i Lh - (see p. 306). 
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“ys Lr; 
Writing a for iim have— 
$= tye 
i, is here the current in the primary at the moment of breaking the 
circuit. 
Integrating the E.M.F. equation for the secondary circuit, we 
have— 


. late — mi, =k 

where & is a constant. 

©. Iefg + mine” = k. 

Tf i, = 0 when ¢ = 0, then— 

| k = mi, 

and, ; = 7 _ eo) 

: As t increases to infinity this gets nearer and nearer to the value 


tin but we must remember that this would only be true if the resistance 


of the secondary circuit were zero, which is far from being the case. 
_ From the start, the effect of the resistance is to decrease the current, 
and a short time after the electromotive force due to variation in 
the primary current has reached zero, the secondary current will also 
_ become zero. The value = is the limit which the secondary current 

2 

cannot exceed, and would only reach if the resistance were zero. 

When the resistance r has been replaced by a condenser of capacity 


e, the maximum Value of the secondary current may be obtained 
_ approximately by a method given by Lord Rayleigh,’ which suggested 
the above. The electromotive force equation for the primary circuit 
} being— 

a di, di, q 

La tmq + 5=9% 

{ Gq | Fh 1 4 

* btm Ge tT =o, 

di, di, 

9 and for the secondary, ip ata = 0, 

; a a& ‘ 
a : hae +m oF = 0. 


Multiply the first by J, and the second by m, and subtract, and we 
 get— ns 
; : & lf 
(hh, = m) ag + 34 = 0. 
1 Hon, J. W. Strutt, Phil. Mag. (Ser. 4), 39, p. 428, 1870. 
Y 
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2, 
This is of the type = + k*x = 0, which was solved on page 22. 


It is of the simple harmonic or oscillatory type, and we therefore see 
that the motion of the charge in the primary circuit is oscillatory. 
Consequently the current is likewise oscillatory, and varies between the 
limits + 7% and — 4,. 

The solution of the equation— 


di, di, 
badtedh wee 
is, Iotg + mi, = k, 
and if 7, = 7,, when 7, = 0— 
k =m, 
and, i= 7 (io — a 
2 
Since #, varies between the limits + i, and — i, the greatest value 
of i, occurs when 7; = — 4, in which case— 
2miy 
a L . 


It will be seen that this is twice the greatest value of the secondary 
current when the condenser is absent, the drop in the primary current 
being produced merely by the break at the contact maker. Since the 
charge passes into the condenser instead of across the gap the sparking 
at the break is much reduced. 

Practical Methods of Measuring Inductances.—The mutual induc- 
tance of two coils may be measured by making use of the fact that the 

quantity of electricity caused to cir- 
G culate in one when current I is 


established in the other is MI 


R 
coulombs (p. 317). Thus, with the 
plug in A (Fig. 312) the ballistic 
throw in the galvanometer G when 
the current I is started or stopped in 
the primary circuit pe be observed. 


5x77 9 (see p. 254), 


In order to determine —— a the 


plug is removed from A, and two 
are placed in B and C, which are connected to a very small resistance, 
R,, say ;35 ohm, in the primary circuit. The difference of potential 


Fig. 312, 


IR 
between the ends of this is now IR, and a current fF flows in the 


secondary circuit, giving a steady galvanometer deflection 6. 
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Then, ee 
_MI_IR, T 
“TR = RB oe” 
R,T 


The time of vibration T of the galvanometer needle may be found 
in the usual way. 

Self-Inductance (Rayleigh’s Method').—As in the last method, an 
inductance is measured in terms of 
a resistance and a time, but here 
the Wheatstone’s bridge is em- 
ployed. The inductance to be 
measured is placed in the arm 
AB of the bridge (Fig. 313) and a 
balance for steady current obtained 
in the ordinary way, the battery 
key being closed before the galva- 
nometer key (not shown in the dia- 
gram). On closing the battery key 
with the galvanometer key already 
closed, a throw will be obtained, 
since the balance is disturbed while the current is growing, owing to 


the extra electromotive force ie in the arm AB, Any electromotive 


foree in one arm of the bridge causes a proportionate current in every 
part of the bridge. Let kE be the current in the galvanometer due 
to electromotive force E in the arm AB. 

Then the instantaneous current in the galvanometer due to electro- 


dt : 
motive foree L 7 in AB is kL oe and therefore the total quantity 


of electricity that flows through the galvanometer due to this cause, 
while the current I, is being established in AB is — 


* t dl 1, 
[ieugpae 2k iF dl 
; = kLI,. 
cT r 
F Sek lig == pan4! + 5) 


_ where @ is the throw, and A the logarithmic decrement, 


bT,AH 


In order to determine , the resistance in AB is changed by 


amount R,, which is so small that there is no appreciable change in 


the current I). The effect is to introduce the small electromotive 


1 Lord Rayleigh, Phil. Trans., 173, p. 677, 1882. 
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force 1,R, into the arm AB and to produce a steady current &I,R, in 
the galvanometer. The steady deflection 6, produced is given hy— 


kI,R,AH = 06, 


_AT,AH 
wh AG a bee 
and substituting in the above equation, we get— 


_RYT ( d 
L= 5 Al +3): 


The balance for steady current must be perfect. When the metre 
bridge is being used this condition is easily attained, but owing to the 
low resistance of the bridge wire, a Post-Office box, or a suitable 
combination of resistance boxes, is used by preference. In this case 
the smallest resistance in the box is usually sufficient to change the 
steady deflection from one side to the other, and hence a perfect 
balance cannot be obtained. To get over this difficulty, one of the 
connections between the boxes may be made with platinoid or man- 
ganin wire and the final adjustment carried out by slipping the wire 
in the necessary direction through the terminal. The small resist- 
ance R, may be a standard 0:1, 0°01 or 0-001 ohm, included in the 
arm AB. : 

Comparison of Self-Inductances.—The value of a self-inductance 
in terms of a standard, may be found by placing them one in each 
adjacent arm of a Wheatstone’s 
bridge, and adjusting the resist- 
ances until a balance is obtained 
for an intermittent, as well as for 
a steady current.. If P, Q, R, 
and § are the respective resist- 
ances of the arms of the bridge 
(Fig. 314) we have, when a 
balance for steady current is 


: Peo 
obtained, RS 
Fria. 314. On closing the galvanometer 


key and afterwards the battery 
key, a galvanometer throw will be observed, unless we have the additional 
relation i = . ee 
For the points A and C are at the same potential before the 
current starts and also when it has become steady, that is, the potential 
difference between D and A is equa? to that between D and C. If 
now the current grows at the same rate in both branches DAB and 
DCB, the differences of potential between D and A, and D and C 
respectively, are equal at every instant, and therefore A and C are. 
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always at the same potential, and there will be no current in the 
galvanometer. The currents grow at the same rate if the time 
constants of the two circuits are equal, that is— 


ee pg He LP +O 
P+Q R+S8’ es ae eh 
P_Q_P+Q 
tie nh Ee! 
a a 


Either AB, or BC, must include a variable resistance, in order that 
the ratio a may be varied. Hence it is necessary to produce a steady 
balance first; then if the ballistic balance is found to be imperfect, 
the ratio 5 must be altered and the process repeated. This is con- 


tinued until the balance is perfect for both steady and variable 
currents, 

In order to increase the sensitiveness to making or breaking the 
cireuit, Ayrton and Perry designed a commutator which they called 
a Secohmmeter, which on rotation makes the battery, then the gal- 
yanometer circuits, then breaks the battery and afterwards the 
galvanometer circuits, so that the “break” impulses send a charge 
through the galvanometer when the ballistic balance is imperfect, but 
the “make” impulses do not. On reversing the direction of rotation, 
the charge passes through the galvanometer at the “make” instead of 
at the “break.” The rotation is made rapid by a series of gearing 
wheels, so that a considerable number of “ makes” or ‘“‘ breaks” may be 
made per second and the galvanometer deflection therefore increased. 

Comparison of Capacities (de Sauty).—A method similar to the 
above may be applied to the comparison of capacities, but in this case 
the steady current is of course se 
zero. On depressing the key 
(Fig. 315), a difference of poten- 
tial is established between b and 


D and currents flow in the circuits C, ce) D 
BAD and BED. A and E are 8 F 
at the same potentials at the begin- ; 
ning and after the completion of 
the charging of the condensers, Z 
since the current in both cases is 
zero. If then the charges on the t___.—__| 
_ two condensers have grown at the Fra. 315. 


same rate, A and E are all the 
time at the same potentials and there is no throw of the galva- 
nometer. The charges grow at the same rate when the time constants 
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of the circuits BAD and BED are equal, that is when R,C, 
= B.C, (p.-310). 
Therefor e, when the resistances are adjusted until there is no dis- 
C,_ RB, 
turbance of the galvanometer on charging or discharging, G, = 
1 
When the balance is not attained, the throw is one way on charging 
by depressing the key, and the other way on discharging by releasing 
the key. ; 
Comparison of Capacity with Self-Inductance. (i) (Maxwell’).—A 
similar method was employed by Maxwell, the condenser C being placed 
in parallel with the arm ab and the 
inductance placed in Ed (Fig. 316). 
Then, for a balance with steady 


current a = , and if in addition 


Q 

no charge ae through the galva- 
nometer on starting, we have the 
potential at a equal to that at EH, 
during the whole time that the 
current is growing. If p,q, r, and 
s are the instantaneous currents in 
Fic. 316. the respective arms, the difference 

of potential between a and b is Pp, 

and the charge upon the condenser is CPp. The rate of flow of charge 


d(CPp) _ 
aE ae 


into the condenser is therefore = CP. = , and since there is no 


current through the galvanometer circuit, ¢g = p + CP-—= us ; for the sum 


of the currents meeting at a must be zero. 
Again, the difference of potential between d and E is — 


d 
Li + Ss, and that between d and a is Qgq, and since these are 
d 
equal, L i + Ss = Qgq, and replacing q by its value (» AaICPRE 2) we 
have— 
ties + 8s = Ap + CP. o) 


Again, since difference of potential between b and a is equal to 
that between 6 and EK— 


Pp = Rr Re, 
yi dp ds 
. = Re 
eee di? 


r being equal to s, and no current flowing through the galvanometer. 


* Maxwell, “ Electricity and Magnetism,” vol. ii. 
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Substituting, we have— 


ds QR ds 
Now, a = 6, 
ds - de 
. La = QCR. 5 
L 
or, G=QR=PsS 


(ii) (Rimington).—The process of finding the double balance is 
tedious, since it necessitates re-balancing for steady currents each time 
that the ballistic balance is found to be imperfect. The method has been 
modified by Rimington’ in such a 
way that the steady balance when 
once obtained need not be dis- 
turbed. Instead of connecting the 
capacity permanently in parallel 
with the whole resistance P, one 
end is joined to b (Fig. 317) and 
the other is movable, and the 
adjustment consists in finding a 
position for the movable contact, 
such that on making or breaking 
the battery circuit no charge passes Fig. 317. 
through the galvanometer. 

Let X be the resistance in parallel with the condenser when this 
condition is fulfilled, then if # is the current in it, and p the current in 
_ the remaining part of ab, whose resistance is P—X, we have as before— 


difference of potential between ends of condenser = Xa. 


Therefore charge in condenser is CXa oY current into condenser is— 


d(OXe) _ gy 
dt dt 


and since the currents meeting at the movable contact have resultant 
zero— 


da ‘ 
P =2+OX7 uber, uci ee ae (i) 


Since there is no current through the galvanometer, p = qandr =a, 
and since potential difference between d and cis equal to that between 
d and a—_ 


d Ae 
LS + Ss = Qq = . ere nid mencet SUIED 


1 E. C. Rimington, Phil. Mag. (Ser. 5), 24, p. 54. 1887. 
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For a similar reason— 


Xa + (P — X)p = Rr = Rs 
“. Xa — Xp + Pp = Rs, 
and from (i)— 


7 A 
Xe — Xp= — CX di 
da 
oe 
’. Pp — CX di = Bs 
Rs , CX? da 
and, P= P aia “Pp di 


Substituting for this in (ii)— 


ds R a 
LG +8 = "5 +5 = 
From the condition of steady balance we have— 
QR 
=p 
? L& _ QCX? da 
Pet 1 Gi 


This is a condition which determines the ratio of the rates of growth 
of current in X and in R or8, whatever the actual rates of growth may 
be. It follows that the rates of growth of # ands are in a constant 
ratio when no current passes through the galvanometer, so that this 
condition is represented by the equation— 


Integrating, we have — 
LE 
R= COKE + constant, 


and if « = 0 when s = 0, the constant of integration is zero, so that—- 
Ide 2 Ae 
QCX? a’ 
x and s being now steady currents. 


When the currents are steady, those in the respective branches bad 
and bcd are in the inverse ratio of the resistances of these branches. 


LPs one 
Qox? Q 

. L _ Xs 

ee ae 
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(iii) Anderson.—A further modification of Maxwell’s method is due 
to Prof. Anderson.'! The balancing is performed as before, but the con- 
denser is connected to B and to 

a point T (Fig. 318) between A 

and G, such that the resistance 
X of AT can be varied until 
there is no throw of the galva- 
nometer on making or breaking 
the battery circuit. 

Let the instantaneouscurrent 
in BT bec; in G,g;in 8,8; and 
in the battery, b. Then by 
Kirchhoft’s first law (p. 69) the 
currents in the other branches 
are as shown in the diagram. 
Then, applying Kirchhoff’ssecund Fig. 318, 

- law (p. 69) tothe cireuit BATEB, 


d 
P(b—c—s+g)—X(c—g) + Gg +p — Ris —g) =0 


_ where p is the self-inductance of the galvanometer ; and to the net 
BADEB, 


a 


Pb —c — 2 +9) + Qb— 8) - Ss — LF — Rl — g) = 0 


Integrating these with respect to time, using as limits the instant 
_ when the battery circuit is closed, and that at which the currents in 
the branches become steady, and remembering that g = 0 in both cases, 


P(dy = Cy =" + Jo) — Xo — Jo) + GH — R(s — go) = 0 


? 
P(bo = & — 8 + Jo) + Q(by — %) — Ss — Ls — R(s, — q) = 0 
where by, cy, 8, and g, are the total quantities of charge that have passed 
_ through the respective circuits from first to last. Rearranging the 
_ terms in these equations, we have— 

Po, — (P + R)s + (P+ X+R+G)gq,—-(P+X)eq=0 (i) 
(P + Q)b, — (P+Q +R+S8)s, + (P+ R)g — Pe — Ls =0 (i) 

Subtracting the first of these from the second— 
- Qh — (Q+8)s5 — (K+ EG) +Xy—Is=0 . iii) 
‘Multiplying (i) through by Q, and (iii) by P and subtracting, the 
_termsin 6, disappear, as do those in s, since Q(P + R) = P(Q +8) 
_ from the relation between the resistances for steady condition ; that is— 
Poh P+ 
Q 8” Q+8’ 

1 A. Anderson, Phil. Mag. (Ser. 5), 31, p. 329. 1891. 
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and we now have— 


{Q(P+X+R+4G)+P(X+G)}g — (Q(P + X) + PX}q + PLs = 0 
(QP +X +R+G) + P(X+G)jq = {QP +X) + PXjeq — PLe. 


For the total charge passing through the galtvanometer, that is g,, 
to be zero, the right-hand side of the last equation must be zero, so 
that— 


PLs = {(Q(P + X) + PX}. 


Now s and ¢ can be found from the steady conditions, for there is 
no current through the galvanometer, so that the current in BE is s; 
and further, the difference of potential between the ends of the condenser 
is Rs, and the charge ¢, = CRs. 


Hence, PL = CR{Q(P + X) + PX} 
L= CH (PQ + XP + Q)} 
12 
= O{RQ+ ree 
: Pea Qaer tiie 
and since, | TRA a RE Bae 


 L= ORO+ XR +8) 


Comparison of Mutual and Self-Inductance (Maxwell’).—The 
mutual inductance of a pair of 
coils may be found in terms of 
the inductance of one of them, 
by placing this coil in one arm 
of a Wheatstone’s bridge, the 
other being in the battery circuit, 
care being taken that the one in_ 
the battery circuit is so connected 
that the electromotive force pro- 
duced in L on account of it, when 
the current grows, is opposed to 

Fig. 319. the self-inductance electromotive 

force in L itself. 
Then, when the balance has been obtained for steady current, 
Paw AR 


Q7 8 
and when the current is growing, the difference of potential between 
b and a (Fig, 319) is— 


dp di 


‘ Maxwell, “ Eleotricity and Magnetism,” vol. il, 
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This to be equal to the potential difference Rr, between b and ¢, 


_ + ap di 


Nowi=p+r, 
dp dp dr 
La -Mz - Mg t+ Pp = Br, 
dp dr 
or, (L— M)7, —- Ma, = Rr — Pp. 


But if there is no current in the galvanometer, 
p=q,andr=s, 


therefore, for potential difference between d and a to be equal to that 
between d and ce, 


Qp = Sr 
. dp _ dr 
and hence, Q a= NS) di’ 
Substituting = for r, and - Bs for a in the above equation, we 
have— 
dp MQ dp_ QR 
ee a ea PEP 
M 
And remembering that - = P, this reduces to, L — M — = = 0); 
.M__ 8 
“L~$+Q 
is R 
a Pie be 


Further methods of comparing inductances, capacities, and rosist- 
ances will be described in the chapter on alternating currents. 

Circuit with Inductance, Capacity, and Resistance (Charge).— 
We will now find how the current grows in a circuit to which a constant 
electromotive force e is applied, when the circuit has inductance and 
capacity as well as resistance. From the cases treated earlier (pp. 303 
and 310) we see that the equation of instantaneous electromotive forces 
will contain four terms and will be, 


di ed 
le + ri + ao es 
where the letters have the meanings previously assigned to them. 
Further, i = < and the equation becomes— 


dt 
Tr d F 
Vetratiae ar Nes 8h) 8 . ° (i) 
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It will therefore be necessary to solve this for g, afterwards 
obtaining the current by differentiating the value of q with respect to 
time. 


For convenience we will aes = 2b, and 2 = k?, so that— 


é 
a + hq =7. 


Let « = oS ig then 
dx dq @a dq 
dt ~ dt? and, dt? ~ dt?? 
and substituting these values in the equation, we get— 
da da ‘ 


which, being a homogeneous equation, may be solved in the form — 


a= 2, 
Irom this we have— 
dx a 
+z, = ae 
dt 
aa, 
and, qe = ae 


so that, substituting these values in the equation, we getb— 
avert + Qhacrt + hrert = 0, 
or, a’ + 2ba +k? = 0 ¢ 
that is, a=—b+vh=e 
and there are two solutions— 
fe Roe # VER = TYE eye inion = ee VR 
? 
where A’ and B’ are any arbitrary constants. 
Now when two solutions such as— 


(-b+/8—R)t (-b-V/ 2 — Tt 


w— A’e = 0, and, x — Bre =0 
have been found, it obviously follows that— 
Oe Ne (- 6+ JP =t _ pe ON Fae a 
or writing A for = ,and B fore 
RES b+ J =H ip b- JP — 


e 
or, since & = ¢ — za)? 


ee b+ /2— at (-b-NF-t ee 
q — + Be + raze 
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¢ 1 
Remembering that k’ = Ig? We see that the last term is equal to ec, 


Whatever the nature of the variation of charge may be, we know that 
after a sufficiently long time has elapsed the charge will become steady 
and equal to ec (p. 149). Writing this final steady value of the charge 
equal to q, our equation becomes— 


q = Ad-b+ Ni t 4 Bl-b- J = Be 4 g, ‘ (ii) 


| 
. 

This equation expresses the mode in which the charge q varies, but 
it does not give us definitely its value at any given time unless the 
arbitrary constants A and B are known. These may be determined if 
we know two conditions as regards charge, or rate of variation of charge, 
that is, current. Now, in the case considered, the electromotive force 
is suddenly applied to the circuit, and therefore the charge on the con- 
denser at the instant of application is zero, the expression of which 
condition is that q = 0, when ¢ = 0. 

Equation (ii) then reduces to— 


O=A+B+q, or, A+ B= —q. 


Further, the current is zero at the instant of applying the electro- 


d 
motive force, that is, i = “i = 0, when t = 0. 
Now, from equation (ii)— 
(- b+ Ve = yt 
ae b+ Vb — fh’) Ac 


PU Sg SOS 9s er oP aaa 


| 

| Aare b+ VR —F)A+(—b- VP-P), 
or, PIGCA 4B) + 0 — P(A-— B) = 0, 

_ ButA+B=- a, 


neh 
2B= — ie ee) 

VP HK fe w=) af Nie =) 

te these values of A and B in equation (ii) we get— 


; 1 b S Wis 
ms Vv Te ~b=-V/ Re 
qo{1 -3+5 + ae b+V kt s- TiS ova) b—V/ Bt} 
(iii) 


When b’ > B, that is Faies st , this equation for g cannot be further 


and, 2A = — aol i 


3 ‘simplified, and the charge gradually acquires its final value gq. The 
_ mode of approach to q, is shown by the dotted curve in Fig. 320, 
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which is drawn for the case in which the inductance is 10 millihenrys, 
the capacity *; microfarad, and the resistance 1260 ohms, 


R? 
Thus, 73 = 10" 
and, = ili 


so that, b = 6°31 x 10', and k = 3:16 x 10‘, and if the charging electro- 
motive force be 10’ volts, the final steady charge Q, is 1 coulomb. 


Coulombos 


TOE W2x1Ot 3xl0# 4xlioF 


Seconds 


Fic. 320, 


Tf, however, b <k there is an entirely different state of affairs, for b° —k2 
is negative, and VB — kis an imaginary quantity. Let it be written, 


| V i? — B, or jV EB — b’, where 7 = 7 —1, so that the quantity - 
under the root sign is again real. Equation (iii) thus becomes— 


sy F aA ee = <- IN Bt 


2 
= bi NB =U g -GNIF = 
Vie — 0 7 
iNet —jie— vt 
Now the exponential form of cos 7 i? — b%t is ue 
eI NB R= Ot iN E = O 
and of sin 7k? — b°t is Rare et p. 377), and sub- 


stituting these values in our equation we have— 


a (Ve 8 — bcos \/k? — bt + bsin J — bt Bi}. 


evant leet 
q 1) ee 
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Taking an angle 6, such that— 


b : b Vi? — v? 

tan 0 = 7 — a 8m 6 = 7, and cos d= os 
he — x eX ; ~ 49 — 7a, \} 
q= a! _ Taps 9 008 Vi? — bt + sin @sin Vk? — ) 


= 6|1 — ygrmq oos(VE =H - 0) eames tts cel Cy) 


The full curve OABCD, etc. (Fig. 320), is obtained from this 
equation, for the case in which L = 10 millihenrys = 10? henrys, 
C = 3, microfarad = 10-7 farad, and R = 200 ohms, the charging 
electromotive force being 10” volts, so that Q) = EC = 1 coulomb, 


200 \ 1 
Ries = Of et oe 9 
b =( io) = 1OSSe candy § Mee io-? x 107? 10°, 

In this case the discharge is oscillatory, being alternately greater 
and less than Q, before settling down to this steady value, and with the 
given quantities it will be seen that after passing the value Q, four times, 
the amplitude of the oscillation is reduced to about 5 of its original 
value. 


oe te 
The diminution in amplitude is due to the term e~, or « 21, and 
with a less resistance than that chosen, this term would become of less 
importance and the damping of the oscillations less rapid; in the 


R 
limiting case when R = 0 the term « al’ would equal unity, and the 
charge upon the condenser would vary in a'simple harmonic manner. 

It will be seen that the value of the charge for the point B upon 
the curve, that is after one halfoscillation, is much greater than its 
final steady value. This explains the fact that on connecting a con- 
denser to an electrical supply, when the inductance in the circuit is 
large and the resistance small, the potential difference between the plates 
momentarily attains nearly twice the final steady value, and the 
insulation of the condenser may break down, although sufliciently strong 
to stand the final steady potential difference. The breaking down may 
be prevented by putting in circuit at the moment of connection, a 
resistance which may subsequently be removed, but which has the 
_ effect of damping out the violent oscillations that would otherwise 
occur. 

Current.—The current in the circuit at any instant may be derived 
from equation (iv) ; thus— 


Brig. Ibe — dt : ein 
t= 7 = qhe - “sin (Wh? — Bt — 6) +9. Tarp 08 (Wl — bt — 6) 
q,ke — ® 


t = 
= ea p lV BB sin (VF = 04 ~ 0) + bcos (Wk? — bt — 8)}. 
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Remembering that tan 6 = 


b c 
VBoB Poe etc., we see that this equa- 
Cee 5 
tion becomes— 


k2——bt ae 
i= Ta sin NBO . ep Ley) 


Frequency of Oscillation.—In the case of the current, we see from 


3 F 2 ‘ 
equation (v) that at times 0, 7 si 77 eo etc., the value is 
iB z 


zero, and from equation (iv) that after intervals from the start, of — 


O+5 e4+% 


as , etc, the value of q is equal to gq, In either 
VeE—-b Veo ; 
case =F represents the time for half an oscillation, so that the 
time for a complete oscillation, or the periodic time, is— 
Qa Qa 
LOC 41?" 


When R is small, this approximates to 277 LC, and in most 
practical cases the value of R is not great enough to cause the periodic 
time to differ greatly from this value. 

The frequency is given by— 


1 gg 
1 LC» 4c 
ag Ts Qar 
or when R is smali— 
1 
N= = 
av LC 
i Gatesdes a cesar that. 
In the example given on p. 334, 7G = and 773 = 10%, so that— 
N= leas = 4776 oscillations per second. 
Tv 


Limiting Case.—Equation (iii) evidently breaks down when 
b = k, for in this case two of the coefficients become infinite. Return- 
ing to equation (ii) let us see what form this takes when Ne a 
has not vanished but is reduced to some very small quantity h. 


Then, — Neon. + acne +4, 


oh ly Nen ci por ey a % 
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Writing < and «~™ in the form of series— 


h? 3 
MaltMt ie tito. 
We We 
eMel-M+, -Zt.-- 
Wwe 
qa oM Atti t.. )+B(l- Mtr -. Sta 


Now, h being very small, the terms in h? and higher powers may be 
neglected ; but the quantities Ah and Bh have unknown magnitudes 
since A and B are unknown. 


Thus, q=e""{(A + B) + (A — B)ht} + q, 
Calling these two constants (A+B) and (A — B)h, G and H re- 
spectively — 
q=e"(G+H) +4, 
This is a solution of equation (i), as may be shown by differentia- 
tion and substitution of q, of ; and oF in (i); it represents the limiting 


case when 4/b? — k? approaches the value 0. 
Now let g = 0, when ¢ = 0, and we have G = — q,. 
d 
a = 0, when ¢ = 0 
4 = — be" (G + Ht) + He“™ 
0 = —bG+4+H, or, H= — bq, 
.q=4q,{1 — «7% (1 + bi)} 

The curve representing this equation is shown by the chain line 
in Fig. 320. In this case L = 10-* henrys, C = 10-" farads, and 
BR = 2 x 10! ohms = 632-4 ohms, so that— 

1 R? 4 x 10° 

{oe 9 2 
i= Lo = 1%; BF = he heady oes =e 
Discharge.—To find the manner in which the condenser discharges 


on suddenly removing the external source of electromotive force, we 
put e = 0 in equation (i) on p. 331, which then becomes— 


Again, let, i= 


= 10° 


aq dg Gg : 
cae ee eh eee a (vi) 
Me! 52h vg a0 
or, dt + 4 +kq=90, 
r 
where, as before, 6 = a and i? = i 
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This is of the same form as the equation in a on p. 332, and, as there 
explained, the solution is— 
gq = Ac(—b 4+ NFP 4 Be (-d - fF wt = a9 ys eRe) 
Putting in the limiting conditions we have, since g = g, when ¢ = 0, 


A+B=4; 


d 
and since “ib = 0, when ¢ =.0— 


(-b+ VP -R)A+(-—b-V—k)B=0, 
Solving these two equations for A and B and substituting their values 


in (vii)— 


. r b (b+ J b= Ht b (-b- J =2)t 
t—4 at SS am Ss 
q aya(1 af ne 3) Ze (1 Tee BY 
fa) 


When b > k this equation represents the dead beat discharge, the 
dotted curve in Fig. 321 being drawn for the case given on p. 334. 


Coutombs 


4xio-* 
Seconds 


Ths 
-04 
Fria. 321. 
Whenb < k the equation is transformed as on p. 334, into the form— 
Ay a* ciNB Ut 4 @- iN — Ut b iN — Pt .-5 Ot 
q=48°"|——— 37 | iE = 0  r 
or, 
- Ut ee 
Y= 4% “Loos WF — Bt + “> sin VFO 
Tee— 0 ASHE, 
= ip 008 (WUE — 6) oa eee 
b 
where tan 6 = VEuW ete, 
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The discharge is therefore oscillatory when k > b, and the curve 
q,ABD in Fig. 321 shows the form of the discharge in the given case. 
At B the charge upon the condenser has the reverse sign to that 
of q,. The points where the curve cuts the axis are separated by an 


interval of time 


ria or sr which is therefore half 
LO 41 
the periodic time. 

The oscillatory character of the discharge of a condenser when 
a” in the circuit is sufficiently great for the condition ° 
i <to be fulfilled, was first pointed out by Lord Kelvin 
in 1853. 


In the event of R being inappreciable, b = 0, and the equation for 
the discharge becomes— 


Q= a, 008 755» 


and the oscillations are harmonic, the charge surging backwards and 
forwards through the inductance, being alternately positive and 
negative upon either os of the condenser. For either extreme, the 


. energy of the charge is 4% ‘(> and at an instant halfway between these 


_ extremes, the charge upon the condenser is zero, and the energy is 


associated with the inductance and has the value LI? joules 


(see p. 302). 
Since— 
_ 2Q 1 t 
a S710 TO 
the greatest value of this occurs when— 
t t 
VEG = 5a and, sin JiLG= Uk 
- Hence at this instant, I= — . 
_ and the energy, 3LP = 1b. 2 =4% Cc , 


< 


pi 


Thus the energy alternates between the statical and the dynamical 
form, and is associated first with the capacity and then with the 


4 inductance, being reversed twice at every oscillation. 


iy 


4 


& 


1 W. Thompson, Phil. Mag. (Ser. 4), 5, p. 393. 1853. 
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When R is not zero, there is a continual dissipation of electrical 
energy into heat as the current flows in the resistance, and since this 
process is not reversible, the energy of the charge gets less and less at 
each oscillation and finally vanishes. It is also possible that some of 
the energy is radiated into space at each oscillation, but a discussion 
of this will be reserved to a later chapter. 

Limiting Conditions.—The distinction between the dead beat form 
of discharge, in which the sign of the charge is not reversed (b > k), 
and the oscillatory form (b<k), although very much in evidence 
in the mathematical form in which the discharge is represented, is 
not really very marked, for as k gets nearer and nearer in value to b, 
the oscillations become so rapidly damped that the discharge is almost 
exponential in type. In fact there is no discontinuity in passing from 
one form of the discharge to the other, as the student may see if he 
will plot several curves resembling those in Fig. 321, for values of k 
approaching very near to that of b. 

As before, equation (viii) breaks down when b = k, and we obtain 
our solution by putting Vb — k? = h,and finding the form of the solu- 
tion when h is extremely small. On p. 338 we saw that the exponential 
terms take the form e~'(G + Ht), and therefore— 


q=« (G+ Hi) 


If now, q=q, when ¢=0, G=q,; and nf = 0, when ¢ = 0, 
H = bg, 
“9 = qe U1 bt), 


The chain curve in Fig. 321 represents this equation in the given 
case. 

Rate of Discharge.— When bis very small in comparison with k, the 
oscillations are nearly simple harmonic, and die away very slowly ; and on 
the other hand, when 6 is very large in comparison with k, the discharge is 
dead beat, the steady state being reached only after the lapse of consider- 
able time. Thus when 6 is very small or very large with respect to k, 
the process of discharge takes considerable time for its completion. — 
This consideration, together with an examination of Fig. 321, will lead — 
us to the conclusion that the final state of complete discharge is reached — 
more rapidly as b approaches in value to hk. 

From equation (ix) (p. 338) we see that the term cos (7 k7—U't — 6) 
has alternately values +1 and —1, the values +1 occurring at times © 


2 ‘ 
differing by intervals 7 hence the maxima occur at times — 


2rnb q 
differing by these intervals, and have values qo qe “#-, where | 
m has the successive values, 0, 1, 2, 3, etc. Remembering that — 
for the oscillatory discharge, b < k, we see that these successive maxima 

| 


| 
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g : ; b 
decrease most rapidly as b increases, since VFot becomes greater. 
We have the maximum rate of damping out of the vibrations when 
b = &k, since in this limiting condition— 


b 
Se sr tes 


Vik — 

Returning to equation (vii) (p. 338) we see that for the dead 
beat discharge, that is, when b > k; the second term diminishes 
extremely rapidly since — b — ViF —B is always numerically large. 
The first term is therefore much the more important, and the greater 
the numerical value of the term —b +4/b — ’, which is always 
negative, the more rapidly does the charge decay. Thus, asb — v — & 
increases the decay becomes more rapid. To find how b —V7b' — & 
varies as b approaches & in value, write— 


di 
and as b approaches in value to k, ae evidently negative, that is, as b 


diminishes 6 — / b? — k’ increases, and therefore as 6 diminishes the 
rate of decay increases. This holds up to the limiting case when b = k, 
and we therefore see that as we approach from the oscillatory side or the 
dead beat side, towards the limiting case, the rate of discharge becomes 
more rapid. Hence the limiting case when b = & is that in which the 
charge most quickly disappears. 

This was first pointed out by Dr. Sumpner’ and is of particular 
importance in the design of galvanometers. There is complete analogy 
between the motion of a galvanometer needle and that of a discharging 
condenser (see p. 258). With no damping, the swings last a great time, 
as in the case of the ballistic galvanometer. On the other hand, if the 
damping is too great the motion is dead beat, and the final position of 
the needle is taken up too slowly. This is extremely troublesome as it 
renders the galvanometer very sluggish. The best working conditions 
for ordinary use are obtained when the needle comes very quickly to 
rest after very few oscillations, a condition sometimes, although wrongly, 
called dead beat. 

Discharge examined by Rotating Mirror.—The change in character 

of the discharge from dead beat to oscillatory, as the resistance of the 
circuit is reduced, may be seen by examining the spark by means of a 
_ rotating mirror, The condenser is charged by means of the induc- 
tion coil, the spark discharge taking place between the terminals P 


1 W. HE. Sumpner, Phil. Mag. (Ser. 5), 25, p. 453. 1888, 
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(Fig. 322) once at every break of the primary circuit. The circuit 
ACBP in which the oscillations occur, has usually sufficient inductance 
for the purpose, but if necessary this may be increased by including a 
few turns of wire. When the points P are far apart, the image of 
the spark seen in the rotating mirror consists of one thin band for each 


Cc 


Fig. 322, 


discharge, but on approaching the points until the resistance falls 
below the critical value, a group of lines which may extend to 6 or 7 in 
number, is seen at each discharge, which is consequently oscillatory. 

The production of oscillations will be further considered in the 
chapter on radiation, 


CHAPTER XII 
ALTERNATING CURRENTS 


Tue development of dynamo-electric machinery, in which a coil or 
system of coils is rotated in, or moves through, a magnetic field, giving 
rise to alternating electromotive forces, and of the transformer which 
enables the energy produced to be changed from small current at high 
voltage to large current at low voltage and vice versd, has rendered a 
study of the current produced by an electromotive force which varies 
harmonically, of great importance. A still further importance to this 
study arises from the employment of oscillating currents, the com- 
mercial application of which is realised in the various systems of 
wireless telegraphy. 

Circuit with Inductance and Resistance.—For many purposes, the 
capacity in the circuit is. relatively unimportant, and we will first 
consider the simple case in which a harmonic electromotive force, 
E, sin pt, is applied to a circuit having resistance and inductance only, 
the effect of including capacity as well, being left until later. 

The equation of electromotive forces for such a circuit has been 
given on p. 303. It is— 


dl 
La + RI = E, 
Replacing E by the value E, sin pt, we have— 
ies RI = E, sin pt, 


E, being the maximum electromotive force, and a the periodic time of 


alternation. 

A pure sine electromotive force, that is, one which varies in a simple 
harmonic manner, may be produced by rotating a coil with constant 
angular velocity in a uniform magnetic field. For, if N be the magnetic 
flux linked with the coil when its plane is perpendicular to the field 
Gis. 258), N sin @ is the flux when the plane of the coil makes angle 6 

: h the field. 


é 


ve 


ex. 
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d(N sin 6) 
me dt 
yin ® 


Then, B= 


Il 


= —N cos 0.=> 


But if the angular velocity 9? = p, then, d6 = pdt, or 6 = pt + 5? 


the constant ef integration being > if time is reckoned from the instant 


at which 6= — x 
Then, | E = —pN cos (pt 4-2) 
= pN sin pt 
= EK, sin pt. 


The electromotive force produced by an alternating current dynamo 

is not usually of this simple type, but is of the form— 

E, sin pt + EH, sin 3pt + E, sin 5pt +... , 
but we shall only deal with the case in which the first term alone 
is present, this one being always by far the most important. 

The only part of the solution of our equation which is of importance 
to us, is that in which the current has the same periodicity as the 
electromotive force, any other being quickly damped out. The current 
after a very short time takes the form, I = A sin pé + B cos pi, which 
is the most general form of a simple harmonic current of periodic 


~ 
aes . A and B are constants to be determined from the conditions — 
of the problem. To find them, differentiate I with respect to é, and 
substitute for I and S in the original equation. 


Thus, & = pA cos pt — pB sin pt, 


und substituting in the equation on p. 343, we have— 
LpA cos pt — LypB sin pt + RA sin pt + RB cos pt = E, sin pt. 
This must be true for all values of é. 
When, t= 0, sin pt = 0, and cos pt = 1. 
.. LpA + RB = 0. 
When, pi= z sin pt = 1, and cos pt = 0. 
«. RA — LpB = Ky. 
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Solving these two simultaneous equations for A and B, we get— 


_ __ RE, LpE, 
Boia ee ee Lp i? + Re 
Hence, I= mw sin pt — Lp cos pt). 


This may be thrown into a more convenient form by writing cos 6 


R 
for Lp FR whence— 


Lp Lp 
ire" and, + = tan 6, 


= 


ee Tore pt cos 6 — cos pt sin 6), 


ae 
I= Vv Ly ese et ~ 6) 


We therefore see that the current has amplitude Tie TRi- ae Fs 
and lags in phase behind the electromotive force by an peas 


6= tant, 


In the special case in which L = 0— 


7S E, sin pt E 
= rea? =, ae R' 

The current is then in phase with the electromotive force, and its value 

at-every instant is given by the ordinary ohmic relation. 

Vector Diagram.—The behaviour of a circuit to which an alternat- 
ing electromotive force is applied, may conveniently be represented by 
a vector diagram of electromotive forces, and by means of such a 
diagram the current may be plotted in the form of a curve. Thus if 
OA in Fig. 323 (i) represents to scale the value of E,, then the projec- 
tion of this on the axis of y at the instant ¢, is E, sin pt and is equal to 
E, the instantaneous value of the electromotive force. On constructing 


the right-angled triangle AOB with angle AOB = 9 = tan>4®, 


RE, 
ee Je ites 
and OD, the projection of OB upon the axis es y, is— 
| RE, 


Lp + BR 
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and is the instantaneous value of that component of the applied electro- 
motive force that is used in driving the current in opposition to the 
ohmic resistance of the circuit. 


Again, since DE = OE — OD = E — RI, and Lo = E — RI, we 


see that DE represents the component of the electromotive force that 


(1) (ii) 


Fia. 323, 
is due to the inductance of .the circuit, and is the projection of BA 
; A LpE 
upon the axis of y. But BA = OAsin@= Fae = Lgl, 


BA is at right angles to OB, and the electromotive force due to induct- 
ance is therefore 90° in phase ahead of the current. 
This might also have been obtained from the relation— 


I = I, sin (pt — 6), 


for, a = pl, cos (pt — 0) = pl, sin (pt — 8 + 90°) 
Los LpI, sin (pt — 6 + 90°) 


The vector OC may be drawn parallel and equal to BA, and we 
see that the angle OC = pt — 6 + 90°, and electromotive force OA is 
resultant of OB and OC. As the three rotate with constant angular 
velocity p, their projections on the axis of y represent the instantaneous 
values of the applied electromotive force and its components. The 
current being in phase with OB, it may be represented by a vector 
OI, = Sar and by taking an axis of time parallel to Ox we may, by 
making the ordinates equal to OE and to the projection of OI,, draw 
the curves of electromotive force (E) and current (I) in Fig. 323 (ii). 

Impedance and Reactance.—The quantity »/ L?p* + R® plays a 
similar part in the consideration of alternating currents, to resistanve 


ones a Tt is called the Imped- 
J T?p? + R* 


in continuous currents, for I, = 


es 
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ance of the circuit. If either L or p becomes zero, the impedance 
reduces to R, the resistance. The greater the value cf Lp, the more 
does the impedance differ from the resistance, and when the periodicity n 


(that is F.) becomes so great that the resistance is relatively unimpor- 
Tv 


tant, the impedance becomes Lp. This quantity is called the React- 
ance of the circuit, and thus the impedance has for its limiting values 
the resistance, for very low frequency, and the reactance, for very high 
frequency. 

Measuring Instruments.—An ordinary electromagnetic ammeter 
or voltmeter whose moving parts are comparatively massive, will 
indicate the mean value of the quantity to be measured, when this 
varies rapidly. The mean value of the quantity E,sina for a 
complete cycle, where a is written for simplicity instead of pt, is— 


| =i gin o da 
0 


0 2r 0 
——__—- = —= |] COS => 
oe | a], : 
0 


and therefore the reading of an electromagnetic voltmeter on an 
alternating supply will be zero. ‘The reason is, that for the first half 


1 ae ae 
of acycle, the mean value is — | E,sinada = — “+f cos al" = 2K, vane 
T) 9 T 0 Th 
pets os: 2K, 
for the second half, ee | EK, sin a da = — ~~ +: Thus the mean values are 


Tv 

alternately positive and negative, and the suspended needle or coil 
will receive equal and opposite impulses during a complete cycle. For 
this reason it is necessary to employ instruments whose deflections are 
all in one direction, whatever the direction of the electromotive force 
or current. This is the case when the deflection depends upon the 
square of the electromotive force or current, as in the case of the hot- 
wire voltmeter or ammeter, the heating produced by the current in a 
fine wire causing its expansion, which the instrument indicates. Also 
the electrometer used idiostatically (see p. 159) may be used for the 
measurement of alternating electromotive forces ; or certain soft-iron 
ammeters (p. 88) in the case of current. 

In order to interpret the readings of such an instrument, let us 
find the mean value of I,? sin? a, or E,’ sin’ a, for it is this mean value 
that is proportional to the indication of the instrument; that is, we 

2 
| Ge aia de 
must find the value of the quantity, -~—,———., 
da 


4 2a 
Now, ° cm da = 2m, 
0 
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om 23 ia 
and, ti Ty sin’ ada = ref = da 
i 0 
a sin 2a am 

a r5 ag l 
= wl, 

: 1,2 i. Jie 

.. mean value = ee Sige 


CHAP. 


Virtual Current and E.M.F.—The same value of the mean would 
have been obtained if we had taken half the cycle instead of the whole, 
since the square of any quantity is positive, and the sign of I,” sin’ a 
does not change during the cycle. In Fig. 324 the values of I and I’ 


Fig. 324, 


are plotted, when I, = 3. The line AB has the same mean ordinate 
as the curve I*. The continuous current represented by CD, whose 
square would have the same mean value as that of the alternat- 


I 
Pr 5 0 2 m 
ing current is therefore P and would give the same reading on a 


hot-wire ammeter. This is called the virtual current, and is equiva- 


lent to the alternating current whose maximum value is I). 


Thus 


ie . * . 
if I, is measured in amperes, WD is the equivalent current measured in 


virtual amperes. 


K, . : = ; 
In a similar way —= is the virtual voltage of an “alternating 


V2 


current whose maximum voltage is KE). 


The advantage of measuring electromotive force in virtual volts, 
and current in virtual amperes, is that a suitable instrument may be 
calibrated by means of a continuous electromotive force or current, 
and will then read virtual volts or amperes on an alternating current 


supply. 
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Measurement of Inductance.—When a source of alternating 
electromotive force is available, the self-inductance of a coil may be 
found by measuring the electromotive force and current, first using a 
direct, and then an alternating current. The first readings give the 


; ii 0 
resistanes R of the coil. The second pair of readings give - V3 - and z . 
iY E, 


0 
a V2 SJL ER 
“Uy! + RY = Te = ae 
0 ~ 


where E~ and I~ are the virtual volts and amperes. 
If the frequency of alternation is nw, 


rn = +, ss P => 2Qan~, 


T 


and L may then be calculated. 

This method has the advantage that when the circuit encloses iron, 
and the inductance is therefore variable, the value obtained is that for 
the particular value of I employed, and this may be chosen to be 
the value at which the coil is eventually to be used. 

Power in Alternating Current Circuit.—In the case of a non- 


inductive circuit, I = R sin pt = I, sin pt, when E = E, sin pt. The 
rate of working at any instant is therefore EI = E,I, sin® pt watts. 


We have seen (p. 348) that the mean value of sin’ pi for a cycle 
is equal to 4, and therefore— 


mean rate of working = BE ola watts 
. 0 


= watts. 


V2 2 
EK, . 3 I, ; 
Now V3 is the virtual voltage, and TG the virtual current, there- 


fore mean rate of working in watts 1 is the product, (virtual volts) x 
(virtual amperes). 
In the case of an inductive circuit— 


E = E, sin pt, 
= I, sin (pt — @). 


Therefore the instantaneous rate of working is— 


EI = E,I, sin pt sin (pt — @) 
= E,I, sin pt (sin pt cos @ — cos pt sin 6) 
= E,I, sin’ pt cos 06 — $E,I, sin 2pé sin 6. 
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The mean value for a cycle is 4 in the case of sin’ pt, and zero for 
sin 2pt. 


.. mean rate of working = }H,I, cos 6 watts 
= (virtual volts)(virtual amperes) x cos 6. 


The following method brings us to the same result, and throws 
additional light upon the processes going on, 

Let the vector E, (Fig. 325) represent the maximum electromotive 
force, and I, the maximum current. Re- 
solving I, along and at right angles to K,, 
we get the component I, cos 6 in phase 
with the electromotive force, giving us 
the mean rate of working 3E,I, cos 6, and 
the component I, sin 6, lagging 90° in 
phase behind the electromotive force, 
and giving us a mean rate of working 


x ae EI, sin a sin (a — 90°) da, that is— 
7) 0 


f) 2 
=| “sin a cos ada 
27 Jo 
2 
Fic. 325, fs AL cos 2a 20 
8x 0 


This latter component is called Idle or Watiless current since its 
presence does not contribute to the rate at which work is being done 


Fia. 326. 


in the circuit. When the inductance of a circuit is so great in com- 
parison with the resistance that the latter may be neglected, the 
current is entirely wattless ; for in this case, 0 = 90°, and cos 0 = 0. 
The curves for E and I in Fig. 326 are drawn for a case in which 
the current lags behind the electromotive force by an amount ac. 
For the parts of the cycle ce and fg the electromotive force and current 
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are in the same direction, and the source of energy is doing work upon 
the circuit. If we call this work positive, then for the parts ac and 
ef of the cycle, when E and I are in opposite directions, the work is 
negative, which means that the electromotive force is employed in 
diminishing the current, or the circuit is doing work upon the source 
of energy. The curve abcde, etc., is drawn by taking ordinates at 
each point equal to the product of E and I, and the large loops such as 
ede represent work done on the circuit, and the small loops such as 
abe represent energy drawn from it. The difference in area of the two 
is a measure of the work done in one half cycle. 

When L=0, 6=0, and the current is in phase with the electro- 
motive force. The small loops are then absent ; but as L increases, the 
difference of pbase increases up to 90° in the limiting case when R is 
negligible, and in this case the positive and negative loops are equal 
in size. Their difference is then zero, and the current is entirely 
wattless. 

The case is similar to that of a frictionless pendulum; although 
the motion is alternating, the total work done by gravity upon the 
pendulum in a cycle is zero. 

Power Factor—On measuring separately the virtual volts and 
virtual amperes for a given circuit by means of a voltmeter and an 
ammeter and taking the product, we obtain the apparent watts. This 
is not the actual power absorbed in the circuit, unless the current is 
in phase with the electromotive force, for the product has yet to be 
multiplied by cos 6 to obtain the true watts. The ratio of true watts 

to apparent watits is called the power factor of the circuit. 

Since,—true watts = (apparent watts) x cos 6, we see that the power 


factor is equal to cos 6, where 6 = tan™* 2. 
Wattmeters—tThe true power absorbed in any circuit may be 
‘measured directly by means of a suitable watimeter, whose low 
resistance coil P is in series with the circuit, the high resistance shunt 
coil Q being connected to the points A and B (Fig. 327) between 
which the power to be measured 
is absorbed. In the case of the 
Kelvin watt balance (p. 246) the 
shunt circuit has in it a non- 
inductive resistance R, of high | 
value. The mechanical force or 
couple between the two coils is rk 
proportional to the product of Fig. 827. 
the currents in them, that in P 
_ being the current I flowing in AB, and that in Q being proportienal 
‘to, and in phase with, E the difference of potential between A and B. 
The instrument is calibrated to read directly in watts, and will there- 
fore give the mean value of EI, or the true power absorbed between 
A and B. 
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A difficulty arises owing to the fact that the coil Q always has 
some inductance, and the current in it therefore lags behind the 
electromotive force in it, causing the indicated mean value of the 
watts to be too low. In the Kelvin instrument this lag is reduced 
to a negligible amount by making the non-inductive resistance R, in 
the shunt circuit very great ; while in the Addenbrooke electrostatic 
wattmeter, which is a modified quadrant electrometer, there is no 
appreciable lag. 

If I, be the current in the shunt circuit Q, L, being the inductance, 
and R the resistance of the shunt circuit — 


EK, : 
= JE aR sin (pt = 6,). 
1 P 


Also the current in the main circuit is— 
I = I, sin (pt — 6), 
and the instrument indicates the mean value of the product I x I,, 
that is— 
E,I, sin (pt — 2 sin (pt — A) 
V Lp + B? 


Expanding the terms sin (pt — 0) and sin (pt — 6,), and ig ci Sh the 
product, this quantity becomes— 
E,I, 

Af Lp? +R? 
The mean values of sin? pt and cos’ pt are both 4, and of sin Qpé is” 
zero, and the mean of the whole expression is therefore— 


on, hae 


{sin? pt cos 6 cos 6, + cos’ pt sin 6 sin 6, — } sin 2ptsin (6+ 6,)} d 


3 V Lip’ + Re cos (0 = 6,). 
The true power is 41,E, cos 0. 
_ indicated power 1 cos (6 — 6,) / 


true power — /Lp'+R? cos 0 


Since L, is small in comparison with R, 4/L,2p" + R? does not differ _ 
from R in commercial instruments by more than 0:1 per cent., and 
the instrument, if calibrated with direct current, will read correctly 


on alternating current, provided that oe SS 9 A) s is equal to unity. 
cos (9 — 6,) _ cos 6 cos #, + sin @ sin 0, 
cosO cos @ 


= cos 6, + sin 0, . tan 6. 
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When 6, is small this quantity approximates to unity unless 6 is 
nearly 90°, in which case tan 6 approaches infinity. In general 6 
does not approach 90°, and the wattmeter may then safely be used. 

, The power factor of a circuit may then be measured by finding the 
true watts absorbed in it, by means of a wattmeter, and the apparent 
watts by means of an ammeter and voltmeter. 


true watts 
Then, power factor = apparent watts = cos 6. 


Circuit containing Capacity, Inductance, and Resistance-—The 
equation of electromotive forces for a circuit having capacity, inductance 
and resistance is (see p. 331). 


al Q ; 
Ly, + BI + G = E sin pt, 


: dQ 
or, since [ = i” Fae 
PQ dQ. Q ‘ 
Lap +Ra, + = En sin pe. 


The simple harmonic part of the solution of this equation, that is, 
Q = A sin pt + B cos pt, may be found in an exactly similar manner 
to that given on p. 344. By differentiating, substituting, and solving 
the simultaneous equations for A and B, we find that— 


) 
(ae -. =? 
eae) Pilt, = Te) +B 
and thus— 
a =1p) si - Eyk 


ee cies. , 
A(e-t) +F] 7s A(e-a)tR} 


and further— 


1 
BG — Te E,R 
i Ba et) cos pt + 7 RS. RUMI EE 
EV eae) 4p? alors P +R} 
Ge Ip) “i } iG: ”) 
} Taking as before, tan 0 = ne os 


: 2A 


354 ELECTRICITY AND MAGNETISM CILAP. 


E 
we have, l= an sin (pt + 6). 
NA ( oe 


The impedance is in this case 4 / (G ~ Lp) + R2, 


The following four special cases are of interest. 
(i) When L=0 and C=o, then = 0 and tan 6 = 0, and the 


E 
equation reduces to I = Rain pt. 
This case has already been discussed (p. 345). 


(ii) When C = o, then tan 6 = — e 


, and the equation is— 
E, : 
~ W L3p? + R? + R? bey (pt FR 6). 


The vector diagram and the electromotive force and current curves 
are given in Fig. 323. 


il 
(iii) When L = 0, then tan 9 = CpR? 
EK, : 
and, SES == 1 (pt + 6). 


The current is here in advance of the electromotive force by the 
1 
: : = = 
difference in phase, 6 = tan OpR 


The vector diagram is given in Fig. 328 (i) and the electromotive 
force and current curves for one cycle in Fig. 328 (ii), The power 


Eo 


(1) (1) 
Fig. 328. 


absorbed in the circuit is again 41,E, cos 6, and the idle or wattless 
component of the current is i sin r) (see p. 350). 

If in addition, R = 0, pies 6 = 90°, and the current is entirely 
wattless. 
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il 
(iv) When Lp = Cp’ 7.= 0; 
E 
then, L= R sin pt. 


In this case the current is in phase with the electromotive force. 
The electromotive forces corresponding to the two wattless currents, 
one due to the inductance and the other due to the capacity, are equal 


E 


(ii) 
Fic. 329, 


and are in opposite phases. We may say that the wattless current re 
required by the inductance is supplied by the capacity (Fig. 329). 
Choking Coil.—For many purposes it is required to reduce the 
current in a given circuit, with a minimum waste of energy, when the 
current is derived at constant voltage from a given supply. In charging 
a secondary battery from electric mains, an adjustable resistance is 
included in the circuit, whose function it is to reduce the current to 
the required amount, or in other words, to reduce the difference of 
poten between the efds of the battery to that required for 
ly in-running-an-arelamp-on-a-continuous current 
i ae the are requires about 40 volts, so that if a current of 10 
amperes is to be taken from 100-volt mains, the resistance to be 


included in the circuit is es = 6 ohms. It is merely a matter 


of applying the ohmic relation I a With an alternating current 


supply there is another and more economical method which may 
frequently be employed as an alternative to introducing a resistance ; 
for, let an inductance L be placed in series, 


EK, 100 
Vip pe and in the above case, LO = Vip pe rary 
4 being the effective resistance, 48, of the arc. 


*, L?p? + 16 = 100, 
7 '  L?p? = 84, and Lp = 9:2 approx. 


then, I, = 
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If now the supply has a frequency of 50 cycles per second— 


p = 27. 50 
ee ee 099 hen 
_L= Oar. BO = 0:02 enry. 


Such an inductance is called a choking coil. Its chief advantage 
lies in the fact that with it, the only waste of energy is due to 
the hysteresis loss in the iron core (p. 280), which is generally much 
less than the waste of energy in the resistance that would reduce the 
current to the same extent as the choking coil. The resistance of the 
choking coil is generally negligible. When a resistance is used to 
reduce the voltage, there is a waste of energy I?R, which in the above 
example amounts to 600 watts, but with the choking coil the only 
additional electromotive force introduced, differs by 90° in phase with 
the current, and the effect is therefore wattless. 

The virtual volts between the points A and C due to the supply 


Cc 


Fig, 330, Fig. 331. 


being E volts, that between the ends AB (Fig. 330) of the non-induc- 
tive resistance is RI, and that between the ends BC of the inductance 
is LpI (p. 346), and the latter differs in phase by 90° from the potential 
difference RI due to the resistance, since this is in phase with the 
current. The three electromotive forces are therefore related as the ~ 
three sides of a right-angled triangle, as shown in Fig. 331. Thus 
the sum of the potential differences between A and B, and B and OC, is 
always greater than the potential difference between A and C. Then 
we may find Lp graphically by constructing a semicircle upon AC © 
(Fig. 331), and making AB equal to the fraction of AC that the 
required potential difference between the ends of the resistance is of 
the whole potential difference, On joining CB and dividing its length 
to scale by I, we obtain Lp. 

Duddell Oscillograph.—Several devices have been employed to — 
determine the wave form of an alternating electromotive force or 
current, but probably the most convenient is that used by W. Duddell? 
in the instrument known as the oscillograph. This is essentially a 
dead beat galvanometer, modified to have an exceedingly high fre- 
quency of vibration (8000 to 10,000) of the moving part, so that its 


1 W. Duddell and HE. W. Marchant, Inst. El. Hng. Jown., 28, p.1. 1899, — 
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movement copies the comparatively low frequency force due to the 


alternating current. 

The phosphor-bronze strip ssss 
passes over the pulley P (Fig. 332), 
the ends being attached to termi- 
nals fixed in the block K. A 
spring, not shown in the figure, 
pulls P upwards, and maintains a 
considerable tension in the strip, 
whose lower portions are situated 
in the magnetic field due to a 
powerful electro-magnet. 

On passing a current through 
the strip, one limb is urged out- 
wards and the other inwards, 
causing the light mirror M, at- 
tached to them, to rotate. The 
deflection of a beam of light re- 
flected from M is thus propor- 
tional at every instant to the 
current flowing in the strip. The 
spot of light, falling upon a 
screen or photographic plate de- 


Fia. 332. 


seribes a straight line when an alternating current is passing. 
In order to exhibit the variation of the current, the beam of light is 


also reflected by a mirror 
which is rotating about an 
axis at right angles to the 
axis of rotation ‘of M, so 
that the spot of light has a 
motion upon the screen pro- 
portional to time, at right 
angles to that proportional 
to the current, and hence 
describes a path similar to 
the curves of Fig. 333. The 
motion of the second mirror 
is produced by a synchronous 
motor driven by the alter- 
nating current under ex- 
amination, so that the spot 
moves over the path repeat- 
edly, an advantage in ob- 
serving it, as the appearance 
upon the screen is that of a 
steady curve. 


Fic. 333. 


For the examination of the electromotive force and current curves 
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simultaneously, two strips such as s are placed side by side, the current 
strip is placed in shunt across a low resistance in which the current to 
be examined is flowing. The potential strip is placed in series with a 
high, non-inductive resistance, the ends of this circuit connected to the 
terminals between which the variation of potential difference to be 
examined is occurring. The current and potential curves may be 
arranged to fall simultaneously upon the screen, and in this way the 
curves in Fig. 333 have been obtained, L being the current curve with 
large inductance, and K that with large capacity, the lead being nearly 
90° for the latter, and the lag nearly 90° for the former (see p. 354). 
V is the voltage curve. A 
The Einthoven string galvanometer is similar to the above, but 
with only one fine wire conductor, the motion of which may be observed 
by a microscope. Owing to the small inertia, and the timing which 
can be effected by altering the tension of the conductor, very feeble 
alternating currents of high frequency may be detected. 
Transformers.—The industrial use of alternating currents owes its 
_~ development entirely to the transformer, which is an appliance for 
converting large current at low vol- 
tage to low current at high voltage, 
and vice versd, with very small loss 
in energy and without the necessity 
of moving parts in the appliance. 
Thus for the transmission of 10,000 
watts at 100 volts the current is 100 
amperes, but at 10,000 volts the 
current is only one ampere. Hence 
the conductor required in the second 
case will be much smaller, and there- 
fore less expensive than in the first. 
The transformer consists essen- 
' tially of two coils, a primary and a 
secondary, wound upon an iron core. 
The relative number of turns in the 
! two coils depends upon whether it 
Fic. 834, is required to transform up or down 
in voltage. An ordinary transformer 
with closed magnetic circuit is shown in Fig. 334, AB being the 
primary and ab the secondary coil. 
We have already found on p. 315 that the electromotive force 
equations for two circuits having mutual inductance, are— ; 


Os ei 
L, on + Ma + RL = E, ° ° ° . ° ° (i) 


deneat é 
Lz tMz+RL=0. * te . ise (ii) 
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When an electromotive force E, is applied to the first circuit, there 
being no source of electromotive force, (other than that due to the 
mutual actions of the currents,) applied to the second, and E, vary 


_harmoniecally, it may be written ,E, sin pt, and the harmonic solutions 


—_—_-s:- - -~ & 


for I, and 1, might be obtained as on page 344. But this process is 
extremely tedious, and the useful results may all be obtained by start- 
ing with the currents and afterwards finding the impressed electro- 
motive forces required to produce these currents. Assuming then that 
the currents I, and I, differ in phase by the angle 0, we may write 
them, taking I, and ,I, for the maximum values— 


I, = 91, sin pt. . Sa ee ty fm. 4. (ASN) 
T, = ol, sin (pt + 6). Paice (LY) 


In practice these currents will not be true sine functions, owing to 
the hysteresis in the iron core of the transformer, but will consist of a 
sine term together with a higher harmonic due to hysteresis, which 
is wattless,’ and may usually be neglected; its study belongs to the 
province of the electrical engineer. 

From equations iii and iv we get— 

dl dl. 
a= Pp oli cos pt, and, ay = p ol, cos (pt + 6). 


and, 


Substituting in equation (ii) we get— 


Lup ol, cos (pt + 0) + Mp oI, cos pt + R, oI, sin (pt + 6) = 0, 
or, (Lz p ol, cos 6+ Mp ol, + Ry ol, sin 0) cos pt 
+ (R, I, cos 0—Lyp gl, sin @) sin pt = 0. 


This is true for all values of t, and therefore when pt = “ wa 


have— 
R, yf, cos 6 — Lp oI, sin 0 = 0, 
R, : R. 
t — eats, d ray 0 = See 
or, an 0 Lap an sin Jie 7h 
When t = 0, we have— 


Lyp oI, cos 6 + Mp ol, + R, I, sin 6 = 0. 


RMS olny |e Mp 
eat, oli. Lyp cos +R, sin 
' ; Mp 
| Sel Lop i 
Lop pa ae *W Lep? + Re 74+ R2 
ane ie =_lc __Mpol, 
"*  MLge + Re 


1 Steinmetz and Berg, ‘‘ Alternating Current Phenomena,” 
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From these two results we see that there is a difference in phase 
between the primary and secondary currents determined by the last — 


R 
relation, together with the fact that tan 0 = is 


ep 
Returning to equation (i), and substituting in it the values of 
di, dl, 


di ’ ar and 1. we have— 


Lip ol, cos pt + Mp I, cos (pt + 6) + Ryo], sin pt = E,, 
«. E, = (Ry ol; — Mp ol, sin 6) sin pt + (Ly p oI, +Mp (I, cos 6) cos pt, 


M 
=(Ra oh + Mp. 75 oe Tiare) sat 
Mp oli L,p 
+(Lpdh- MP TT ht Jip Tes) cos Pt 
M? : M?p?. Lp 
= (Rit pais ao a(t ?- Toe cos pt, 


i 


alates PEM _M'p* 1, Y 
sha/ (Ba + + rae 4+ RS 3) + p(Li- Lp? + RB? sin (pt+¢), 


ae 
(mz wg Rp)? 
STR. 
Rit pat Re 


where, tan ¢d = 


We therefore see that the primary electromotive force leads the 
primary current by an angle ¢, or, what is the same thing, the current 
lags behind the voltage by this angle. Further, the primary resistance 

22 
is increased by an effective amount me rie due to the current in— 
the secondary, and the primary SS is effectively reduced by 
M’p’L. 


the amount ia PRP a phenomenon first pointed out by Maxwell.’ 


Writing ee aT P, we may then express our currents in 


terms of H,, iene E, = ,E, sin pt, and rewriting our equations, 
(iii) becomes— 
oH, ° 
4 7G — Play + + BR ey) 
sel, sin (pi—g) © 2 6 5 es 2 
(L, — P?L,)p 
(R, + P?R,)° 


where, tan¢ = 


1 J. 0. Maxwell, Pil. Trans. Roy. Soc., 155, p. 459. 1865, 


. the primary current, ¢ being very nearly 90° 
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Again, since ,J, = — P 4I,, (iv) becomes— 
I, = oI, sin (pt — 6+ 6) 
— PI, sin (pt-— $+ 6) 
=P (I, sin (pt —-$.+6—- 7). 
For the difference of phase between I, and I, is the advance 6, of 


the latter ahead of the former, together with a lag of 7 implied by the 
relation ,[, = — P ol. 


I ll 


Now tan 6=-;—, so that tan 6’ = ae , where 6=35— @, and 
substituting this value for 6 we have — 
I, = P,I, sin (vt -¢-0-%), 
and the actual lag of the secondary current behind the primary is an 


angle 6! + 5 =a-—96. The complete expression for I, is now— 


(EP 
~ Vy — PL) + (RB, TPE $—¢—3). (vii) 
Sad aa a), +o , x (YE) 


The meaning of these equations can be 
more clearly seen by drawing a vector dia- 
gram for the electromotive forces in the two 
circuits. The equations of electromotive 
force are (i) and (ii), and the various terms 
in them and their relative phases may be 
found from equations (v), (vi), (vii) and 
(viii). Thus, from (vi) we have 


BAL =R, |, sin (pt — ¢). 


Hence we will begin our diagram with the 
vector OK, whose value is ,E,, the maximum 
of H,. At an er ¢ behind this we have 
OA, equal to R, 4, which is in phase with 


since Lp is usually large in comparison 
with R,. 
Again, from (vi) we have— 


dl : a 
Aye = Lyp ol, sin (pt —od+ =) (see p. Fia. 335. 
346). ; 


Hence AB is drawn 90° ahead of OA, and is made equal to L,p ,I 
From (viii) — 


Rd, = B, ols sin( pt-¢-4-5), 
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so that we next make OD equal to R, ,I, at an angle AOD = @’ + 5 
behind OA, and this is in phase with the secondary current. Also 
from (vill)— 
dl, : 
Ly Gy = Lop ola sin (pt-— 4 — 8), 


and therefore DF is drawn 90° ahead of OD and equal to L,p oI,, -FO is 


now the vector sum of the two electromotive forces Loa and R,I, in the 


secondary, and is equal to the electromotive force due to the variation 
di 

of current in the primary, which is M7 = Mp ||, sin ( pt-—pdt+ 5 

from (vi), which we see is parallel to AB; and further the vector BH, 

which is the electromotive force in the primary due to the variation of 

the secondary current, is Mp ,1,, and is parallel to DF, since from (viii)— 


dl ; 
M 7 = Mp. cl. sin (pt — ¢ — 6). 


The three vectors OD, DF, and FO have zero resultant, and if the 
diagram rotates with constant angular velocity p, their projections on 
a fixed axis are at any instant the three terms in equation (ii). 

Similarly the three vectors OA, AB, and BH, having a resultant 
equal to EH, correspond to the three terms in equation (i). 

If a perpendicular Ea be dropped from E on to OA, the vector 
Oa is equivalent to R,',I, where R,' is the effective resistance of the 
i ircuit, which 360 to be R a Ace 
primary circuit, which we saw on P ae o be R, + Lip + RF 
el decals 5 | 
The vector Aa is therefore equal to Lip + RP 

Similarly Ea is the quantity L,'p,l, where L,' is the effective 
inductance of the primary, and the vector Bb is therefore equal to 

M?p?L 
ip RP so that the lag (f) of primary current behind the electro- 
2 2 x 
motive force which occurs when the current in the secondary is ,[,, 
might be reproduced when I, is zero by increasing the primary 
resistance by the amount Aa, and diminishing the primary inductance 
by the am unt Bb. 
When the secondary circuit is broken so that ,I, is zero, the current 
E 
in the primary is Vip? - Re ep Re 


L 
where ¢ is now tan7* a The only work done, apart from that due 


and the rate of working is H, oI, cos ¢, 


to hysteresis and eddy currents, is that required to drive the current. 
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through the primary in opposition to its resistance. The vector 
diagram reduces to the form shown in Fig. 336. Since R, is usually 
small in comparison with L,, ¢ is nearly 90°, and becomes more and 
more nearly equal to 90° as p increases. ‘There 
is nowonly one electromotive force in the secondary, 
equal to Mp ,I,; and since this is parallel to AK, 
the electromotive force in the secondary is very 
nearly opposite in phase to the primary electro- 
motive force, OE. From its value Mp ,I,, we see, 
calling it »E,, that— 

ok, = Mp ,I, = om 


M Nin 
P Lp 24+ R” 


and neglecting R, in comparison with L,p— 


pe 
oH, Ty 
When the primary and secondary coils are Fic, 336, 


wound upon the core in such a way that they 
both enclose the whole of the magnetic induction, we have — 


LL, = M? 


n ny ; 
for, M = ~L, = —I,, where n, and n, are the respective numbers 


of turns in the primary and secondary... - weet Ly aA) Ly 


oli 


But the inductance of a coil is proportional to the square of the 
number of turns linked with the magnetic flux, and therefore L, « n,°, 
and L, « n,’. 


m 
T 


That is, the electromotive forces in secondary and primary are 
proportional to their respective numbers of turns. 

These conditions may be approximately fulfilled in the case of 
the induction coil (p. 319), the primary coil having very low and the 
secondary'very high os the latter being very great, not only 
on account of the number of turns being very great, and the wire 
employed being thin, but also by the fact that part of the circuit 
consists of air or some other medium of exceedingly high resistance. 

Returning to the vector diagrams (Figs. 335 and 336) we may 
‘now consider the effect of reducing the resistance of the secondary 
until appreciable current passes in it. When this current is small, 
the vector OD is nearly at right angles to OF, so that the secondary 


- 
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current is nearly opposite in phase to the primary. As work is now 
being performed in the secondary this implies that more power is taken 
in at the primary. This is supplied in two ways. In the first place the 
primary current comes more into phase with the electromotive force, 


L 
since tan ¢ changes from ae to— 


MM??? L 
(4,= Tyree)? 
M’p*R, 
R, + Lp" + Lp? + R2 2 
so that ¢ diminishes, and cos ¢ increases, and the power ,E, I, cos f — 


increases. But in addition to this, the primary current usually 
increases owing to a diminution in the effective primary impedance — 


from 7 L2p? + RZ to 7 (L, — P?L,)*p + (Ri + PPR.) : 
If the vied of these two quantities is less than the former— 
Lp? + BR? > L2p? — 2L,L,P*y? + *L2p* + Ri + 2K, RP? PAR. 
”. 2L,L,p* > Py" aa R 2) + 2R,R, 
eres 7 
But, P? = P+ 
*, 2L fle s > Mp 2 + 2R,Re. 


In the case of an uae transformer, R, and R, are made as 
sinall as possible, in order to avoid loss of energy due to ‘heating of the 
conductors. Therefore, neglecting the term 2R,R., we havesee : 


2L,L, > M2, 


a condition which is necessarily fulfilled since M? cannot be greater — 
than L,L, Thus the result of the current in the secondary is to 
decrease the effective impedance of the primary, and the primary 
current therefore increases. It should be noted that if the resistances 
are not small it does not follow that the effective impedance of the 
primary is reduced and the current increased. There is, however, 
always an increase in the power absorbed by the primary, on account 
of the advance in phase of the primary current caused by the current — 
in the secondary. 

For an account of the efficiency of transformers and the measure- — 
ment of the various losses occurring in them the student is referred to — 
works on electrical engineering. 

\ Resistance and Inductance of Wires for Currents of High 
<>" Frequency.—A steady current flowing in a uniform wire is distributed 
uniformly in the cross-section of the. wire, the current density being 

constant over any given section. When the voltage applied between 
the ends of the wire is alternating, the distribution of current is no 
longer uniform; there is a concentration of the current in the outer 
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layers, and, when the frequency is very great, the current is almost 
entirely confined to the surface layer. This phenomenon is known as 
the “skin effect,” and on account of it, the effective resistance of the 
wire is greatly increased. For this reason, conductors that are required 
to carry high frequency alternating currents are made up of a number 
of strands of fine wire, insulated from each other, in order to have a 
large surface for any given area of cross-section, since the central parts 
of thick wires would not carry any appreciable part of the current and 
would therefore be useless. 

The reason for this distribution of the current may be understood 
by examining Fig. 229, in which the magnetic field for a wire carrying 
steady current is shown. Taking any cylindrical shell of the wire, 
the magnetic field outside it is the same as though the current in the 
shell were all at the axis of the wire, but for points inside the shell the 
field is zero. ‘Thus for a given current, the total magnetic flux is 
greater when the current flows along the axis than when it flows in a 
surface layer of the wire, by the amount of flux that fills the space 
occupied by the wire when the current flows along the axis. 

lé then we imagine two elements of the wire of equal cross-section, 
one constituting the central portion A, in Fig. 337, and the other a 
cylindrical shell B, these-will carry equal cur- 
rents when the electromotive force is steady, but 
A will have a greater self-inductance than B. 
When the electromotive force is alternating, B 
will therefore have the less impedance, and more 
current will flow in it; and further, the current 
in A will lag behind that in B, owing to the 
greater inductance of A. The phase of the cur- 
rent gets later and later as we pass from the 
surface of the wire to the interior. This is Fic. 337. 
entirely in accordance with the fact that the 
flow of energy from the source of electromotive force takes place in 
the dielectric surrounding the wire, time being necessary for it to 
penstrate from the surface to the interior. This aspect of the question 
will be studied later (see p. 410). 

If we consider a conductor consisting of the two parts A and B 
only, where the resistance of each for steady current is R, the induc- 
tance of A being L, that of B is equal to M, the mutual inductance of 
the two parts ; since the magnetic flux linked with the circuit whose 
cross-section is B, is also linked with A, and if we apply an alternating 
electromotive force HK, sin pt to the ‘two in parallel, we see by the 
equations on p. 360, that the effective resistance of A is— 


M? 
Rt ape pes RO + ee eee). 
and its effective inductance i is— 


M2y°M 


L— yf RY 
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while the effective resistance and inductance of B are respectively— 


My"R Mey? 
+ Tap m= Bl + T+ Ea, 
Mp? 
and, M a Lip? + R® 


The total resistance is therefore in each case increased, and the effective 
inductance reduced, the change depending on the square of p; but since 
L>M, the resistance of A rises more rapidly than that of B when p 
increases, so that the current becomes at very high frequency almost 
entirely confined to B. The better the conductivity of the material the 
smaller is the value of R, and therefore the greater is the quantity 
M*p?M M’p?L 
Mp? ie Re Ta + RY 
Mt M? 

and a Since L <1, M is greater than “ie and the concentra- 
tion of the current into B is greater when R is small than when it is 

M2 2 M?*p*L 


great, for in this latter case Mey? + B and Tp + RP approach to 


the limiting values when R = 0 being M 


equality. 

If the wire consist of a material of high permeability, L is 
enormously increased while M is practically unchanged. This again 
accentuates the crowding of the current into the outer layers ; in other 
words it increases the skin effect. 

The problem of the distribution of an alternating current in an 
actual wire is beyond the scope of this book, but it may be pointed out 
that in the case of a straight circular wire carrying alternating 
current, the effective resistance R’ may be calculated from a relation 
which may be written in the form— 


; it Qa nya 2 1 Qn. 4 


given by Lord Rayleigh,’ where R is the resistance for steady current, 
a being the radius of the wire in centimetres, n the frequency of 
alternation, and p the specific resistance of the material of the wire in 


4a?un 


absolute units, provided that is not greater than 5. For very 


high frequencies the relation is— 


R' = ys 
Pp 


The effective resistance of a straight wire for high frequency 
currents has been measured by Prof. J. A. Fleming ? - ae the 


1 Lord Rayleigh, Phil. Mag. (Ser. 5), 21, p. 381. 
2 J. A. Fleming, Proc. Phys. Soc. Lond., 28, p. ios, er 
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currents in two similar wires that produce heating at the same rate, 
the current in one wire being steady and the other oscillating. The 
arrangement employed is shown diagrammatically in Fig. 338. The 
two wires AB and CD are situated in glass tubes which are united by 
a bent tube containing a little paraffin oil, with an air bubble at P. 
The currents in AB and CD are adjusted until the air bubble remains 
in its equilibrium position, the system 
then acting as a differential air ther- 
mometer ; it indicates that the rates 
of production of heat in the wires 
are equal. 

The alternating current is mea- 
sured by an ammeter of the type 
described on p. 222, which measures 
virtual amperes. It consists in the 

‘oscillatory discharge from a con- 
denser, the frequency of oscillation 
being determined by means of the 
cymometer (p. 460). Fia. 338, 

For equal heating in the two 
wires, I2R = IR’ where I’ is the virtual current, and R’ the effective 
resistance, I and R being the values for steady current. 

Since the wires and the vessels may not be identical in the rates at 
which the heat produced in the wires is dispersed, the currents are 
interchanged, so that the wire which previously carried the alternating 
current now carries the steady current, the effect of dissimilarity in the 
tubes and wires being in this way eliminated. The observations were 
in very good agreement with the calculated results. In the case of a 
bare copper wire of diameter 0:03149 cm. the resistance for a frequency 
of 1:08 x 10° is 1:45 times that for steady current, while for a 
aged of 0:198 the ratio is 8:10. 

Shielding Effect of a Mass of Metal.—tThe presence of a mass of 
conducting material in the neighbourhood of a circuit carrying alternat- 
ing current produces an effect which may be understood from the 
equations on p. 360. ‘The effective self-inductance of the circuit is 
reduced, for the induced current in the material has a magnetic field 
which is opposite in sign to that due to the current in the circuit, and 
consequently while the current is growing, the magnetic flux linked with 
the circuit is less than would be the case if the mass of metal were 
absent. The back electromotive force, due to the growth of the mag- 
netic flux, is therefore reduced, which is equivalent to saying that the 
effective self-inductance is diminished. Similarly at stopping, the in- 
duced current is in the direction of that in the circuit (see Fig. 309), 
and the flux dies away at a lessened rate. 

As the conductivity of the material increases, so the effect is 

enhanced, for the induced currents become greater, while the reverse is 
the case when the ‘conductivity is diminished, For this reason it is 
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necessary to avoid using continuous masses of metal in the construction 
of coils of large inductance. The frame on which the coil is wound 
should be of some non-conducting material, and if this is inconvenient, 
a saw cut should be made in a direction at right angles to the direction 
of the electromotive force produced by the varying magnetic flux. 
This enormously diminishes the effect. Further, if an iron core is 
employed, it should be laminated or else built up of wires insulated 
from each other. A slight film of oxide on the wires or lamin will be 
highly beneficial, For this reason the cores of transformers are usually 
laminated, for not only is the effect of these eddy currents upon the 
inductance objectionable, but they involve a waste of energy, the 
current in the metal involving a conversion of electrical energy into 
heat within the material. 

In a similar manner a sheet or mass of highly conducting metal 
may be used to screen a given space from the effects of an alternating 
magnetic field. 

Let an alternating current I, =,I, sin pt, be flowing in a given 
circuit ; then for a neighbouring circuit or mass of metal, the equation of 
electromotive forces will be— 

dl, di, 
L, dt 4- Mit + Ralp > 0. 

When R, is very small, as we may suppose it to be in the given 
case— 


Se Wer OF 
.. L,I, + MI, = constant, 


L,I, is the magnetic flux through the closed circuit due to the 
current I, in it, and MI, is the flux due to 
the current J,, and since the sum of these 
two is constant, the variation in flux, which, © 


A without the closed circuit would be 
Bl J M,I, sin pt, 
is reduced to zero. This effect may be | 
~ demonstrated by placing a coil A (Fig. | 
339) which is in series with a telephone 
: receiver, near an electromagnet excited by 
Fie. 339. an alternating current. A note whose 


pitch is equal to twice the frequency of | 

alternation of the current will be heard in the telephone. If now a 

thick sheet of copper, B, be placed near A, the loudness of the note is 

much reduced. The sound will never disappear, for the sheet cannot 

have absolutely zero resistance, and consequently the limiting condition 
implied by the last equation is never reached. 

It may be noted that unless the alternations are extremely rapid, 
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the effect of the presence of the plate is considerable, on whichever side 
of the coil A it is placed, and is greater the nearer it is to A. If the 
magnet is at some distance, it is immaterial on which side of A the 
plate is situated, for it is the variation in flux at B that is reduced, and 
there is a consequent reduction in the variation at all points near B. 
' A radial slot cut in the plate B enormously increases its resistance to 
the induced currents and correspondingly diminishes the effect. 

Repulsion between Conductor and a Circuit carrying Alternating 
Current.—Closely allied to the last described 
effect is the phenomenon of repulsion that 
occurs between a circuit carrying an alter- 
nating current, and a conductor. A closed cir- 
cuit or conductor A (Fig. 340) situated near 
an alternating electromagnet, is threaded by a 
magnetic flux MI, sin pt, due to the current 
I, sin pt, in the electromagnet. 

Since A has very small inductance, its reaction upon the electro- 
magnet is infinitesimal, and we may consider that an alternating 


electromotive force — M. _ = — Mpl, cos pt = MplI, sin (vt ~ =) acts 


in it. This electromotive force is 90° in phase behind the current I), 
and neglecting A’s inductance, the current in it will be in phase with 
this electromotive force. Thus— 


T, « MplI, sin (vt - 5): 
There will be a force between the two currents, proportional to 
their product I,I,. 
. Force oc MpI,? sin pé sin (vt - a 


We have already seen (p. 350) that the mean value of a quantity 
such as sin pt sin (vt - a in which the two harmonic components differ 


in phase by 90°, is zero, and therefore if the inductance of A be zero, 
the mean force on it is also zero. But the inductance, although small, 
cannot be zero, and the current | 1, therefore lags in phase by more than 
90° behind I,. » 


*, Force o MplI,? sin pt sin (pt -§ 3 - 6), 


« MpI,? sin? pt cos ¢ =f 0) na ee sin 2p¢ sin ( + 0). 
The mean value of the last term we saw on p. 350 to be zero, and 


the mean of the first is 4 MpI, cos( 5 + 6). Since cos (3 + 0) is neces- * 


_ sarily negative when @ is small, the force on A is a repulsion, and the coil 
| 2B 


one 
y 
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A experiences in each complete cycle, an impulse pushing it away from 
the magnet. The curves for], and I, are drawn in Fig. 341, and the 
dotted curve is drawn for the product I,J, Owing to the phase 
difference between I, and I, being greater than 90° (compare with Fig. 
326, where the phase difference is less than 90°) the positive loops a, _ 
which indicate an attraction owing to the currents being in the same 
direction, are smaller than the negative loops b which indicate a repul- 
sion. It is thus seen that the repulsions predominate, 

It may be seen from the expression for the force, that this increases 


Fig, 341. 


with p, and with the square of the current I,. Hence, to get large. 
effects, currents of considerable value and of high frequency are 
necessary. 

The resistance of A plays an important part in the phenomenon, 
for the lower the resistance the greater the induced current in it and 
the larger the effect. But the lower the resistance, the greater is the 
lag of the current behind the electromotive force owing to the increase 
in the time constant, and hence the lag @ increases, the result being 
that the loops b in Fig. 341 are increased while the loops a are 
diminished, the repulsion being still further increased. 

By means of powerful alternating-current electromagnets, metal 
rings of considerable weight may be supported. 

Rotating Magnetic Field.—If two coils carrying alternating cur- 
rents be placed at right angles to each other, the resulting magnetic 
field at any instant may be found by compounding the fields due to the 
two coils, according to the ordinary law of addition of vector quantities 
or parallelogram of forces. When the currents have the same frequency, 
the resultant magnetic field at any point is periodic, and has the same 
frequency as the currents. 

Representing the currents by the equations I, = I, sin (pt + 6) 
and I, = ,I, sin pt, the magnetic fields are in phase with the respective 
currents and may be represented by— 


Hy ,H, sin (pi + 6) 
and, Hy = (Hp sin ‘pt. 
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If the field H, be due to the current in the coil AB (Fig. 342) it 
may be represented by the vector OH,, and the field due to the coil 
CD is represented by OH,, and at 
the instant to which the diagram 
refers, OH’ is the resultant field. 
This has the value “H+ H.,?, 
and is inclined to the direction of 
OH, by anangle ¢ whose tangent is 
H, : H 
A, that is, tan ¢d = ii: Both H’ 
and ¢, which define the resultant 
field, vary periodically ; for when 

= 0, then H, = 0, and 


H! = ,H, sin 6. 


Also when t = oe H, = 0, and 


H’ = ,H, sin (— 6). Fig. 342, 
Thus the resultant field H’ ro- 
tates, and at the same time varies in magnitude. 
The case of most importance is that in which ,H, = ,H, = H, 


Then, H’ = H,W sin? pt + sin? (pt + 0), 


as sin pt ; 
a ete = sin (pt + @) ? 


and if in addition 6 = ; , then— 


sin pt 
cos pt 
that is, @ = pt. The resultant field is therefore constant in value, and 
rotates with constant angular velocity p. 

Then at time ¢=0, H, =H,, and 
H, = 0, and the position of H’ is O,H, 
(Fig. 343). At time t = In H, = 0, and 
H, = H,, and the position of H' is O,H.. 
Hence the direction of rotation of H’ is 
positive, that is from OD to OA, or anti- 
clockwise, when H, is 90° in phase ahead 
of H,. 

If, on the other hand, H, lags 90° in 
phase behind H,— 


H, = H, sin ( - A = —H, cos pt, 


and; H, = H, sin pt, 
tan ¢ = —tan pt, and ¢ = —pt. 


R 


H’ = H,, and, tan ¢ = = tan pt, 


Fic, 343, 
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The direction of rotation of the resultant field H’ is therefore in this 
case negative, that is, opposite to that of the rotation of the vectors 
oH, and ,H,, and its angular velocity is — p. 

A conductor placed at O will consequently experience a couple, 
which is in all cases in the direction of rotation of the resultant field, 
for an exactly similar reason to that for which the magnet rotates in 
Arago’s experiment, described on p. 251. In this case the field rotates, 
whereas in Arago’s experiment the conductor rotates, but in both 
experiments it is the relative motion that determines the couple 
between them, for by Lenz’s law (p. 250) we know that the forces due 
to the magnetic effects between the field due to the induced currents, 
and the original field, are such as to oppose 
the relative motion of the field and con- 
ductor. 

The couple acting on a mass of metal 
situated in a rotating magnetic field can- 
not in general be calculated, because of the 
difficulty in finding the distribution of the 
induced currents in the body, but if we 

Fie. 844. take a plane coil CC (Fig. 344) the problem 
becomes much simpler. 

The magnetic flux passing through the coil at any instant is 
AH sin pt, where pt is the angle between H and the plane cf the coil, 
and A the area of the coil. The electromotive force in the coil is given 
by the equation— 


e= sare 
d : 
8 = — qa sin pl) 


= —AHp cos pt = AHp sin (os -3) 


The current in the coil is therefore— 


; ADDY ae ( 7 
t= Viper sin | pt —5 — a) (see p. 345), 
where J and r are the inductance and resistance of the coil and 


tana = lp 
r 


The magnetic moment of the coil is Ai (see p. 225), and is per- 
pendicular to its plane, being directed along the normal in direction MO. 
The couple acting on the coil, tending to turn it into the direc- — 
tion of H, is then— : 

: *7? ; 7 
— AiH cos pt = psa (pf oe a) cos pt iq 
A?H’p 


= ar {sin pt cos pt cos G + Me cos® pt sin e + a). 
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We have seen that the mean value of sin pt cos pt, or sin 2p, 
for a cycle is zero, while that of sin? pt or cos* pt is 4. 
Therefore mean couple ¢ is given by— 


2Fy2 22, 
APH? _ sin G4 -) A*H'p 


‘=a Rr EP “Dep a 
But, tana = @ 

<= 

i A Pp? + 
at intl 


= 2(Pp* +r’) 

The mean couple is in the direction of rotation of the field. 

The average couple therefore depends on the value of p, and this 
is the relative angular velocity of the field with respect to the coil. It 
is evidently zero when p = 0, and again when p is infinite. If then 
the coil is mounted so that it can rotate, its angular velocity in the 
direction of rotation of the field will increase until the rate at which 
work is done in opposition to friction of all kinds is equal to that done 
by the rotating field. On releasing the coil its angular velocity will 
increase at first, and as a result p, the relative angular velocity of the 
field with respect to the coil, diminishes and the couple still further 
increases ; but the speed will never be equal to that of the field since in 
this case p would be zero and the couple would vanish. The average 
couple is a maximum when p has some value between zero and infinity. 

To find the value of p for the average couple to be a maximum, 
find the condition that the rate of change of the average couple with 
respect to p shall be zero ; i.e. let— 


dc 
dp => 0. 
A°’H?rp 
ae ~ 2p + ry 
’ ee p ) 
“m2 ate 
= Hl + Bien 20"p? 


and putting this equal to zero we have — 


Pp? =r, 
and, r J p = r 


; l 
Again, tan a = 2, so that the value of a for maximum couple is 
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tan-' 1] = 45°, and the value of the couple under these circumstances 


Pe se r 
is, since p = — 


Ae A?’ H? 
2 ape fal 


This does not mean that the couple is independent of the resistance, 
which would obviously be incorrect, but merely gives the value of the 
couple when the condition lp = r is fulfilled. 

That this condition corresponds to a maximum couple may be 

: d 
proved by obtaining a and showing that ES is decreasing when 
lp =". 


: p ; hee 
The quantity Pp? + has been plotted as ordinate in Fig. 345 


for a case in which R= 1 ohm 
or r= 10° absolute units and L=0:1 
henry = 10° absolute units. The 
frequency of alternation, n, has 
been taken as abscissa, the value 
of p being 27n. The relation 


=p = 2am 


gives the maximum couple at the 


il : 
frequency n = = 1:59, and it 


will be seen that the quantity has the value 5x 10~** at this frequency, 
and the average couple is A?H? x 5 x 10-% Now H may in a 
practical case be, say, 1000, and if the coil have an effective area of, 
say, 10,000 sq. cms.— 


maximum average couple = 108 x 10° x 5 x 107° 
=5 x 10° C.G.8. units. 


It should be noticed that the maximum occurs very near the axis of 
zero frequency, and from this maximum the couple falls gradually as © 
the angular velocity of the field relatively to the coil increases. 

The motion of a conductor in a rotating magnetic field has been 
put to many uses, the most notable of which is the construction of 
electro-motors in which two electromagnets are traversed by alter- 
nating currents of different phases. A mass of metal or a system of 
closed coils is mounted upon an axle in the rotating field, and 
experiences a driving couple as explained above. 

If a conductor or coil E be mounted between two pairs of magnets 
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AB and CD (Fig. 346) carrying alternating currents differing in 
phase, the resulting magnetic field at E is a rotating field, and the 
conductor rotates. The magnets A and B may with advantage be 
combined to form one field magnet, 
as also may C and D, but they are 
represented as separate magnets 
in the diagram for the sake of 
clearness. 

If the alternating currents in 
the two circuits are derived from 
the same supply, the currents in 
the two pairs of magnets will not 
differ in phase unless the time 
constants of the two circuits differ. 
To make the time constants differ, 
an extra inductance J may be in- Fig. 346. 
troduced into the CD circuit, or 
a capacity into the circuit AB, or both. 


Thus, I, = oI, sin (pt + 6,) 
and, I, = oI, sin (pt — @,). 


If ,I, and ,I, are equal and the magnets similar, then the magnetic 
field is a simple rotating field, when— 


6, + 0 =F" 


In using motors of this type, the supply usually consists of two 
separate currents carried by two distinct circuits, the currents differing 
in phase by 90°. Such motors having 
circuits with alternating currents in 
different phases are called polyphase 
motors, and have the great convenience 
that they will start under load. 

Single-Phase Motor.—A single alter- 
nating magnetic field may be looked” 
upon as the resultant of two equal fields 
rotating with equal angular velocities 
in opposite directions. If the two coin- 
cide when in the direction Oy (Fig. 347) 
then, when one of them (OA) makes 
angle pt with Ow the inclination of Bia. 847. 
the other (OB) to Oz is + — pt. Thus 
the components parallel to Ox, are H, cos pt and — H, cos pt, and 
these always annul each other; while the components parallel to Oy are 
Hi, sin pt and H, sin (7 — pt), and these added together give the alter- 
nating field 2H, sin pt. A mass of metal or coil of wire mounted in 
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the field so that it can rotate, will experience equal and opposite couples 
due to the oppositely rotating components of the field, and it will there- 
fore remain at rest. 

Let the angular velocity of the fields with respect to the coil be 
represented by the value P on the curve (Fig. 345), and it will be seen 
that if the coil be given an angular velocity p, in one direction or the 
other, the relative angular velocity of one of the components of the 
field with respect to the coil will become P — p, and the other P + p,. 
The couple produced by the former is therefore, as will be seen from 
the curve, greater than that for the latter, and the coil will gain 
velocity. The couple due to the driving component thus increases 
and the other diminishes until the mechanical work done on account of 
rotation prevents further increase in velocity. 

The coil will therefore run as a motor in the direction in which it 
is given a start, but owing to the smallness of the resulting couple 
until the angular velocity approaches that of the driving component of 
the field, such a motor will not start under load. Hence such motors 
are provided with a second magnetising coil with some such device as 
that described on p. 375, for producing a difference of phase between 
the currents in the two coils. <A single rotating magnetic field is 
therefore created, and the motor starts. When running at sufficient 
speed, the second or starting circuit is cut out and the motor continues 
to run as a single-phase machine. 

Imaginary Quantities—The usefulness of the exponential forms of 
the sine and cosine has already been seen (p. 334), and we will now 
make a further application of them to the problems of alternating 
currents. Let us consider the imaginary quantity / —b, This has 
no real value, but may be defined as the quantity whose square is equal 
to —b%, Writing it in the form / —1 0’, or jb”, wherej = 7 —1, we can 
see that j =,/ —1, 7? = —1, = —v —I, #§ = 1, ete. 

‘If we multiply any vector, say A, by 7’, we obtain 7A =—A. Thus 
the sign is reversed, which is equivalent to a reversal in direction of 
the vector, or a rotation of its direction through 180°. Multiplying 
again by j” or —1, it again becomes +A, and has therefore been 
rotated through a further 180°. From this we see that j? may be 
looked upon as an operator, the effect of which is to rotate any vector 
upon which it operates, through 180°. Similarly, 7 rotates it through 
90°, 7? through 270°, ete. 

Any quantity whatever may be written in the form a + jb, where 
a is a real quantity and jb imaginary, and, further, if any equation 
involves both real and imaginary quantities, the sum of the real 
quantities is zero, and likewise that of the imaginaries. 

Thus, if a+jb=a'4+ jv, 
then, a—a' =j(b' — b), 
which cannot be true unless a — a’ = 0, and b' — b = 0, for otherwise 
we should have a real quantity equal to an imaginary. 
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If a and b are vectors in the same direction, jb and a are vectors at 
right angles to each other, and the position of any point P (Fig. 348) 
may be represented by the vector a + jb, since OQ = a and QP = jo. 


.. vector OP = a + jo. 
Again, if OP = r, and angle QOP = @, Y 
vector OP = r(cos 6 + j sin 6). 
ris usually called the modulus and 
6 the argument of the complex quantity 


represented by the vector OP. From 
Fig. 348 we see that r?>=a’+ 0b’ and 


tan 6= = and hence the modulus and 


argument of any imaginary quantity of 
the form a + jb are known. 
Rotating Vector.—The exponential 


: jo — ¢-J0 . 348, 
forms for sin @ and cos @ are ~—_~— pee 


2j 
J? + «-# : ; 
and ine Cel respectively, and employing these forms, the 


quantity r(cos 6 + 7 sin 6) becomes 1e/*, and r(cos 6 — J sin 6) becomes 
re 30, 

If, then, the vector OP, or r, rotates with angular velocity p, and 
t be the interval of time since it coincided with Ow, 6 = pt, and 
r(cos pt + j sin pt) = reJP*. Now, r cos pt is the projection of r upon 
the axis of # at any instant, and is a quantity which varies harmoni- 
cally ; it is also the real part of the complex quantity re/?', Similarly, 
r sin pt is the projection upon the axis Oy. The real part of re/P! is 
therefore a harmonic motion taking place in the direction of the axis 
of x, and the imaginary part a similar harmonic motion, a quarter of a 
period later, in the axis of y. 

Application of Imaginaries to Circuit having Inductance, Capacity, 
and Resistance.—The alternating electromotive force E, cos pt may be 
looked upon as the real part of the quantity E,<?', or the projection 
upon the axis of 2, of this rotating vector. The equation of electro- 
motive forces (p. 353) may therefore be written— 


bpt+Bl+g-Be sw. @ 


Now consider a solution, I = Ac/?t, which has evidently the same 
periodicity as the electromotive force. We must find the nature of the 
quantity A. 


‘ AS ¥e, 
= jpAcP', and, Q = [ta => jp . elpt ae const. 
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The constant in the last expression must be zero, since we are dealing 
entirely with harmonic Bae 


4 (A = <i =— Sei 
P 
Equation (i) then eae on substitution— 


Lpj Act + RAP — yen = Fi <s*, 


E, 
ees ECT ° 
(Ip ae a +R 
Multiplying the numerator and denominator by | {R ~(Ip _ oa \ 
BAR -(1p - Op pit 


ate 


which is of the form a + jb, where 


or, IX 


A= 


1 
ER B( Lp = =) ' 
a i . ’ and b => i du e 
(12 — a) + (12 - a) +B 


Hence the modulus is 


Ve +0 = 


/(ip- 2) +8 = 5 +R 


and the argument is 


Ly - 


b 
6 = tan+ —= tan 
a 


ee E, «39 
Tee 


And the solution to our equation is, 


= E, 
Weare 


i(pt— 6) 
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The real part of this is the harmonic current required, and will be 
seen to be in agreement with the solution obtained on p. 354. 
Comparison of Inductances.—From the above, we see that 
dl oF its ; 1  - J 
La = WpAci# = Typl, and = 6) fat i, opt = — & I, and hence 


the electromotive force equation may be written— 
: Ps 
(Lai ge &)t = E,drt, 


This is of convenience in solving many problems. Referring to the 
method of comparing inductances on p. 324 (Fig. 314), we see that for 
no current to flowin the galvanometer, we have the current I, in BAD 
and I, in BCD, and the electromotive force in both branches is the 
same. If, then, the battery be replaced by a source of alternating 
current, 


_ For branch BAD, iv 2 + PI,+QL=E, 


and for branch BCD, ee + RI, + SI, = E. 


Therefore for simple harmonic E.M.F.’s and currents, 


{hi +(P + Q)}L = {Lapj + (BR + §)} L. 
But the real parts and the imaginary parts must separately vanish 
(see p. 376) ; 
“ L,p!, = L,pl,, and (P + Q)I, = (R + S)L, 
pegs FOP 8 
ions Rk Ss” 
An ordinary galvanometer will, of course, be useless when alter- 
nating currents are employed, and may be replaced by a telephone 


receiver, the resistances being adjusted until the sound in the telephone 
ceases, 


ree, 


Comparison of Capacities.—Referring to p. 325 (Fig. 315), we 
may, on joining an alternating source of supply to B and D, and 
replacing the galvanometer by a telephone, obtain silence when 


or since Q, = f Ld, etc., 


SUD eae J 


4 I, ms I, d 
Og, Op! and R,I, = R,I,, 
. C,_R, 

Gor 
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Vibration Galvanometer.—lIn order to avoid the use of a telephone, 
Mr. Campbell! has employed a galvanometer in which a very light coil 
has a bifilar suspension, in which the tension can be varied by altering 
the pull on the suspension. The vibration frequency of the suspended 
coil can thus be varied (from 50~ to 1000 ~), and may be tuned to 
coincide with the frequency of the alternating current employed. Thus 
any feeble current in the galvanometer may, owing to resonance, pro- 
duce a large vibration in the galvanometer coil, and great sensitiveness 
may be attained. Campbell also describes a number of methods of 
comparing capacities, inductances, and resistance by means of the 
vibration galvanometer. 

Comparison of Capacity and Mutual Inductance——Campbell 
: gives the following method for the 
Uy A measurement of capacity in terms 
of a mutual inductance. Let C be 
the capacity, and ML (Fig. 349) be 
the mutua] inductance, of which the 
coil in the circuit between D and F 
has inductance L, the arrangement 
being as shown in the figure. Since 
there is to be no current in the galva- 


a; nometer, we have for the circuit | 
F AFD, 
di, di : 
La - Ma + Rt, = 0. 
eee Now, for the point D, ¢ = 7, + i,, 
di, wt di, 
“LG MG t Ba = MZ 


Again, for circuit DBA, ae D and A are always at the same ~ 
potential, i= Ri, — Ry, where q= /idt, the charge upon the 
condenser, 


” OE = Bi, — Ry 


ras 
di, 4 di. 
or, R, - + G = Rap 

: : diz , 
substituting this value of a in the above, 


di, Ng di, 
ae Fe + Bai = 5 (Rage +i) 


R,) dt, 
Ce a +(B-yg)i=o 


' Albert Campbell, Proc. Phys. Soc, Lond., 20, p. 626. 1907. 


: xm, COMPARISON OF CAPACITY AND INDUCTANCE 381 


and since the electromotive force is simple harmonic, the current 
equation may be written in terms of symbolic operators, thus, 


R,\. . me. 
(L-M mn MR pi, + (Be - RO) = 0, 


ERS M 
‘and therefore L — M — M R = 0, and, R, — Ro= 0, 
as R 


ir R , and, G= RR, 


On adjusting the resistances until there is no current in the 
galvanometer or telephone, the relations between the inductances and 
capacity are known in terms of the resistances. 


CHAPTER XIII 
UNITS 


Dimensions.—Throughout the whole range of Physics we are concerned 
with the magnitudes of various quantities and their relations to each 
other, and it therefore becomes of importance to examine certain laws 
which underlie these relationships. The most fundamental relationship 
is that of mere number ; quantities may be added to each other pro- 
vided that they are all of one kind, but not if they are of different 
kinds. We see therefore that all the terms that are to be added 
together in any equation must be of one kind, and if their nature is for 


any purpose changed, all the terms must change in the same manner — 


and at the same stage of the calculation. 

In order to define any physical quantity, two statements are neces- 
’ sary ; we must know the unit in which the quantity is measured, and 
the numeric relation between the quantity and the unit. The latter is 
a mere number or ratio, which tells us the relative magnitudes of the 
quantity and the unit, while the former gives us information with 
respect to the nature of the quantity. 

We therefore require as many different kinds of unit as there are 
physical quantities to be measured, but the units need not necessarily 
be independent of each other. Before the importance of devising a 
scientific system of units was realised, it was customary to fix a new 
arbitrary unit for every fresh quantity to be measured, quite irrespec- 
tively of its relation to the units already in existence, and sometimes 
many units for the same quantity, as may easily be realised by con- 


templating the number of different units of volume there are in use in 


this country at the present time. 

The attempt is always made in scientific work to have as few 
arbitrary units as possible, and to choose those units to be of as durable 
and easily copiable a form as possible. The fundamental units chosen 
are those of mass, length, and time. The unit of mass is one-thousandth 
part of the mass of a piece of platinum kept in the Archives de Paris, 


\ 


and is called the gramme ; the unit of length is one-hundredth of the . 


distance between two marks on a platinum bar at the standard 


temperature, also kept at the Archives de Paris, and is called the 


centimetre; and the unit of time is called the second. It is z1,, of 


86400 
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the average interval between two successive transits of the sun across 
a given meridian. 

Most physical units may be explicitly defined in terms of these 
three, raised to various powers ; and the powers to which they must be 
raised to obtain any derived unit are called the dimensions of that unit. 
Thus the unit of volume is that of a cube whose edge is one centimetre, 
or writing [L] for the unit of length and [V ] for the unit of volume— 


[V] = [L*], 
is the dimensional equation corresponding to the above statement. It 
tells us that a volume is of the third dimension in length. 
Or again, the unit of velocity is such that the body moves through 


a distance of one centimetre in one second, which fact written as a 
dimensional equation is— 


[Velocity] = Al =P UTs*}, 


In a similar manner we may see that— 
[Acceleration] = [LT-*], 
[Force] = [MLT~*], 
[Pressure] = [ML~“*T-*], 
[Energy] = [F.L] = [ML’T-*], 
[Moment of inertia] = [ML], 
[Density] = [ML-*], 
[Angle] = [L.L-*] = [1]. 
An angle is of no dimensions, that is, it is a mere ratio of two 
lengths. These two lengths are, however, measured in different direc- 


tions, and if it is desired to retain them in the dimensional equation 
they may be written L, and L,, in which case the equation becomes— 


[angle] = [L,L,~*] 
In the same way— 
feouple] = [ML,f,T-?}. 


Knowing the units in which any quantity is to be measured, it only 
remains to state the numeric defining the ratio of the magnitude of the 


quantity to that of the unit, in order to define completely the quantity. 


Thus if we state that a force is 12[ MLT'~*] we mean that the force is 
12 units, or 12 times the force that would produce unit acceleration in 
unit mass, Or again, if we say that a density is 3[ML~*] we mean 
that it is 3 times the unit density, that is three times the density of a 


_ substance in which there is one unit of matter in unit volume. 


On the centimetre-gramme-second (C.G.8.) system, some of these 
derived units have particular names. Thus the unit of force is called 


_ the dyne, and the unit of work the erg. 


384 ELECTRICITY AND MAGNETISM CHAP. 


Uses of Theory of Dimensions.—A consideration of the dimensions 
of the terms in a given equation frequently serves as a useful check 


upon the accuracy of the calculations by which the equation was — 


obtained, since all the terms that are added in a given expression must 
be of the same kind, and therefore of the same dimensions. 

Thus in the equation v? = u? — 2ugt sin a + g’t’, for the velocity 
of a body projected with velocity wu at an angle a to the horizon, 


[v”] ae fLeR], [u?] = (LATS, 
[2ugt sin o] = [LT . LT. T] = [LT], 
and, (g°T’] = [L2T-*. T] = (L?r-4], 


and we see that every term has the same dimensions, If this were not 
the case we should be sure of the existence of some error in the 
equation. 

Another use to which a knowledge of dimensions may be put, is the 
solving of certain physical problems, thus— 

Given that the difference of pressure, p, between the gas inside and 
outside of a soap-bubble depends only on the surface tension of the 
film and its radius of curvature, to find how these quantities enter into 
the expression for p. 


The dimensional equation is [p] = [t*R¥], where 2 is the unknown © 


power to which the surface tension ¢ is to be raised, and similarly y is 
the unknown power of R, the radius of curvature. 
Now, from p. 383, [ p] = [ML-‘T-’], and ¢ is a force per unit length, 
therefore [#] = [ML°T-*] = [MT-*], and [R] = [L]. 
s [MELT] = (MTL, 
= [ML 1-}, 


Since these two expressions must be of the same kind— 


@ = 1, and,y= —1, 
*. [p] = [(R7), 


that is, the pressure varies directly as the surface tension and inversely 
as the radius of curvature. 


Again, if we are given that the velocity of a compression wave in — 


air depends only on the pressure and density of the air, 


[V] = [P*D’] = [ML~T-"}"[ML-p, 
LE] = Mey): 


And again, since these quantities must be of the same kind— 


o+y=0, —@ — 3y=1, and, —2e = —1, 


; 
: 
: 


’ 
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from any two of which equations we have— 
a = 4,and, y= —}, 


». [V] =[P!p~} = pal 


A treatment of this kind will never give us the numerical relation 
between the quantities considered, as their magnitude has deliberately 
been excluded from the equations. 

A third problem will now be considered, in which the method will 
not lead us to any usefulinformation. Given that the gravitational force 
between two bodies depends on their masses and distance apart, we have— 


[F] = [M’. MY. D4, 
[MLT-"] = [M*+¥L-T", 


from which # + y = | and z = 1, and, further, we come to the absurd 
statement that —2=0. The reason for the breakdown in our method 
does not lie in any imperfection in the method itself, but in the fact 
that we do not know, and have not represented in our equation, the 
whole of the process occurring in the problem. The mechanism by 
means of which the two bodies attract each other is unknown, but 
should not on that account be omitted from the equation, We can 
obtain information about this mechanism if we establish the law of 
force between two masses to be an and then from our dimen- 
sional equation find the nature of the quantity G. 


Thus, ; [MDT "| 22 (G; MPL-*], 
[Gj = (M~-LPr—]. 


Owing to our ignorance of the mechanism of gravitation, the dimen- 
sions of G, the “constant” of gravitation, are unintelligible, as, for 
example, we can attach no meaning to M~', the inverse of a mass; but 
should we obtain knowledge which will enable us to express G in 
terms of some other effects, this unintelligibility will doubtless disappear. 

Electrical Units.—We are met by the difficulty discussed in the 
last paragraph, directly we attempt to find the dimensions of any 
electrical quantity in terms of mass, length, and time. The dimensional 
equation for the force between two magnetic poles may be written— 


‘m? 
[MLT-*] = Fl: 
from which, a [m] = [M¢L?T-1], 


We can attach no meaning to the quantities [M'] and [L*], and their 

presence in the dimensional equation is due to our omission to take 

into account the mechanism by means of which the attraction takes 

place. The medium in which the poles are situated plays an pha 
) 
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part in determining the force between them, and it is a step in advance 
to include the property of the medium, known as its permeability 
(p. 233), in the dimensional equation. 


2 
Thus, -[MLT-*] = Fal 
°. [m] = (MALIT-y4y, 


It is quite possible that if the dimensions of » could be put into the 
equation, they would rationalise the terms in M and L, 

An exactly similar argument leads to the dimensions of an electric 
charge— 


fq) = (Mtb 2), 


where [k] is the unit of dielectric constant. 

It is usual to consider, for practical purposes that empty space has 
unit magnetic permeability and dielectric constant, but it should be 
noted that these units are really arbitrary, and until we know more 
about the properties of the luminiferous ether we cannot say what 
their absolute dimensions may be. 

Starting with our definition of unit pole on one hand (p. 2), we 
have built up a system of units for electrical and magnetic quantities, 
all of which involve the dimensions of », which is called the Hlectro- 
magnetic System, and with the definition of unit electrical charge 
(p. 116), on the other hand, the resulting system on which all the quan- . 
tities involve the dimensions of & is called the Electrostatic System. 
Both of these are absolute systems, by which is meant that the magni- 
tudes of the units are derived directly from the centimetre, the gramme, 
and the second, p and k being taken to be numerically equal to unity. 

Electromagnetic System of Units.—Starting with the magnetic 
pole as defined above, whose dimensions are (ML it-1,47, we can 
derive the others from this. 

Strength of Field.—Since force on magnetic pole is the product of 
strength of field and strength of pole (p. 3)— 


R= Em, 
“. [MLT~] = (A) (Mi bir-,4, 
whence, (8) = (ML ,7 4. 


This unit of magnetic field is called the Gauss. It is a field of such 
strength that a unit pole situated in it experiences a force of one dyne. 
Magnetic Induction—The magnetic induction is defined on p. 234 


as the quantity »H, and its dimensions are therefore (Mii p14), 
The relation B = H + 47xI given on p. 268 appears at first sight — 

to contain terms of different dimensions ; but this is the result of taking 

the permeability of air to be unity, in which case the relation B = »H © 
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reduces to B= H,. If the permeability of air be written mo, the 
equation is then— 

pH = w H + 4aI 
in which each term has the same dimensions. 


Magnetic Flua (Bs)—The dimensions immediately follow from 
those of magnetic induction since [s] = [L’]; they are, 


min T.4 


The unit on the C.G.S. system is called the Maxwell. 

Magnetic Moment.—This may be obtained from the definition, 
pole strength x length, or from the couple exerted on the magnet 
situated in a field (p. 5). Hither definition leads to the quantity— 


pint uw] 
Intensity of Magnetisation is magnetic moment per unit volume — 
Min py 


Electric Current.—From the relation between current and magnetic 
field (p. 53) 
He idl. ni 6 
(i) = (M'L T.-L) 
= (Mn T-+,,~*), 
since sin 6 is of zero dimensions. Or from the equivalence between a 


current and a magnetic shell (p. 237), we have for the strength of 
shell yi, the magnetic moment per unit area— 


fee] = [SO LIT =] 
= rMttit-,,4 
[4] = Ite 


Quantity of Hlectricity—Since i = q, or q = it (p. 121) 


[a] = [M'L'p*] 


Electromotive Force.—(e) The rate of working in units of work 
ey is equal to the product of current and electromotive force 
p. 59), 

[¢.¢] = (ML’*T 
(mit? : T4,7% . e] = [ML?T-3 
fe] = (ML itu] « 
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Electric Intensity—From the relation e = fEdl (p. 120), we 
have— 


[E] = (Minin), 


Resistance—The ohmic relation between electromotive force and 
current (p. 60) gives 


tr] = ff =D 


Neglecting the dimensions of p, resistance is seen to be of the 
dimensions of a velocity, and for this reason it is sometimes spoken of 
as sO many centimetres per second. 


Capacity.— From the equation ¢ = Z (p. 150) we obtain— 
[e] = [Lo T,}. 
: : di di 
Inductance.—Using the relation e = — 17 ,ore = —ma (p. 313), 


we see the dimensions of inductance, either self or mutual, to be— 


(ain't) [T] 


Ce T-34-*] = [Ly]. 


Again neglecting the dimensions of p, an inductance may be 
measured in centimetres. 
Electrostatic System of Units.—Beginning with the unit of electrical 


charge, [q] = [M’L'T-%'], as defined on p. 386, we may obtain the 
other electrical and magnetic units in terms of this. 
Potential Difference.—As defined-on p. 120, we have— 


p.d. x charge = work, 

gee wQil == | Mr mat 

an —2 
from which, fe] = eae 
[M°L*T-1k*)} 

= [ML!T-147 4), 
Electric Intensity.—Since force on a charge is equal to product of 
charge and electric intensity (p. 117)— 


[Eq] = [MLT~*), 
*. (EB) = (Mtn t-147. 


Electrical Induction, Displacement, or Surface Density.— From ithe : 
definition on p. 130, this is equal to kK. 


*. (o] = [N] = [(D] = (M'L T-124. 
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Electric Current.—The rate at which electric charge passes along 
a conductor is the current. 


. [i= a = (M'L'T-*k!), 
Resistance.—As on p. 388-— 


: (Minit-%-*] 
oe [r] ney (atir-274] 


= [L-Tk-"]. 
Magnetic Field—Using again the expression H = art we 
have— 
(Hy = (M'x'r-2%!}. 
Magnetic Pole—Since, foree = mH— 
[m] = (M'L*24, 
Capacity.—Since, ¢ = 4 
cmt -1,)) 
Se i = (LE). 
[¢] (Min'T-1%7 4] [ } 4 
di ; 
eee cteFrom the definition e = —) 7 ore= Sus 


MiLit-14-4 (7 
[m]? = [7] = are 


= (LT). 


Forces between Currents and Poles.—The equation for the magnetic 


field due to a current is the connecting link between the two electrical 


systems of units. This equation in any of its forms, namely that for 


the force on a magnetic pole at the centre of a circular coil, 


2arnim 


, Or 


ma 


; 4 
that on a pole within a solenoid —, where n is the total number of 


_ turns and I the length, is always of the dimension [+ , and does not 


‘| 


involve k or p, except in so far as they are involved in the quantities ¢ 


' m is here mutual inductance, not magnetic pole. 
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and m. Hence we see that the force between a current and a magnetic 
pole is independent of the nature of the medium in which they are 
situated ; a point which has already been met on p. 237. The force on 
the pole being equal to that on the current, we know that on immersing 
the two in a medium of permeability yp, the induction due to the pole 
is everywhere the same as before, and therefore the force on a current 
depends on the value of the induction at the point, and not the field ; 
while on the other hand we have seen that the force on a pole depends 
on the field at the point, and not the induction. 

If two poles be situated in space, the fields due to each are pro- 


portional to * and a and the force between them is proportional to 


My Ma 


If a pole and a current are near each other, the field due to the 
current is proportional to 7, and the force on the pole to mi. The field 


due to the pole is proportional to “ and the induction to he = m, 


and the force on the current is therefore again proportional to mi. 
Continuing the process, we may find the effect of the medium upon 
the force between two currents. The field due to one is proportional 
to 7, and the induction due to it to pi, and hence the force on the 
other is proportional to pit, The effect of the medium is therefore to 
increase the force between the currents to » times the force in vacuo. 
Relation between Units on the Two Systems.—lIt is unreasonable 
to suppose that one and the same quantity can have two different 
dimensions with respect to mass, length, and time, and hence if we 
compare the dimensions of any of the above quantities on the two 
systems, it is extremely likely that the dimensions of w and & will 
account for the apparent discrepancy in the dimensions of the funda- 
mental units. Take, for example, electric current. On the electro- - 
magnetic system [7] = (ML T.4), and on the electrostatic system 


(2) (M‘LiT—z?), and since these are quantities of essentially the 
same kind we have— 


(Minit-1,-3] = (MéL?T-224, 
whence, (iu?) = (LT), 


. [Ass 


Now [LT] is a velocity, and we are therefore led to the conclusion 


that iis has the dimensions of a velocity. By no possible choice of 


the above electrical and magnetic quantities to be compared, can we 
obtain the dimensions of k or mw separately; whichever quantity we 
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choose for our comparison, we come to the same conclusion, that he iy 


is a velocity. By a measurement of the magnitudes of any electrical 
quantity on the two systems, we can obtain the magnitude of this 
quantity, and when this is carried out, the velocity appears to be about 
3 x 10" ems. per second, which is the velocity of light. This 
suggestive fact led Maxwell to conclude that light consists of an 
electromagnetic wave, and he eventually established the fact by means 
of equations relating to the electrical and magnetic condition of the 
luminiferous ether. 

If 7, be the number of electrostatic units in a given current, the 
complete expression for the current is i,{M'L'T-*k*], and if i,, be the 
number of electromagnetic units in the same current, i,{M'LT-1,-4] 
is its expression in electromagnetic measure, where i, and 1,, are mere 
numbers. 


o i(otn'r-224) = ¢,.(MiL'T-1.74, 
F 1 i, 
or, zal — “a [LT-"}. 


But i, and i,, being the magnitudes of the same current in different 
units, their ratio is the inverse ratio of the size of the units, 


size of electromagnetic unit of current 
size of electrostatic unit of current 


= say 0. 


1 : : 
We see, then, that Ae v centimetres per second, since [LT—'] 
qed 


is a velocity of one centimetre per second, 

The numerical value of v may be determined by measuring 
experimentally the same current in electrostatic and in electromagnetic 
measure, It is, however, more convenient to choose capacity for the 
subject of measurement, as the capacity of a condenser of simple form 
may be calculated in electrostatic measure from its dimensions, and it 
may be measured in electromagnetic measure by means of the ballistic 
galvanometer. : 

Let a given condenser have a capacity of c, electrostatic units, or 
c,, electromagnetic units. ; 

Then, as before, ¢,{ Le] = ¢,,[L-"T*4-"], 

or, li. | == (vr, 


Cm 


1 (ie F 
ON 5g OE — =v centimetres per second. 


om 
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A convenieat form of condenser may be made by fixing layers of 
tinfoil upon two sheets of glass, one of the layers being circular, and 
surrounded by a circular guard ring, the other covering the whole sheet ; 
or from two pieces of silvered plate glass from which the paint on the 

back of the silver has been removed by 

means of caustic soda, and a circular gap 

G made in one of them by scraping away the 
silver. The two are placed with the me- 
tallic surfaces face to face and kept apart 
by three thin distance-pieces of ebonite, the 
thickness of which, will give the distance 
apart of the plates of the condenser (i). 


[a 


Then ¢, = Ent’ where A is the area of the 


circular plate, the larger plate being earthed. 
Fig. 350. The dielectric constant of air is taken as 
unity. 
To determine ¢,,, the plate and ring are charged to a high potential 
V; then the ring is earthed, and the plate discharged through the 
ballistic galvanometer. 


cD 
CaN; = AH” (p. 254) 


where 6 is the ballistic throw. The galvanometer may be calibrated 
by producing a steady deflection 6, by means of a current produced by 


a known fraction of V, say 7 and a high resistance r. 


VAH 
ae ch, 
fee eG) 


on = aR G 


If the capacity is so small that an unreasonably high potential V is 
required to produce a readable ballistic throw, the capacity may be 
compared with that of a larger condenser by the method on p, 163, 
or in terms of a resistance and a frequency, by the method on p. 393. 

The principle of this method was first employed by Professors 
Ayrton and Perry, the condenser being charged by the fall of 
potential over a resistance of 10,000 ohms produced by a battery of 
382 Daniell cells. To produce the steady current in the galvanometer, 
a known fraction of this was used, and a high resistance was placed in 
series with the galvanometer. The mean of their results, corrected for 


1 W.E. Ayrton and J. Perry, Journal Soc, Tel. Eng., 8, p. 126. 1879. 
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the value of the B.A. ohm used by them, in terms of the international 
ohm is, » = 2°995 x 10”. 

Maxwells Method.—If a condenser be placed in series with a 
battery and galvanometer, it will receive a charge ec, where e is the 
electromotive force of the battery, and ¢ the capacity of the condenser. 
This is the state of affairs when the rocker r 
D is in contact with A (Fig. 351). Then if 
D is moved over so that it makes contact 
with B instead of A, the condenser is dis- 9g 
charged. On moving D back into contact 


with A the condenser receives another charge ApB 
ec, and if this process be repeated n times 

per second, the total charge that has been | 
drawn from the battery and which has passed é 
through the galvanometer is nec. ‘This is Fig. 351. 


equivalent to a current, and if n is great in 
comparison with the frequency of vibration of the moving part of the 
. galvanometer, a steady deflection will be obtained. The key may take 
the form of a revolving commutator or a suitably arranged tuning- 
fork of known frequency, in which case n is known. 

Tf the condenser and key be replaced by a conductor, and the 
whole resistance of the circuit adjusted until the deflection of gal- 
vanometer is the same as that with the condenser and key, the current 


We see, therefore, that the intermittent charge and discharge has 
the same effect as a resistance, and 
if the frequency and the whole re- 
sistance of the circuit be known, ¢ 
may be determined. 

Since the capacity is therefore 
found in electromagnetic measure, 
and its value in electrostatic measure 
can be calculated from its dimensions, 
v can be found as before. 

Maxwell pointed out? that the 
substitution of the resistance for the 
capacity and key is unnecessary if 
these are placed in one arm of the 
Wheatstone’s bridge and a balance Big. 352. 
obtained in the ordinary way. 

The arrangement is then as shown in Fig. 352. The resistances 


1 Maxwell, “‘ Electricity and Magnetism,” vol. ii. §§ 775 and 776. 
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are adjusted until the galvanometer deflection is zero, when the 
approximate relation — .%,; = 7,7, holds. Since the method is usually 


employed for measuring very small capacities, r; is always very small. 
For example, a condenser of the type described on p. 392 would have 
a capacity of the order 10-” absolute electromagnetic unit or 10-* 
farad. 

If, then, n is say 100, and r, and r, say 1,000,000 ohms each— 


1 
t+ jo = 10” 
r,; = 10 ohms. 
In a case such as this the relation between capacity and resistance 


may be established, by equating the values of the steady current in the 
galvanometer when the condenser circuit is permanently open, the 


e 1s 
value of which is LA, ae eee where e is the 
% + 1, - ——_ 
Tat nh +r, 


electromotive force of the cae to the charge per second passing 
through the galvanometer due to the intermittent charging of the 
condenser. The difference of potential between A and D is, 


(r, x current in ED) + (r, x current in g) 


fee Be e Ts; ieee ( 137g 
Sa "Page vt 


ees t the resistance of the 


entire circuit exclusively of the branch AD. Hence charge on C when ~ 


fully charged is-— 
ce Vat ) 
p(t 7 renter, 


Now, owing to the smallness of the resistances 7, and r,, the charge, 
when the condenser is closed, will flow round the circuit A(BE)eD, 
B and E being practically one point, owing to the smallness of r;. The 
charge divides between the paths AB and AKB, the fraction 
eae flowing by the path AEB, that is, through the galvano- 
3 1 

meter, the ‘ratio being independent of the inductances of the branches 
(see p. 318). And since this discharge takes place n times per second, 
the current in the galvanometer due to this cause is— 


where P is written for \r, try 


nce Tet 


HEE ae 3 UO Ni ae Ne ea 
iP IO precraaers) frepuses 
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therefore when the galvanometer deflection is zero— 


e ; nce ri, r; 
ae = Pp OD arg war ree Te 
fs 32 Ti 1, Pepa ty! Pye ts +, 
( 2“ T30q ) 
f, = ner, = . 
p= MrT in Fe, 


But the last fraction is negligible since r,; is very small in com- 


parison with r,, and therefore nc = =, 
"4 
For a complete discussion when no restrictions are placed on the 
magnitudes of the resistances, the student is referred to “ Absolute 
Measurements in Electricity and Magnetism,” by A. Gray. The 


expression there obtained for nc is— 


tei(ts+ 1% + %)(r, ++ 1s) — ref 
{r4(rg +t) + ryry' {rr + ty = ts) + rjrst : 


which reduces to the above when r, and r, are very great in comparison 
with the other resistances. 

Employing this method and using a spherical condenser, E. B. 
Rosa? found v to be 3:0004 x 10”. 

Sir J. J. Thomson and Mr. G. F. C. Searle? used a cylindrical 
condenser provided with guard rings of cylindrical form at the ends, 
which necessitated a slight modification of the bridge connections. The 
mean of their values for v is 2°9955-x 10”. 

The value of v has also been found by measuring a capacity in 
terms of an inductance and two resistances (see p. 326), and also in 
terms of a resistance and a time by means of the slow discharge of a 
condenser (see p. 312). Another interesting method is to determine the 
frequency of oscillatory discharge when a condenser discharges through 
a known resistance and inductance (see p. 338), the frequency being 
found by obtaining a photograph of the spark upon a revolving 
photographic plate. In this way Lodge and Glazebrook * found » = 
3009 x 10”. 

The later determinations give values differing very slightly from 


each other. There is little doubt that the value of a is very nearly 
bo 
3:00 x 10 cms. per second, which is also the velocity of light in 


empty space. 

Practical Units.—We have described in various places (see pp. 61 
and 308) the manner in which the practical units are chosen in order 
that they may be of convenient sizes, while retaining simple relation- 
ships with the absolute electromagnetic units. Thus the ampere is 

1 H. B. Rosa, Phil. Mag. (Ser. 5), 28, p. 315. 1889, 


2 J. J. Thomson and G. F, C. Searle, Phil. Trans., 181, p. 583. 1890, 
2 ©. J, Lodge and R. T. Glazebrook, Cambr. Phil. Trans., 18, p. 1386, 1899. 
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one-tenth of the absolute C.G.S. electromagnetic unit of current, and the 
volt is 10° absolute unit of electromotive force. From these are derived 
the ohm, the joule and the watt, which are respectively 10°, 10’, and 10? 
times the corresponding absolute units. Similarly the farad is the 
capacity of a conductor which is raised in potential by one volt by a 
=8 
= -9 

10. = 10 
absolute units. This unit is still very large for practical purposes, so 
a millionth of it, called a micro-farad is usually employed ; its value is 
therefore 10-” absolute units. Again, the henry is the inductance of 
a circuit in which a rate of change of current of one ampere per second 
is accompanied by an electromotive force of 1 volt, and it is therefore 
108 
19 =* 
henry, or thousandth of a henry, is usually employed in practice. Its 
value is 10° absolute units. 

The above electrical and magnetic units are collected into the 
following table— 


charge of one coulomb, and hence it is equal in value to 


= 10° absolute units. Owing to its inconvenient size, the milli- 


Dimensions. Practical unit. 
Ratio of 
electro- 
: ‘¢ } 
vat Bee] | teat 
Electrostatic. | Electromagnetic, | static Name. | of electro- 
i unit, magnetic 
unit. 
Quantity . . . -|Minig-gt | Mint v |Coulomb) 10-" 
Electromotive force | M#L#T-"47+ | M*L?T-2ut v-* | Volt 108 
Electric intensity . |M#L~?p-'47#) M#L?T—2u# v 
Electric displacement | M?L,~?7~",4+ | M'L7!u7# v ; 
Electric current . . | MHLiv-*z¢ | M*Ltr "ot v  |Ampere | 10-1 
Electric resistance . | L-!T%-} LT-1y v-? |Ohm 10° 
Capacity. . . . .|Lk 'T-172 4-1 v? Farad 10-° 
Inductance. . . . | L-![2%-1 Lu v-? | Henry 10° 
Magnetic field. . .|M*Lin-?k? | MaL7?p-’yt v Gauss 1 
Magnetic induction . | M‘L-#,-? =| MaL—?r~'yt o-1 | Maxwell 
Magnetic flux. . .|MiLie-+ =| MALit ‘yt v-1 
Magnetic moment . | MtL3,7+ M?LiT "ut y-} 
Intensity of ape 
gation a sae Min-#4-* =| M¢Lver— ut y-} 
Magnetic pole. , . |M*L#z + M{LiT-ty4 o-} 
Energy . . Ao) | be D2 Nem 2 Joule 10’ 
Rate of wonene Go xg cea et P Mi7T-* Watt 107 
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Determination of Practical Standards.—In order to be able to 
measure any quantity in terms of the above units, it is first necessary 
to obtain the value of some standard or standards. This has been 
undertaken by a number of experimenters, the quantities chosen being 
electric current, electrical resistance, and electromotive force. The 
first two must be determined independently in absolute measure, and 
the last can then be determined from them. 

On constructing two coils of known dimensions and passing the 
current to be measured through them in series, an attraction or repul- 
sion occurs between them, and if this be determined by attaching one 
of them to the arms of a balance, the value of the current in terms of 
the force may be calculated, when the relative position of the coils is 
known. This method was suggested by Lovd Kelvin, and was employed 
by Lord Rayleigh and Mrs. Sidgwick, the current being at the same 
time passed through a silver voltameter, so that the electrochemical 
equivalent of silver in absolute measure is known. The value 
found was 00111795, and later determinations gave 0:011180. 

. The International Congress of 1893 adopted as the absolute electro- 
magnetic unit of current, that current which will deposit 0-011180 
gramme of silver in one second, and this standard has since been 
legalised in this country. Although the latest determination gives 
0-011183, the value for the legal standard is unchanged. 

Several methods have been employed for determining the absolute 
standard of resistance, but they depend chiefly on a comparison between 
the electromotive force produced in a conductor rotating in a magnetic 
field, with the difference of potential between the ends of a conductor in 
which a current is flowing. As a result of many determinations, the 
International Congress of 1893 defined the ohm as the resistance to a 
steady current, of’a column of mercury of uniform cross-section, having 
a length of 106°300 cms. and a mass of 14°4521 grammes, when its 
temperature is 0°C., and this was legalised in this country by an Order 
in Council dated August 23, 1894, and reaffirmed by an Order in 
Council dated January 10, 1910. The absolute unit of resistance is 

-10~-* of this. Previously to this the standard was that determined by 
a committee of the British Association in 1863, and known as the B.A. 
ohm, the value of which is 0'9866 of the international ohm at present 
used, 

_ A specification adopted by the International Conference on Electrical 
Units and Standards, 1908, states that for purposes of electrical 
measurements, the tubes containing the mercury shall have a cross- 
section of one square millimetre, and shall be provided with spherical 
end pieces of 4 cms, diameter containing mercury, the outside 
edge of each tube being coincident with the inner surface of the 
spherical vessel. The leads are to be thin platinum wires fused into 

_ the glass spheres, the current leads being at an opposite end of a 

_ diameter to the entrance of the mercury column, and the potential 

_ leads midway between the entrance of the column and the current lead, 


- elie, 
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The resistance to be added to that of the column to allow for the effect 
of the end vessels is to bo— 


080g! 
( 


1063m ) eu 


ri! 1% 
where r, and r, are the radii of the end sections of the bore of the tube. 

Determination of the Ohm.—(i) Rotating Coil. The Committee of 
the British Association in 1863 adopted, for constructing a standard of 
resistance, the method of rotating a 
closed coil of wire about a vertical 
axis in the earth’s magnetic field, 


' 
‘ 
' 
1 
' 
t 
! 


B the deflection of a magnetic needle 
suspended at the centre of the coil 
< H__ being observed. 
If AB in Fig. 353 be the plan 
A CoN of the circular coil when its plane 


makes angle wt with the mag- 
netic meridian, za’nH sin wi is the 
magnetic flux passing through the 
coil, where a is its radius, n the 
number of turns, H the horizontal component of the earth’s magnetic 
field, and w the angular velocity of rotation about the vertical axis 0. 
The momentary electromotive force round the coil is— 


i} 


Fie. 353. 


— ra?nHl (sin wt) = —7anHw cos wt, 


and since this is an alternating electromotive force of maximum value, 
— 7a’nHw, we know from p. 345 that the momentary current 7 is— 


zanHw 


ay freee Ty 3 (wt es 6), 


since the current is angle 6 in phase behind the electromotive force, 


where tan 0 = =; 1 being the inductance of the coil and r its 


resistance. 
This current gives rise to a magnetic field OF whose value at the 
centre is an (p. 53). And the component of this at right angles 


a 
to the meridian is therefore— 


Qarni i In’ an*’Ho F 6 t 
——— = =| SS CO = 
q COS @ Vie s (w ) cos wt, 
27’an*’ Hw 


—— Al mee a (cos? wt cos 6 + 4 sin 2ot sin 6). - 
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The mean value of cos’ wt for a complete cycle we have seen (p. 348) 
to be 4, and the mean value of sin 2wt is zero, therefore mean magnetic 
force at right angles to the meridian is— 

wan’Hw 


~ tare P 


cos @. 


In a similar manner we see that the instantaneous component of the 
field in the meridian is, 


Qarni . 27’an"Ho : 
q sinot=—- V Pot rt (wt — 6) sin wt 
27°an’H 
—_ Fara sin 2wt cos @ + sin’ of sin 6), 
wW 
the mean value of which is— 
ran’Hw . 
- TE 7 sin 6 


The resultant field in the meridian is therefore, 


ranv’Ho . P 
—_ ———- sin 
WV Po? +r? jas 


and the suspended needle will then be in equilibrium when making an 
angle ¢ with the meridian such that— 


ran’ Hw 


ranHo . Pa 


Pee ee ITs 
V Fo +? 


Since H occurs in every term on the left-hand side of this equation it 


_ disappears, and we see that the equilibrium position of the needle is 


independent of its value ; 


= tan ¢; 


mano cos 
V Po? + 7? — 7an’w sin 6 
tan ¢ therefore depends upon the velocity of revolution w. This 


must of course be so great that the separate impulses acting on the 
needle follow at intervals sufficiently small in comparison with the 


_ period of vibration of the needle for the deflection to be steady. If 


ee 


the inductance of the coil is small enough for the quantity lw to be 
negligible in comparison with r, sin 6 = 0 and cos @ = 1, and we then 
have— 


r = 7an’o cot d. 
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The angular velocity w having the dimensions of the inverse of a 
time, and a being a length, we see that r has the dimensions of a 
velocity, and its determination depends upon the accurate measurement 
of these two quantities, together with an angle ¢. 

It will be noticed that the effect of the torsion in the suspension 
fibre, and the influence of the magnetic field of the suspended needle in 
inducing current in the rotating coil, have been omitted. These must 
be measured and allowed for. Standard resistances constructed by 
comparison with the coil whose resistance was determined in absolute 
measure by this means were distributed by the British Association, 

Lord Rayleigh,’ in 1882, made a determination of the ohm by this 
method. The inductance of the coil was calculated from its dimensions 
and also determined by the method on p. 323. The velocity of 
rotation of the coil was determined by the stroboscopic method. He 
found that, 


1 B.A. unit = 0°98651 earth quadrant per second. 


A rotating coil method due to W. Weber,” in which the coil is 
turned through 180° in the earth’s field, the current passing through a 
ballistic galvanometer and the throw being noted, has also been used 
by him and by G. Wiedemann,’ the latter of whom found the ohm to 
be the resistance of a column of mercury 106162 cms. long, 1 sq. mm. 
in cross-section at 0° C. The method is similar in principle to that of 
the earth inductor described on p. 261. 

Determination of the Ohm.—(ii) Method of Lorenz.A—The move- 
ment of a conductor in a magnetic field. gives rise to an electromotive 
force which is equal to the rate at which magnetic flux is being cut by 
the conductor. If, then, a conducting disc of radius a be rotated with 
constant angular velocity, n times per second, when its plane is at right 
angles to a magnetic field of strength H, any radius of the dise cuts a 
flux ra’H in each revolution, and therefore the electromotive force acting 
from the axis to the circumference is za’nH. If the field is produced — 
by a current ¢ in a pair of circular coils co-axial with the disc (shown 
by a dotted circle in the diagram), 7a*H becomes mi, where m is the 
mutual inductance of the coils and the disc, and therefore, electro- 
motive force is equal to nmi. This electromotive force is balanced 
against the difference of potential between the ends of a resistance 
r (Fig. 354) in series with the coils and through which the current 
iis flowing. When the galvanometer G is undisturbed— 

ri = nmi, 
or, r= nm, 


Lord Rayleigh and Mrs, Sidgwick® carried out a measurement of 


1 Lord Rayleigh, Phil. Trans., 178, p. 661. 1882. 

2 W. Weber, Pogg. Ann., 82, p. 337. 1851. 

3G. Wiedemann, Abhandl. Berlin Akad. d. Wiss., 1884. 

‘ L. Lorenz, Pogg. Ann., 149, p. 251. 1873. 

* Lord Rayleigh and Mrs. Sidgwick, Phil. Trans., 174, p. 295. 1888, 
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the ohm by this method in 1883, but instead of employing a calibrated 
tube of mercury for the resistance r, they used three wire resistances, 
a, b, and ¢ (Fig. 355), of which a is the smallest and carries most of the 
current i, while c is large compared with b. The fall of potential over 
b is balanced against the electromotive force in the rotating disc. If 
then 7 be the total current in the fixed coils (Fig. 354), that in b and ¢ 


is Seg aie , and the difference of potential between the ends of b is 
bi 
nna meet The resistance a consisted of two unit coils in parallel, b 


was a platinum-silver 7; unit, and ¢ was, in three series of experiments, 
10, 16 and 20 respectively. ‘The value of b in terms of the absolute 


a 
Fig. 354, Fig. 355. 


unit is then given by the experiment, and the mercury column that has 
the unit resistance can therefore be found if the specific resistance of 
mercury in terms of the B.A. unit, in which b is known can be found, 
This forms the subject of another paper by Lord Rayleigh and Mrs. 
Sidgwick.? 

To return to the Lorenz method, the rotating disc is of brass, and 
has a diameter of 31°072 cms. ; and contact was made with its edge by 
a copper brush well amalgamated, the contact at the shaft being of a 
similar kind and touching it on a circle whose diameter is 2:096 cms. 
The mean distance apart of the mean planes of the two coils is 3:275 
cms. for two series of experiments, and 30°6944 ems. for a third. 
From careful measurements of the coils, the value of m for the first 
two series of experiments is found to be 214:569, and for the third 
110°392. In the first series of experiments the speed of the disc was 
about 12°8 revolutions per second, in the second 8, and in the third 
12°8, and was determined by the stroboscopic method, the standard 
being a calibrated tuning-fork. 

The general scheme of connections is shown in Fig. 356. In order 


_ to eliminate the electromotive forces in the galvanometer circuit due to 
_ thermo-electric effects at the sliding contacts, and the cutting of the 


1 Lord Rayleigh and Mrs. Sidgwick, Phil. Trans., 174, p.178. 1883. 
2D 
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earth’s vertical magnetic field by the disc as it rotates, a small 
difference of potential is maintained between the points A and B, 
connected by a low resistance which is adjusted until the galvanometer 
reading remains constant with 
the dise running, but without 
the main current, whether the 
galvanometer circuit is broken 
or closed. In the actual ex- 
“. periment r is not adjusted to 
. give an exact balance, but 
some value such as r, is em- 
ployed, and the difference of 
/ the galvanometer readings 
< oo when the main current is re- 
es gr versed by means of the key K 
is observed. 1, is then changed 
nL to the value rz, such that the - 
Fia. 356. galvanometer deflection for 
either position of K is the 
reverse to that in the previous case, and the difference in deflection 
for a reversal again noted. By interpolation the value of r for an 
exact balance is calculated. 

The mean of the results gave the value of the B.A. unit to be 
0:98677 x 10° C.G.S. units. 

Determination of the Ohm.—(iii) Mutual Inductance of Two Coils. 
—Kirchhoff! suggested a method, the principle of which has been 
given on p. 322. Using a galvanometer of the suspended magnet 
type, the throw when current 7 is started in the primary coil is given 


by— 


m HT 


cans 
= sin 46 
Tr; aG oth 


and when a steady current is maintained in the secondary by the fall 
of potential across a small resistance r, in the primary— 


irG een 
PM © lemmas A 
rT sin 36 
oo Nn=>—s« > 
a7 tan 0; 
a tan 6, 
or, 3 Weer See aa 
. T sin 40 


Tf then m is determined by calculation, in absolute measure, and 
T, 6 and 6, observed, r is known. 


1 G, Kirchhoff, Pogg. Ann., 76, p. 412. 1849. 
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This method has been used by Rowland, Glazebrook, and others. 
As a mean of his results, Glazebrook? has given that— 


1 B.A. unit = 098665 x 10° C.G.S. units. 


The method of finding the heat produced in a wire by means of the 
calorimeter was employed by Joule; and also the method of damping 
(see p. 258) due to W. Weber has been employed for determining the 
magnitude of the ohm in terms of the resistance of a mercury colnmn, 
but the results are not so consistent, nor are the methods capable of such 
‘accuracy as the above. 

Determination of the Electro-chemical Equivalent of Silver.— 
With the object of defining the C.G.S. unit 
of current in terms of some quantity that 
may be conveniently reproduced, Lord Ray- 
leigh and Mrs, Sidgwick * made a determina- 
tion of the electro-chemical equivalent of 

_ silver. The form of voltumeter employed 
has already been described (p. 69). The 
current is passed for a measured time, 
about three quarters of an hour, through 
two or three such voltaméters in series, and 
through a system of coaxial coils shown in Fic. 857. 

Fig. 357. The smaller coil is suspended 

from the beam of a balance, and the force upon it due to. the currents 
is found by taking the difference in the weighings when the current 
in the larger coils, which are fixed, is reversed. We know that the 
potential of a coil carrying current 7, due to another carrying current 4, 
is mi,i,, where m is-the mutual inductance of the coils (p. 314). Hence 


the force on the small coil in the direction of the axis is i,%2 e, 
where = is in the direction of the axis. The actual calculation of the 
force between the coils is beyond the scope of this book, and the 
student who wishes for more information is advised to consult the 
original paper. It may be noted that the small coil is placed in such 
a position that the force on it is a maximum, and hence does not 
vary appreciably for a small change in its position, thus obviating the 
necessity of determining the relative positions of the coils with any 
high degree of accuracy. 

; The best results are obtained when a solution of pure silver nitrate 

_ in water is used in the voltameter, and with a 3-inch platinum bowl 

and a solution of strength 15 to 30 per cent., a current of 1 ampere 

_ may be passed for an hour. 

As a mean result it was found that the C.G.S. unit of current 

_ deposits 0:0111794 gramme of silver per second. 


' 1 Glazebrook, B. A. Report, p. 97. 1890. 
‘ 2 Lord Rayleigh and Mrs. Sidgwick, Phil. Trans., 175, p. 411. 1884. 


a 
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Mr. F. E. Smith and Prof. T, Mather? found, in 1908, that the 
ampere deposits 0:00111827 gramme of silver per second, 

Standards of Electromotive Force—In performing the above- 
mentioned work on the electro-chemical equivalent of silver, Lord 
Rayleigh and Mrs. Sidgwick at the same time found the electromotive 
force of the Clark cell (p. 190). 

The method is essentially that of the potentiometer. A battery of 
two Leclanché cells, B (Fig. 358), maintains steady current in the two 
resistance boxes C and D, and the electromotive force of the Clark 


AAAI 


Fig. 358. 


celi e is balanced against the fall of potential over the box D. The 
total resistance of the two boxes C and D is maintained constant so 
that the current 7 in them is constant. Then e = r,t, where 1, is the 
resistance in D when the galvanometer G indicates zero current. The 
potential difference between the ends of the resistance r which carries 
the current of the electrolysis experiment (p. 403), and passes — 
through the voltameter V, is now included in the circuit of e, and if P- 
is this potential difference, the resistance r, of D which is now 
required to balance the electromotive force e—P, is ryt. 


e—P*, 
ee e =~») 
ust 
ry 
and, P=e1— of 
\ TY, 


or if the current 7 in r be known from the weighing experiment— 


r= “C - 7) 
YY 


1H, EB. Smith and T. Mather, Phil. Trans., Ser. A, 207, p. 546. 1908, 
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The mean result indicated that the electromotive force of the Clark 
cell at 15° C. is 1°435 volt. 
By the Order in Council dated August 24, 1894, the volt was defined 


as 0°6974, that is ar of the difference of potential between the 


terminals of a Clark cell at 15° C., which was thus legalised. A 
specification attached, defined the manner in which the cell was to be 
constructed. 

The Weston or cadmium cell has since been substituted for the 
Clark cell as an international standard of electromotive force, and the 
value adopted by the International Conference on Electrical Units and 
Standards of 1908 is 1°0184 volts at 20° C. More recent measurc- 
ments have shown that the value 1-0183 is more correct, and this has 
been adopted in place of the above. 


CHAPTER XIV 
ELECTROMAGNETIC RADIATION 


Fundamental Equations.—The state of a field of electric and mag- 
netic force at any point, may be represented by means of three funda- 
mental relations, already dealt with in their general forms, which it is 
now our purpose to express in reference to rectangular co-ordinates. 

(i) Gauss’s Law.—The total normal electrical induction over a closed 
surface is equal to 47 times the total charge within it (p. 125). 
similar relation holds in the 
magnetic case (p. 233), Let us 
consider the electric intensity 
E at a point A (Fig. 359) to 
be resolved into components 
parallel to the three axes of 
co-ordinates, the components 
being P parallel to OX, Q and 
BR parallel to OY and OZ re- 
Fia. 359, spectively. Then if P varies 

from point to point as we move 


from A in a direction parallel to a its value at the 


face BD of-the very small rectangular solid ABCD will be P + ode 


The normal induction over the face AC is kP. dy dz, where k is 
the dielectric constant and dy. dz the area of the face AC. The 


normal induction over BD isk (P + oe ae dy dz, and the difference 
between these two is the contribution of the two faces AC and BD 
to the total normal induction over the whole surface. That is— 


(P + wr de ly dz — kPdy dz = ka we oe dy dz. 


Treating the faces AB and CD in the same way, we get ida dy dz 
as the contribution to the normal induction for these faces, and 


R 
similarly & = dx dy dz that for the faces AD and BC, 
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If now there is a volume density of electric charge p, the amount 
of charge within the surface ABCD is pda dy dz, and thus from 
Gauss’s law we have— 


(= + iL + Fae a dz = 4npdax dy dz, 


od nae 20 Gt Ee 


For the magnetic field, if a, 8, and y are the components of H, the 
equation is— 


all Gh Ti ed Bal 
de’ dy* dz. p 
where p is the volume density of magnetic pole, and » the magnetic 


permeability of the medium. This is Poisson’s equation. 
If p = 0, we have for the electric field— 


dp dy ( e . . . . . (i) 
and for the etatiofeld, iG et : +>= o| 


d 
The Renetiby © = Be nts + = is frequently called the divergence of 
the vector quantity E, ae is written div. H, since it represents the rate 
at which E increases or diminishes as we pass outwards from the point ; 
then— 


(ii) Line Integral of Magnetic Field round a Current.—Onp. 230 we saw 
that the work done in carry- 
ing a unit pole round a closed 
path through which a current 
is flowing, is equal to 47 times 
the current; in other words, 
the line integral of the mag- 
netic field round the closed 
path is 47 times the current. 

If u, v, and w be the com- 
ponents of the current den- Fra. 360. 
sity, or current per unit area, 
the current flowing through the small rectangle ABCD (Fig. 360) 
whose plane is perpendicular to OY is vdadz, the area being dadz. 
li the value of the magnetic field along AB be a and along 


408 ELECTRICITY AND MAGNETISM CHAP. 
DC be a + 1a, the work done on the pole as it moves along AB 
is adw, and along CD is (eke ‘di de. Similarly, for DA it is 


—ydz, and for BC +(y + ode de 
Therefore for the whole circuital path ABCD— 


d 
Work done = adw — (a + ‘A d2)da — ydz + (y + qe dz 


d da 
=(- Oa dz; 


and the above law therefore gives us— 


d d 
4nrvdxdz = (Se av eae dz, 
or, —4rv = ue — ia 


Treating the other components of the current 4 and w in a similar 
manner, we get two other similar equations. The law may then be 
expressed by the three equations— 


dy dB. 
= alee eat 
Ed, dz 
da dy ey 
ATR Fae ees 
dB da 
ei Pe ar 


(iii) Electromotive Force round Circuit through which the Magnetic Flux — 
is varying.—The law e = — (p. 249) may be expressed by means of 


its components in an exactly similar manner. Referring to Fig. 360, 
if 4 is the magnetic permeability of the medium, the flux N through 


the rectangle ABCD is pBdx.dz, and die. de“ (uf) is the rate of 
change of flux. If the component of E along AB is P, and along DC 
(e += ae, and the components along AD and BC respectively R 


and (R + Fd), the whole electromotive force e round the rect- 


angle is— 


“Pade - -(p+4 ie: vn de — de +(R+ ae gees - (Ges oe ede 
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; d ‘ 
and since e = —G? ve have, remembering Rule II, p. 249— 


i oe 
Pdt~ dz” da’ 
With the two corresponding equations for the components a and y, 
we have altogether— 


da dR dQ 
Bie ay de 
dg dP dR = 
Pat — az — da. . . . . e . (iii) 
dy dQ dP 
a 


Maxwell’s Displacement Current.—The above sets of equations are 
the expression of certain experimentally established laws, and do not 
depend upon any assumption as to the nature of the mode of action 
occurring in the dielectric. In equations (ii) the current u, v, w, means 
that an electric charge is moving in a certain direction, and we know 
that this motion cannot be continuous unless the medium is an electri- 


cal conductor. ‘The possibility of a current in a dielectric was pointed 


out by Maxwell, who, following Faraday, was bent upon explaining 
electromagnetic phenomena in terms of 
actions occurring in the dielectric. Ac- 40 <0 
cording to Maxwell, any change in the A 3 C D 
electrical induction in a medium is an 
electric current. «Thus, when a current 
flows into a condenser (Fig. 361) by means 
of conducting leads AB and CD, the current Fig. 361. 
in these leads is the rate at which charge 
passes on to the plates of the condenser. If, for simplicity, we assume 
the plates of the condenser each to have unit area, the charge on each 
plate is the surface density co, and therefore the current i in the leads 
is given by— _ 
. _ de 
i= 7° 
But the electric displacement D in the medium between the plates, 
we saw on p. 130 to be equal to a ; 


“ig. AD 
OS 


Hence we may consider the current to be continuous through the 
condenser, its value in the dielectric itself being the rate of change of 
the electrical displacement; the essential difference between the 
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dielectric and a conductor being that D cannot exceed a certain — 
amount for each value of the electric intensity, so that after the current 
has flowed for a short time, D becomes constant and the current ceases. 

The question may be better understood by considering an analogy. 
Let the condenser be replaced by a vessel having an indiarubber mem- 
brane stretched across it so as to obstruct the flow of water brought in 
by the pipe AB (Fig. 361) and emerging by the pipe CD. Fora given 
difference of hydrostatic pressure between B and OC, the flow continues 
until the displacement of the membrane reaches a certain amount, 
determined by its elasticity, and then ceases; but while the displace- 
ment is increasing there is an actual current of water, in through AB 
and out through CD. 

According to Maxwell, the magnetic effect of a displacement cur- 
rent is similar to that of a conduction current, the distinction between 
the two being quite artificial Equations (ii) therefore apply to the 
displacement current, which is the only current, in a dielectric. 

Rowland? has proved that a moving ‘‘statical” charge produces 
magnetic effects similar to those of a conduction current, by rotating an 
ebonite disc having alternate sectors which were gilt and charged, and 
observing the deflection of a magnet, placed under and near to the 
disc. The direction of the deflection of the magnet was that which 
would be produced by an electric current corresponding to the moving 
charge, and was reversed on reversal of the sign of the charge, or the 
direction of rotation. 

We may now, by means of the relation on p. 130, write the com- 
ponents uw, v, and w, of the displacement current in terms of those 
of electric intensity, P, Q and R, and the dielectric constant of the 
medium, 


kE 
The general equation D = Lc , by differentiation with respect to ¢ 
gives— 


which, written in terms of its components, becomes— 
k dP k dQ k dR 
Uae de dg de? 
and substituting these values for u, v, and w in equations (ii), we 
have— 


aP _dy ap 
dt ~ dy” dz 
dQ da dy F 
Ra ae ae . . . ry . « ° (iv) 
Feeds da ; 
dt ~ de — dy 


' H, A. Rowland and 0. T, Hutchinson, Phil. Mag. (Ser. 5), 27, p. 445. 1889, 
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Equations (iii) and (iv) contain the six variable quantities a, 2, y 
and P, Q, R, and by eliminating five of these we can obtain an equation 
invol¥ing one only. Before dealing with this general equation we will 
treat one or two simpler cases, 

Propagation of Plane Wave.—The simplest case of wave motion to 
consider is that of a plane wave, that is, a wave in which the electric 
intensity is at any instant the same over the whole plane. Let us 
take the plane YOZ (Fig. 362) as the plane of the wave, by which we 
mean that all over this plane the electric and the magnetic intensities 
are of constant value at any given moment. It follows that these 
quantities have each the same value for all values of y and z, and their 
variations in the Y and Z directions are zero; hence their differential 
coefticients with respect to y and z are likewise zero, 

Equations (iii) then reduce to— 


da dps dR dy dQ 
eee ie qa OOS Pa: = da 


and consequently a is zero or a constant. But constant values do not 
enter into the wave propagation, so that for our purposes we may put 
a= 0: 


Similarly equations (iv) reduce to— 


Es, 


bai 


Therefore P = 0, and since we have seen that a = 0, it follows that 
the directions of the electric and magnetic intensities are entirely in 
the plane of the wave. 

We may choose any direction in the plane YOZ that we please for 
that of the electric intensity, and we will therefore take it parallel 
to OZ. 

Then Q = 0, and we see from either of the relations 

dy dQ dQ dy 


Pa dx? © "dh = dz 


that in this case y = 0. 

Hence the electric and magnetic intensities are at right angles to 
each other ; if R is the only component of the electric intensity, B is 
the only eomponent of the magnetic field, 

The equations now reduce to 


dp dR dR dp 
Hae > ae? OO Fae = — ae" 


Differentiating the first with respect to ¢ and the second with 
respect to a, 


M 


fis 
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&B @R @R ap 
Ye = ~ dent 9 aa 

@8 _ 1 ap 

‘dé = Ky’ dat 


Or, differentiating the first with respect to g and the second with 
respect to ¢, 


dB @R @R_  @&Bp 
Mindi = ~ dat? 90% bo == gage 
@?R 1 @&@R 


oe de = ken da 


This is the form of the general equation to the motion of a plane 
wave, the direction of propagation being parallel to the axis OX, and — 
its general solution is R = f,(a — vt) + f(a + vt), where v? = Pa and 
f and f, are any functions. The truth of this may be established by 
differentiating this value of R twice with respect to ¢t and twice with 
respect to #, and substituting the values in the differential equation. 
f(x — vt) and f,(~ + vt) are general expressions for wave motion along 
the axis of #, the former in the direction OX and the latter in the 
reverse direction XO. For, after a given interval of time ¢, the expres- 
sion f(a — vt) becomes f\(x — vt — vt,), and if the origin be moved 
forward along OX by the distance vt, the abscisse referred to the new 
origin being x,, then « = a, + vt,. The expression for the disturbance 
is then /,(#, + vt, — ct — vt,) = f,(w, —vt); that is, referred to the new 
origin it has the same form as it had when referred to the old origin at 
a time ¢, earlier. Its form is therefore unchanged, but it has moved 
forward with velocity v. 

In a similar manner the wave f,(x + vt) may be shown to travel 
unchanged in form and with velocity v in the opposite direction to the 
wave f,(% — vt). 

We shall only consider the wave which travels forward, and only 
the most important case of such a wave, namely that in which R and 8 
vary harmonically. 


9 
Let R = R, sin 5 (a — vt); then at the instant from which time 
is reckoned, t = 0, and 


.. Qa 
R = R, sin was 
This equation gives the value of R at all points in space at this 
instant, and the ordinates of the curve R (Fig. 362) represent the 
distribution of the electric intensity. Although the curve is drawn 
with the axis OX as axis of reference, it must be understood that the 
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value of R at all points in any plane parallel to YOZ is the same at 
each_instant, and is represented by the ordinate of the curve. If « be 
increased by the length A, 


2 
R= R, sin —"(e + d) = R, sin ("a + 2x ) 


and the curve begins to repeat itself. A is called the wave-length, 


Fic. 362. 


and 


wi ~ 


which in the diagram is the length Od. At the ye b2= 


R=0; while at a andc, 2 is respectively + > oa fee = , and R = R, and 


—R, respectively. 
: ae r 
Again, if the wave travels distance A in time T’, T is the velocity », 


and substituting this value for v in the equation for R, we have— 
t 
R = Rj sin 27 ‘ ae a) 


In order to find the expression for 8, we make use of the equation 


dg «dB 
a te 
dR 
o5 = oe = Bo cos 2n(F ) 
dp 2 et 
| Beak pe ep 8 2 : — i). 
Integrating which, we get, 
‘ Hye ae i 
B yt sin an( = — 7): 
Thali fox 
But, = * = V key, 
ee. t 
1 B= A/ERy sin Dal ~ i) 
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The maximum value of £ is therefore AL R,, and calling this £,, 
fed 


we have— 
; x t 
B = Bo sin ax( = _ x): 


This curve also is plotted in Fig. 362. 

Magnetic Field and Motion of Faraday Tubes.—The followers of 
Faraday and Maxwell have insisted upon the possibility of explaining 
electrical phenomena in terms of processes occurring in the dielectric, 
and in particular Sir J. J. Thomson has shown that while on the one 
hand electrostatic phenomena may be described in terms of tubes of 
induction and the stresses occurring in them, on the other hand a 
magnetic field is simply an attribute of the Faraday tubes in motion. 
In his work on “ Recent Researches in Electricity and Magnetism” he has 
shown that the ordinary electromagnetic laws are consistent with the 
assumption that the motion of the ends of the Faraday tubes constitute 
the electric current in the conductor along which they are moving, 
while in the dielectric the magnetic field is a vector quantity drawn at 
right angles to the tubes and to their direction of motion, whose 
magnitude is 4rDV sin 6, where 6 is the angle between the tube and 
its direction of motion, and D is the number of unit tubes per unit area 
at right angles to their direction, or as we saw on p. 130, the electric 
displacement,’ and V is the velocity of the tubes. When the motion 
of the tubes is at right angles to their direction, sin 6 = 1, and 


H = 47DV, or H = £EV, 


since, = —— 


If AC and BD (Fig. 363) are the two plates of a condenser of 
which AC is negatively charged - 
and BD positively, then on con- 
necting them by the wire CD, 
the Faraday tubes whose ends 
are near C and D approach each 
other along the conducting path 
now provided, and leave a space 
into which the neighbouring 
ones are pushed by their lateral 
Fic. 363. pressures (p. 135). These in 
their turn collapse along OD, 
so that there is a general movement of the tubes, a few of which are 
indicated in the diagram, in the direction OV. This means a conduc- 


1 Sir J. J. Thomson uses the letter N to represent this quantity, but we have 
used D in order to emphasise the identity with Maxwell’s electric displacement 
and to avoid confusion with N, the magnetic flux. 
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tion current along BD where the positive ends of the tubes are travel- 
ling, and in AC a positive current from C to A in the opposite direction 
to the travel of the negative ends of the tubes. The displacement 
current in the dielectric is from the upper plate to the lower, since D is 
diminishing. 

When the plates are so large that the electric field between them 
may be considered to be uniform, consider two strips of unit width in 
the direction of the currents in AC and BD. The charges upon unit 
areas F and E of these strips are +o and —o respectively, and these are 
equal to D, the electric displacement at the point O between them, If 
at any instant, these charges are moving with velocity V, the current i 
in each strip is oV = DV. But if width of plate is b, the total 
current in either is 7b, and the line integral of the magnetic field 
linked with the current is 47rib (p. 230), and Hb = 4zib, and therefore 
the magnetic field H at the point O between the plates at the given 
instant is 4i— 

2 = 4eDY. 


It should be noticed that the direction of the displacement current is 

in the line of D, that is at right angles to the motion of the tubes. 
Plane Wave considered.as Motion of Faraday Tubes.—Returning 

to the case of the plane wave, we may, in order to get a vivid picture of 


| 


TN 
‘the processes occurring, replace the electrical intensity R by the dis- 


‘ 
rt 
' 
' 
( 
7 


Fic, 364, 


placement ea D, which represents the number of Faraday tubes per 


unit area, and our equation for the wave becomes— 


; i eat 
D =,D, sin an(5 — | 


where, D a 


See 


The distribution of Faraday tubes at the time ¢ = 0 will therefore 
be somewhat as shown in Fig. 364, in which the vertical lines represent 
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the tubes, their number per unit area being D, the electrical displace- 
ment. The full lines represent positive values of D and the dotted 
lines negative values, and they are drawn so that the closeness with 
which they are packed, or their number per unit length measured along 
OX, is proportional to the ordinate of the curve, 


remembering that the diagram is a section of the whole field, the 
direction of the axis OY being at right angles to the plane of the 
diagram. Every section of the field parallel to the plane ZOX would 
be similar to the diagram at the given instant, since the value of D over 
any plane parallel to YOZ is constant. 

If now the whole system of tubes is imagined to be moving in the 
direction OX with velocity v, we shall have a representation of the 
harmonic plane wave travelling forwards, in accordance with Maxwell’s 
equations. 

The magnetic intensity B is everywhere at right angles to D and to 
v, and is therefore perpendicular to the plane of the diagram, its 
magnitude being given by 8 = 4rDz (p. 414). Since v is constant, 8 
is at each point proportional to D, and is therefore a maximum at 
points a andc and zero at the points 6 andd. In fact, its value is 
given by the curve £ in Fig. 362, which fact is consistent with the 
result obtained on p. 411, directly from the equations of the field. 

A similar diagram for the magnetic intensity might be drawn, the 
plane YOX being taken instead of ZOX. 

The wave that we are considering is polarised, in the optical sense, 
the electrical displacement being everywhere parallel to OZ, and the 
magnetic intensity parallel to OY. Considerations of the problem of 
reflection have shown that the magnetic intensity takes place in 
what in optics is called the plane of polarisation, the electric intensity 
being at right angles to it. YOX is therefore the plane of polarisation. - 
It is not easy to see how the condition indicated in Figs. 362 and 364 
can be brought about at a given place in the dielectric, but if an 
electric oscillation in a given direction occur at a point at a very great . 
distance, the waves, of whatever form they may be near the point, 
are practically plane at great distances from it, and although the 
problem of the origin of the waves may present many difficulties, 
these are very much reduced when the waves have spread out far 
enough to become plane. 

Energy of Wave.—The energy associated with the electric displace- 


. : ‘ 2a D? 
ment D in the dielectric we have seen to be ae 


k 
a 
(p. 132), or ——, where R is the electric intensity. In the case of 


per unit volume 


a plane wey BR varies harmonically at every given point of the 
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medium, and therefore the mean value of R? for a cycle of change is 
4R,” (p. 348), where R, is the maximum value of R. Hence the mean 
value of the energy per unit volume of the dielectric, as the wave 


2 
passes through it, is =e Similarly, on account of the magnetic field 


2 
B, the mean energy per unit volume of the medium is ae and the 


kR2 + ape 2 

lie -’ 
and is the proper measure of the intensity of the radiation at any 
point. 


We have seen above, that 6, = XA : Ry (p. 414), and therefore 
tad 
pBo = kR,?. Consequently— 


mean energy per unit volume due to both these effects is 


_ RB 


energy per unit volume = 2 ec a 


kR? = HBo ae 
ia 


The energy of the wave is therefore half of it associated with the 
electrical intensity or displacement, the other half being associated 
with the accompanying magnetic field. 

Poynting’s Theorem.—An extremely important theorem on the 
transfer of energy, due to Prof. Poynting,’ throws a great deal of light 
upon the propagation of electromagnetic waves, and also upon the flow 
of energy when a current is passing in a conductor. On p.414 we saw 
that in a plane wave, the magnetic intensity £ is related to the electric 


displacement D, by the equation 8 = 47Dzy, or since D = 2 B= kRu, 
where £ and R are at right angles to each other and to the direction 
of propagation, v being the velocity whose value is Te From 
Fig. 363 on p. 414 it will be seen that directions of 8, R, and » are 
related in the manner given by the left-hand law on p. 239. Now, 


the energy per unit volume is , due to the magnetic field, and 
R?2 
ee due to the electrical field, and the sum of these two is— 
| B 
wf? + kB? ay + kR.7 _ BR 
4 87 ie Sar ~ dary’ 


from above. 
Since the condition is travelling forwards with velocity v, energy 


is streaming past the point considered at the rato" Bene a units 
Tr 


1 J. H. Poynting, Phil. Trans. Roy. Soc., 175, p. 848. 1884. 
25 


418 ELECTRICITY AND MAGNETISM CHAP. 


per second through each unit of area of cross-section of the wave at any 
instant. In all other cases of the transference of energy, as, for example, 
the flow of heat, the energy entering a given space may be measured by 
the amount passing through the boundary of the space. Prof. Poynting 
suggested that the above may be the expression of a very general law, 
the direction of the flow of energy being determined by the directions 
of the electrical and magnetic intensities, its value being proportional 
to their product. If the direction of one of the quantities B or R be 
reversed, the direction of the flow of energy, that is, of the wave 
propagation, is reversed; a conclusion which we shall arrive at 
independently on p. 432. 

The theorem may be applied to several important cases :— 

(i) The steady current i.in a wire is accompanied by a dissipation 
of energy at the rate ie units per unit length of wire, where e is the 
fall of potential per unit length of the wire. In the air immediately 
surrounding the wire e is also the electric intensity. Further, the 


magnetic intensity H is given by a where r is the radius of the wire. 
Now e is directed along the wire, and H at right angles to it, and the 
quantity = therefore represents a flow of energy from the dielectric 


into the wire, paying regard to the left-hand law mentioned on the 
last page. Thus the rate at which energy enters unit length of the 


Serer E 
wire is 7— X 2ar ergs per second, where 27r is the area of surface of 
TT 


: : : 24 
unit length of wire. And since H = ~', 
r 

flow of energy into wire = — x Qer 2s a a 

SY mere Bete ei ergs per second, 


which is the rate of dissipation of energy in the form of heat in the 
wire. 

It is therefore reasonable to suppose that the energy from the 
source of supply does not travel 
along the wire, but through the 
dielectric, entering the wire 
through its lateral surface. It 
should be noted that if the direc- 
tion of e be reversed, that of 7 
and of H are both reversed, and 
the direction of propagation of 
Fig. 365. energy is still from the dielectric 

into the wire. 

(ii) The slow discharge of a condenser affords another example of 
the application of the law. Let the wire ABC join the plates of the 
condenser (lig. 365), and for simplicity let the direction of the wire be 
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everywhere parailel to the electrical intensity. As the current flows in 
the wire from A to B energy enters the wire as in case (i), to be there 
dissipated as heat. But the electric displacement in the dielectric 
itself is directed from the plate EA towards FC, and the magnetic field 
is from front to back (see Fig. 363), which would indicate, according 
to the law, a flow of energy parallel to the plates of the condenser from 
EF to AO, and at a point such as P it is travelling in the direction 
of the arrow towards the wire. 

(iii) The current from a battery flows along the wire joining the 
poles ; but we have seen that this consists of the positive ends of the 
Faraday tubes travelling from the positive pole, and the negative ends 
from the negative pole, the two approaching each other along the 
conductor as the tubes contract. The function of the battery is to 
furnish a continuous supply of Faraday tubes, and their mode of dis- 
appearance is similar to that in the case of the discharge of the 
condenser. The energy flows through the dielectric, the wire merely 
acting as a means of directing the motion of the ends of the tubes and 
converting their energy into heat. 

(iv) In the case of an electromagnetic wave whose direction of 
propagation is parallel to a conducting surface, as in Fig. 366, the 
dissipation of energy in the 
form of heat in the conductor 
is zero if the conductivity be R 
infinite, the flow of energy 
being in the direction of pro- 
pagation of the wave, none of 
it entering the conductor. But A 
if the conductor have resist- Fig. 366. 
ance, the motion of the ends of 
the Faraday tubes along it involves the expenditure of energy. That is 
energy enters the conductor, and hence the electric intensity and the 
Faraday tubes must be inclined to the surface of the conductor where 
they meet it. Application of, the left-hand law now indicates that 
the direction of inclination is as shown in the figure, and it should be 
noticed that the magnetic intensity is parallel: to the conducting 
surface, but from back to front at A, where the electric intensity R is 
positive, and from front to back at B, where R is negative. The 
resistance of the conductor has the effect of retarding the ends of the 
Faraday tubes, which are therefore dragged along by the rest of the 
tube in opposition to this retardation. 

(vy) An alternating electromotive force causes energy to enter the 
conductor whatever the direction of the electromotive force, as we 
‘saw in example (i); but during the first half-period the electromotive 
_ force may have fallen to zero, if the oscillations are sufficiently rapid, 
before the energy, whose velocity of propagation in the conductor is 
4 much less than in air owing to the high dielectric constant, has pene- 
_ trated far into the conductor, This happens at each half-oscillation, 


rt 


iit ho 
pty 


’ 
' 

ay bk 
ya) hs Go ey ia. Y-R 
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and explains the fact that the dissipation of energy is confined to the 
surface layers when the alternation is sufficiently rapid—a fact which 
is known as the “skin” effect, and which we studied on p. 365. 
Pressure on Surface due to Incident Wave.—On meeting a plane 
surface normally, the wave may be transmitted, reflected, or absorbed. 
In general all three processes occur, but in the case of total absorption 
we may deduce from the conception of the Faraday tubes, which exert 
a lateral pressure as well as a longitudinal pull, that the wave would 
exert a pressure upon the absorbent surface. A surface of this kind 
which absorbs all the radiation falling upon it, is called a perfectly 
black surface, and whatever becomes of the radiation which is 
absorbed, it certainly ceases to be an electromagnetic wave. Thus, 
if the tubes of induction are destroyed as they meet the surface, we 


2 
have upon one side of the surface a lateral pressure ee due to the 
Tv 


Faraday tubes (p. 135), which is unbalanced by any tubes on the other 

side. The pressure is therefore exerted on the surface itself, and since 

the mean value of R* for a whole wave is 3R,°, the mean pressure 
2 


exerted by the Faraday tubes is ae In a similar manner we have a 


16x 
pressure ue due to the magnetic intensity. But as on p. 417 
kR,? = pf’, so that the mean total pressure due to both sources is 
eat re zo , and this is equal to the energy per unit volume of the 


dielectric through which the wave passes. 

This result may be obtained directly from the principle of the 
conservation of energy. Also, it was predicted by Maxwell as the 
result of his theory of electromagnetic radiation. He further pointed 


out, from the identity in magnitude of the velocity i of plane 


electromagnetic waves with that of ligkt, that light consists of electro- 
magnetic waves of very high frequency. The actual existence of 
electromagnetic waves was not proved during Maxwell’s lifetime, but 
in 1888 Hertz detected them in the neighbourhood of a circuit in 
which electrical oscillations were occurring. 

The existence of a pressure exerted by light falling upon a material 
surface was demonstrated and measured by Lebedef,’ who focussed a 
beam of light upon a blackened platinum surface, delicately suspended 
in a vessel haying high vacuum. Care was taken to eliminate 
disturbances due to variation in temperature, and the result then — 
indicated # pressure due tojthe incident beam, of the order of magnitude 
predicted by Maxwell. 

A similar measurement was made by Nicols and Hull,’ an exhaustive 


1 P, Lebedef, Rapp. Congres Internat. d. Phys., T, 2, p. 183, 1900, 
? HK. F. Nichols and G. F, Hull, Proc. Amer. Acad., 88, p. 559. 19038. 
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set of experiments being carried out. A torsion balance consisting of 
two polished silver discs suspended by a quartz fibre is situated in an 
enclosure in which the gas pressure can be varied. Light from an 
electric arc can be directed upon either disc, and the rotation observed, 
the intensity of the incident radiation being measured by means of the 
bolometer. The most important source of error is due to the “ radio- 
meter ” effect discovered by Crookes, which is of such frequent trouble 
in determining mechanical effects at low gas pressures. The side of 
the disc upon which the radiation falls, rises in temperature, and the 
increased velocity of the gas molecules as they rebound from this face 
results in an excess of pressure upon it, and this effect might be 
confused with that due to the direct pressure of the radiation, The 
“radiometer” effect is slowly established, while the radiation pressure 
is instantaneous, and hence the ballistic observations only are used. 
The radiation pressure found is in close agreement with the calculated 
value. 

The following list of the results of the determination of the velocity 
of light affords further proof of the fact that light is an electro- 
magnetic radiation, since - remarkable agreement of the mean value 


with that for the quantity J nan obtained by the methods described in 
the last chapter can hardly be accidental. 


Fizeau. . : . 3150 x 10” cm. per seo, 
Moria ' ne VOLK LOM, : 
Foucault .. PACU RX LOM a. - 
Micnelgons =. “ « « 2'998x 10” ,, 2 
Meweombut 4 .. . 2999 X 10” 


Index of Refraction of Light.—On the wave theory of light it 
follows that the index of refraction of light on passage from one medium 
___ velocity of light in first medium 
sey velocity of light in second medium 
Since all transparent media have a magnetic permeability very nearly 
equal to unity, we may put p = 1, and we then see that the velocity 
of a plane electromagnetic wave Vi and hence if the dielectric 

’ 


constant of the first medium is /,, and that of the second k,— 


to another (n) is given by, 


g n= iy’ 
Tf the light is passing from air or vacuum to the substance, then 
a = k, the dielectric constant of the medium, taking that of a vacuum 


as unity, and we have, = Vk, or, k =n. 
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By the method of discharging a condenser though a ballistic 
galvanometer, using the gas as dielectric, Klemencic’ found the 
following values of k ; the corresponding values of n? are given alongside 
of them for comparison :— 


k. n*, 
AInT ys) ciety 1-000586 1-0005854 
Hydrogen. . . 1:000264 10002774 
COP eI wes 1-000984 1:0009088 
SO mesa? lacks 1-000694 1:0006700 


The following values of & are chosen from various sources, and the 
corresponding values of n? placed with them :— 


n?. k. Observer. 

Water coe es 1:78 | 80:0 Cohn, Wied. Ann., 88, 1889 

4 OP he eee tts: — 80°6 Drude, Wied. Ann., 59, 1896 
LOIS ee Oo se, eee ke 1:99 2°64 | Drude, Zeit. Phys. Chem., 28, 1897 
Jepwee bashes hey Gan 2°02 2:14 | Thwing, Zeit. Phys. Chem., 14, 1894 
Salphurs oe 4:47 2°4 J.J. Thomson, Proc. Roy. Soc., 46, 1889 
Glass (crown) . . 2°38 3:24 | Gordon, Phil. Trans., 170, 1879 
Glass (light flint) . | 253 | 8-01 . ¥ 5 


It will be noticed that in many cases the agreement between n? and 
kis good, but in others, particularly in the case of water, there is an 
apparent want of agreement. This is probably due to the fact that 
the effect of absorption has been neglected, and since this may modify 
the refractive index profoundly, the comparison is only of value ~ 
in cases where we are certain that absorption of the wave does not 
exist, as, for example, in the case of the gases. 

General Case of Wave Propagation.—A more general solution to 
the equations (iii) (p. 409) and (iv) (p. 410) may be obtained by 
differentiating (iii) with respect to ¢, and then eliminating P, Q, and 
R by means of (iv). 

Thus from the first of equations (iii)— 


Pa _ @R &Q 
Mae ~ dydt~ dzdt’ 


Now, from the second and third of equations (iv)— 


1 I, Klemencic, Sitzwnsber, Wien. Akad., 91 (2), p. 712. 1885, 


SS Ee EE 
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ln a 
dzdt~ dz — dadz’ 
20% _@p a 
~ “dydt~ dady~ dy” 
@a @B da da dy 
ie ae dady dy d# T ede’ 
@a dada ap d’y 
ig “9 d@ dy’ * dz dady — dad’ 
But differentiating the second equation of (i) (p. 407) with respect 
to 2, 


—k 


da dB i. d’y a 
dx’ * dxady © dadz 
and substituting we get, 
da Pa Ma da 
te ae at apt a 


0, 


which is usually written, hee =ya. Similar equations may be 
obtained for 8 and y ; and further, by differentiating any one of equations 
(iv) de respect to ¢ and-making use of equations (iii), we find that 
kia = y’P, with similar equations for Q and R. 
A solution of the type 
P= f(lw + my + nz — vt) + f, (la + my + nz + vt) 


may be found for these equations, in which /, m, and n are the direction 
cosines of the normal to the plane 


la + my + nz = p, 


 p being the length of the normal between the origin and the plane, 


and vw = i . Hence the possibility of the propagation of a plane 


4 Pate : : 1 
wave in any direction, with velocity v = ye 
iy 


This general form is of great use in the theory of light, and for a 


~ further development of it the student is referred to works on optics. 


Oscillatory Discharge.—We have already seen that the equation for 
the electromotive forces occurring in a conductor which has capacity and 
inductance, leads to the conclusion that any change in the electrical 
condition of the conductor is accompanied by oscillations when 


: Rg 


£ hee (p. 334), and that the time of one complete oscillation is 


De ee ‘Mie 


a (P- 336), which reduces to 27./ LC when R is small, 


; Qn 
1 ——_ 
Ge ALS 
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We are now in a position to interpret this process in terms of the 
Faraday tubes and their motion in the surrounding dielectric. If the 
circuit consist of two conductors A and B separated by a small air 
gap, and A have a negative and B a positive charge, the distribution 
of the electrical field will be somewhat as shown in Fig. 367 (i), the 
lines indicating Faraday tubes of induction, the tubes on one side only 


(1) (il) (111) 
Fic. 367, 


being drawn. On increasing the charges upon A and B, the difference 
of potential between them will rise until a certain limit is reached 
depending upon the length of the gap, the nature of the electrodes, 
and the pressure of the air. As soon as this limit is reached, the gap 
suddenly becomes conducting, and the negative ends of the tubes 
situated upon A move downwards, those upon B moving upwards, 
both constituting a positive electric current flowing upwards. 

If the tubes did not possess inertia they would all in turn collapse 
in the gap, those at the outside shrinking to fill the space previously 
occupied by those which have disappeared, and there would be no 
oscillation. But the Faraday tubes in motion are accompanied by a 
magnetic field, and, as was shown by Sir J. J. Thomson (p. 414), the 
magnetic field at right angles to their length and to their direction of © 
motion being given by H = 47D YV sin 0, where 6 is the angle between 
the tube and its direction of motion. 

Now, the magnetic field H is associated with an amount of energy 
equal to per unit volume, : 

2T)2V7 2 THe 
se. ple ee = 2rpD*V? sin? 6 
ity 

and this is consequently the energy of the Faraday tubes due to their 
velocity V. By analogy with the expression 3mv*® for the kinetic 
energy of a moving body of mass m, we may imagine the tubes to be 
endowed with mass 47D? sin’ 6 per unit volume, and their momentum 
would therefore be 47D°V sin? 6 when moving with velocity V at 
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an angle @ to their length. Thus the mass per unit volume is zero when 
moving in their own direction, for 6 = 0, and 474D* when moving at 
right angles to their length. 

The conception of the Faraday tube has been developed for the 
purpose of explaining the attractions and repulsions between electrical 
charges, the tension along the tube tending to pull together the 
opposite charges at the ends, and the lateral pressures between con- 
tiguous tubes pushing like charges apart. These lateral pressures, 
however, can only exist when the neighbouring tubes have the same 
direction. To account completely for the phenomena, we must imagine 
that oppositely directed tubes attract each other and may even coalesce 
on meeting. Thus if two pairs of charges AB and CD be placed at a 
distance apart upon two conductors as in Fig. 368 (i), although a few 
Faraday tubes may exist 
between A and C, and B +++A Cros 
and D respectively, yet the 
greater number will exist (1) 
between A and B, and C 


and D, Yet the charges Pe ated 

A and O approach and aie ei oO mn = 

neutralise each other, as 5 a 

will B and D, The pro- xX (ii) 
cess may be looked at from = 

two points of view. Hither el Shes ia oe a 

the few tubes between A Fic. 368, 


and C pull the charges to- 

gether, shrinking in the process and eventually disappearing, as also do 
those between B and D, in which case the tubes from A to B, and 
from D to C eventually coincide in position and have a zero resultant ; 
or we may consider that the two sets of tubes, being oppositely directed, 
attract each other. When the approaching tubes meet they coalesce 
and break up into tubes joining AC and BD respectively, as at e and 
f (Tig. 368, (ii)); these then shrink and eventually disappear. The 
result is the same on either supposition; the charges have met and 
neutralised each other, there having been no metallic connection at 
any time between the two conductors. 

If, however, the charges approach each other with the velocity of 
propagation of an electromagnetic wave, the state of affairs is different. 
Kach moving set of tubes has its accompanying magnetic field, and since 
the tubes are oppositely directed and their velocities are also opposite, 
their magnetic fields coincide in direction, being directed through the 


plane of the paper from front to back in Fig. 368. The energy still 
exists in the form of the magnetic field even at the instant that the 


charges and Faraday tubes are neutralising each other. Thus each still 
has its own momentum, and the two will cross and then recede from 
each other with undiminished velocity. 

If two sets of Faraday tubes having the same direction be approaching 
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each other, their magnetic fields as the two waves approach will be 
oppositely directed and give zero magnetic field at the instant of 
coincidence. But the electrical charges and displacements are in 
this case doubled at this instant owing to the coinciding of the two 
sets, and the energy in this case persists in the form of the electrical 
field. ‘This gives rise to two equal waves which recede from each other 
with equal velocities, and we may to all intents and purposes say that 
the two waves have crossed each other and passed on, each unaffected 
by the other. Hence we may consider that when travelling, the 
Faraday tubes, having inertia on account of their accompanying 
magnetic fields, can cross each other, each passing on unaffected by 
the other. 

Returning to the consideration of Fig. 367, we see that when the 
gap becomes conducting, the lateral pressure on the tubes near the gap 
due to those lying outside, will cause them to travel inwards, the ends 
lying upon A travelling downwards, and those upon B upwards, but 
every part of the tube, since it arrives at the gap with velocity, and 
therefore momentum, will continue to travel onwards, and the ends 
will cross each other at the gap, the positive ends will travel up A, 
and the negative ends down B, the tube meanwhile spreading out on the 
other side of AB. The state of affairs when half the tubes have 
crossed the gap is shown-in Fig. 367 (ii), and all the tubes there drawn 
are at this instant travelling from right to left. The process will 
continue until all the tubes have crossed. They will come to rest as in 
Fig. 367 (iii) when their momentum has been reduced to zero by the 
stresses in the tubes, which will now tend to drive them to the right. 
A is now positively charged and B negatively ; in fact, the current has 
flowed from B to A until this reversal has been effected. The 
current then ceases, and is ready to begin the reverse flow if the gap is 
still conducting. For the purpose of clearness only half the field has 
been drawn in the diagram, but it will readily be seen that the actual 
state of the field will be obtained by revolving the figure about AB. 
In (ii) the tubes which at the start were on opposite sides of AB are © 
now half on each side, and the value of D, or the resultant number of 
tubes per unit area, is zero, since the tubes have reversed their direction 
on passing the gap. The resultant electrical charge and displacement 
at this instant are everywhere zero ; but it must be remembered that the 
two sets of tubes at any point have opposite velocities as well as 
directions, and therefore the magnetic fields corresponding to them are 
coincident in direction, and their resultant is obtained by adding the 
two together. They are therefore circles surrounding AB, and the 
energy of the charge is now in the form of the magnetic field. The 
direction of the magnetic field is that due to the current flowing up- 
wards in AB, 

As the current surges back wards and forwards between A and B the 
energy of the system alternates between the electrostatic and magnetic 
forms, and if the former be compared to potential energy the latter is 
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kinetic, and the energy of the system, like that of a mechanical vibrating 
system, alternates between the static and the kinetic forms. 

The presence of the air gap is not essential to the above discussion ; 
if positive and negative charges be simultaneously given to two ends of 
a conductor, or even if only one charge be given at a point of it, the 
redistribution of the charge will be accompanied by surgings backwards 
and forwards, which will be eventually damped out on account of the 
resistance of the conductor itself to the passage of the current through 
it, and the energy of the vibration will gradually be dissipated in the 
form of heat in the conductor. 

Rapid Oscillations and Radiation.—Provided that the oscillations 
are sufficiently slow, the energy is entirely transformed into heat in the 
conductor, none of it passing permanently into the surrounding 
dielectric, but with rapid oscillations this is no longer true. 

Starting with a shorter conductor, which will of course have less 
capacity and inductance, the lines on one side of it at the moment at 
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which the gap begins to be conducting will be represented by Fig. 369 (i) 
When the discharge begins, the ends of the tubes near the gap will 


 eross; the tubes become reversed, exactly as in the previous case. A 
tube such as ABC (Fig. 369, (i)) will be reversed on reaching the gap, 
- and will spread out upon the other side, on account of its own inertia 


and the pressure of the tubes behind it, whereas the ends L and N of 


_ a tube such as LMN will reach the gap before the equatorial part M, 
and will cross, as at K (Fig. 369) (ii). A stage in the process will be 


reached when the branches LKM and NKM at the point of inter- 
section, are moving parallel to their own directions, and they have then 


- n0 momentum to carry them past each other and coalescence occurs, 
_ the tube separating into a closed loop PM and a half loop LKN (iii) 


with ends upon the conductor, which continues to grow, owing to the 
momentum of the parts of the tube at Land N. This part of the tube 
will cease to grow when its own tension and the pressure of the 


_ neighbouring tubes have exhausted its momentum. 


There will be some limiting tube EFG, such that those within it 


- cross to the other side of the conductor, while those lying outside it 
will form loops and will not pass the conductor. 
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We are now in a position to understand the processes going on 
when radiation occurs. 

Starting with the Faraday tubes as shown in Fig. 370 (i), those to 
the right of AB at the start are drawn in full line, and those to the 
left dotted. A has a negative and B a positive charge at the moment 
at which the gap becomes conducting. In (ii) the first two tubes have 
crossed the gap and will afterwards continue to expand until the first 
half-oscillation is complete. At (iii) the ends of the third tube have 
met at the gap before the equatorial part reaches it, and the ends cross, 


coed Ro ~ 
(vii) ake (viii) 
Fia. 370, 


forming a loop, as at (iv). At (v) the third line has broken into two- 
parts forming the closed loop, and the fourth line is in the act of 
breaking. In (vi), (vii), and (viii) the process is continued, and the 
remaining tubes form closed loops. 

As each tube breaks, the tension in each part of it causes a pull 
which brings the closed part into the space between the two tubes 
which have crossed from the other side and the loop immediately inside 
it, and the remainder which has its ends upon the conductors is gimi- 
larly pulled to the inside of the adjacent tube. Whether the tubes 
are supposed to cross each other, or whether they reach their final state 
by frequent coalescences between neighbouring tubes with reseparation 
in their new form, is immaterial, ag we saw on p. 425. 

The closed loops, immediately after their formation, are pushed out- 
wards by the expanding tubes behind them, and when the condition 
represented in (viii) is reached, the loops are travelling outwards and 
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se : 1 
will now continue to travel with the velocity Vik In the next half- 


oscillation a second set of loops of reverse sign will be pushed outwards ; 
the whole set will, as they spread outwards, become cylindrical sheets 
which on expanding, continually approximate to planes of electrical 
displacement normal to the line joining them to the middle of the 
oscillator. Those parts of the loops that travel away from the 
equatorial plane need not here concern us. 
Relative Phases of Electrical and Magnetic Fields——We have 
_ already seen (p. 4/6) that in an electromagnetic wave, the magnetic 
_ field is in phase with the electric displacement, that is they both reach 
their maximum values and their zero values simultaneously. Thus at 
points such as b (Fig. 370 (viii)) the magnetic field and the electric 
displacement have their maximum values, at c they are both zero, and 
at d they again have maximum values, but of opposite sign to those at b. 
At the oscillator the magnetic field and the electrical displacement are 
90° apart in phase ; that is, one has its maximum value when the other 
is zero, as we saw on p. 426. Hence between the oscillator and the 
point b one of them has been displaced 90° in phase relatively to the 
other. It will be seen that the phase of the electrical displacement is 
the same at b as at the oscillator, and therefore in calculating the 
phase of the electromagnetic wave at a distant point at any instant, the 
distance of the point from b must be used, and not the distance from 
the oscillator. This fact bears a remarkable analogy to the quarter 
wave-length discrepancy that occurs when calculating the phase of the 
light vibration due to a plane wave of light, at a point in advance of 
the wave-front. On splitting up the wave front into Fresnel’s zones, 
it is found that the resultant effect of the wave is that due to half the 
first Fresnel’s zone at the pole of the wave, but to get the correct 
phase, the wave-front must be imagined to be displaced forward by a 
quarter of a wave-length. The analogy between this case and that of 
the electromagnetic oscillator was pointed out by Professor F. T. 
Trouton,' and he calculated from Hertz’s equations that the phases of 
the magnetic field and electric displacement at a distance from the 
oscillator are correct, if the distance be measured from the point b and 
not from the oscillator, when the distance from the oscillator to } is 


Li d being the wave-length of the disturbance at a distance from the 
oscillator, 

We may get some idea of the reason for this change in the relative 
phases ‘of the field and displacement by drawing a curve for each, for 
the positions a, b, c, din Fig. 370 (viii), At the oscillator the dis- 
placement has reached its negative maximum value, and is for an 
instant stationary, and from O to some point between a and b the 
Waraday tubes are on the point of beginning to return for the second 


1 F, T, Trouton, Phil. Mag. (Ser. 5), 29, p. 268. 1890. 
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half-oscillation, but at b they are moving outwards. At ¢ there is zero, 
and at d the maximum positive displacement. The full-line curve D 
in Fig. 371 represents the distribution of displacement. The magnetic 
field is zero where the tubes are 
at rest; but increases in value 
between a and b, reaching at b 
a maximum. At ¢ it is zero, 
and at d again a maximum. 
Its distribution is represented 
by the full-line curve H. 
A quarter of a period later 
Fic. 371. the condition is represented by 
the dotted curves D’ and H’ in 
Fig. 371. Near the oscillator there is a magnetic field due to the 
motion of the Faraday tubes towards it, while at b the field is zero. 
The maximum previously at b has reached c, and is in phase with the 
displacement. The succeeding oscillations then produce a train of 
electromagnetic waves of the ordinary type travelling outwards from b. 
Reflection of Plane Waves.—In the case of the oscillator, we have 
seen that some of the Faraday tubes of the surrounding field, instead of 
passing the conductor when they collapse upon it, are reflected. <A 
similar reflection occurs when plane electromagnetic waves meet a con- 
ducting surface. For simplicity we will consider a plane electro- 
magnetic wave of the type described on p. 413, falling normally upon a 
perfectly conducting surface. 
Let the equation to the electrical displacement be 


: wo, ft 
R = R,sin on(5 +a} 
From p. 412 we see that this is a wave travelling towards the origin 


with velocity » = T 
dR 


The magnetic field is then obtained from the relation poe as ae 


(p. 411) ; ie— 


dB ss 2 Ry (C :) 
aisle pa Goss xt i 
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—f, sin 2a = + a) 


lI 


4 
where B, = a R,. 


The curves for R and 8 are drawn in Fig. 372 for the instant 


\ 
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when t= and the wave is completely represented by the motion 


1 
-of the curves A and C from right to left with velocity » = is : 


If then YOZ be a perfectly conducting plane, the electric intensity 
in this plane must always be zero. Hence in the plane itself some 
electric intensity is brought into play which is equal and opposite to R 
at every instant, for otherwisé there would be a result intensity 


Fia.- 872. 


differing from zero. The electric intensity at the plane is obtained by 
t 
putting z = 0 in the equation for R, whence R = R, sin rin and this 
opposite intensity created in the conducting plane is therefore 
t 
R= —R, sin Im ; 


A harmonic disturbance such as this gives rise to two sets of waves, 
one travelling to right and one to left from the point. The one to the 


loft is R= —R, sin 2n(2 + ay Raiiatin the iirection of taainations 


wave, and by comparing the equations for the two, we see that the 

two waves entirely cancel each other out, and there is no effect: beyond 

the conducting plane. This is just as we should expect, for a perfect 

conductor is opaque to electromagnetic radiation. The other wave, 

travelling to the right, has the equation R = R, sin a — = ; for 
t 

this reduces to R = —R, sin 2a at the plane, and has the form of 


a wave travelling to the right. é 
The instantaneous intensity R at the conducting plane will give 


| rise to a current in it, whose accompanying magnetic field is 8, and is 


in the direction given by Fig. 363. It must be remembered that in 
Figs. 362 and 372, the direction of the axis OY is arbitrarily chosen, 
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but whatever direction for the axis is chosen, the actual positive 
direction of the magnetic field must always be in accordance with that 
in Fig. 363. 

In a similar manner, the magnetic field B, meeting the plane, gives 
rise to an electric intensity R in it. For a strip of unit width parallel 
to OZ will, for every unit length of the strip, be cut by magnetic 
induction at the rate uv units per second, and this is equal to the 
electromotive force in it. 
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Now, * =v, and E.M.F. = pv 


T 
= ae 


The probable reason for the reverse electric intensity produced in a 
conducting plane when the wave meets it will be suggested later 
(p. 538), when we consider the electronic theory of conduction in 
metals. 

Another way of looking at the process of reflection is to consider 
that as the Faraday tubes arrive at the conducting plane, their ends on 
reaching the plane travel together, and the tube becomes reversed on 
account of its inertia, The magnetic field is not reversed, so that by 
Poynting’s Theorem (p. 417) the direction of propagation of energy is 
reversed ; that is, the wave now travels away from the plane, The 


reflected wave is represented at the instant ¢ = Z by the curves C and 


B (Fig. 372), the curve C at the given instant being the same for both 
incident and reflected waves, for the accompanying magnetic field B 


to the wave R = R, sin an - ) is, as we have seen on p, 414— 


t 
B = B, sin ax(* - a) 


and is in phase with the magnetic field of the incident wave at the 
plane, since herea = 0. For this reflected wave which is travelling 
to the right, 8 and R have the same sign, and it may be noticed that 
for the incident wave which is travelling to the left, 8 and R have 
opposite signs; this also gives us a means of determining the direction 
of propagation of the wave, and is in accordance with Poynting’s 
theorem. It should be remembered that Fig. 372 is drawn for the 


epoch ¢ = a 
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Tf the conducting plane be divided into strips by a number of 
parallel non-conducting lines, the reflection of the wave is unaffected 
when these strips are parallel to the direction of R, since the conduc- 
tivity in the direction of R is unchanged, but when at right angles to 
R, the wave as it meets the plane cannot produce any current. 
In fact, it is now non-conducting in the direction of the electromotive 
force, if the strips are sufficiently narrow, and reflection will not 
occur. We shall see later that Hertz used a metallic grating, and 
found that when the metallic strips are parallel to the electric 
displacement, reflection occurred, but not when they are at right 
angles to it; the waves in this case are transmitted. It will be seen 
that such a grating behaves towards an electromagnetic wave exactly 
as a Nicol’s prism behaves towards light. Two such gratings may be 
used as polariser and analyser respectively. 

Stationary Oscillation —We should expect, from analogy with the 
case of sound waves and waves in stretched strings, that the two waves, 
the incident and the reflected ones described above, would combine to 
produce a condition of steady oscillation. 

Tf we find the resultant electric intensity due to both incident wave 


R= R, sin an(® ete at} and reflected wave R = R, sin 27 ee =) 
we have— 
F vo ft : @ 
= cde GRE enh Be 
i; R, {sin 22 + =) + sin a(5 , )} 
A x t 
= 2R, sin ary cos 2mm 
This represents .a condition of steady oscillation in electrical condi- 
tion, for at any given point, # is constant and the oscillation is harmonic 
t 
of the type R, = A cos 2m is and it will be seen that the phase is now 
independent of « The amplitude A itself varies with a according to 


| the equation A = 2R, sin Qn _ It is therefore zero at the reflecting 


surface, and reaches si maximum value, Ry, at a distance Z Maem the 


surface. The successive values of R during half an oscillation are 
indicated by curves 1, 2, 3, 4, 5in Fig. 373 (i). 

The yalue of 8 at any point is similarly obtained by adding the 
values for the incident and reflected waves— 


By — {sin on( © + rn) SOS 25 - i ) 


' = ria cos Qn sin deat 


:. 


2F 


434 ELECTRICITY AND MAGNETISM CHAP, 


This is also the equation of a stationary oscillation, whose amplitude is 

28,, where a = 0, that is at the reflecting surface, and also at points 
r 3A me : ». BA 5A 

G=5, » 7? etc., whereas it is zero at points « = aa’ a? etc. The 

curves in Fig. 373 (ii) indicate the variation in 6, during a half- 

oscillation ; but it must be remembered that the direction of £, is at 


(ii) 
Fig, 378, 


right angles to that of R,; the ordinates in the diagrams merely 
represent to scale the respective values of 6, By comparing (i) and 
(ii) we see that for points where the fluctuation in R is a maximum, the 
fluctuation in f is zero, and vice versa. 

Parallel Wires.—On connecting one end of each of a pair of parallel 
wires to the terminals of a condenser in which an oscillation. in electrical 
condition is occurring (see p. 428), electromagnetic waves are produced 
which travel down the wires. The waves are not in this case plane, the 
ends of the Faraday tubes being confined to the wires in 4 manner 
similar to that for the parallel planes described on p. 414. Although 
the actual shape of the wave is not easily determined, the process of 
propagation is like that which we have been considering, and if the far 
ends of the wires are joined together, reflection will occur there. If 
the ends are not joined by a conductor, a discharge may occur with 
production of brushes or sparks, the effect being to produce a reflected 
wave, alchough in this case some of the energy of the wave is lost at 
the point of reflection. Sir Oliver Lodge’ has shown, by means of two 
such parallel wires with their near ends connected respectively to the 
inner and outer coatings of a Leyden jar, that, taking the length of the 


1 QO. J. Lodge, Phil. Mag. (Ser. 5). 26, p. 217. 1888. 
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wires when maximum spark occurs at the free ends to be half the wave- 
length of the electromagnetic oscillation, the velocity of propagation 
obtained by multiplying this wave-length by the frequency of oscillation 
of the jar as calculated from its dimensions, is about that of light- 
waves. 

The arrangement of parallel wires was afterwards improved by 
Lecher, and is described on p. 458. 

Velocity of Propagation——The velocity of propagation of an 
electromagnetic disturbance has been directly determined by Blondlot,! 
who used two pairs of cylindrical condensers 
in parallel, one pair being short circuited by 
an air-gap, and the other discharging through 
the same air-gap, but the charge having to 
pass on the way through two long wires, PLC 
and QMD (Fig. 374). The insides of two 
glass cylinders are completely covered with 
tinfoil, and on the outsides are two pairs of 
rings of tinfoil, AB and CD. These are joined 
by moistened threads of high resistance shown 
by dotted lines in the diagram. When a 
spark passes at S, A and B immediately dis- 
charge, giving a spark between the points P 
and Q. Cand D also give a spark, but the 
charges have to pass through the long wires 


CLP and DMQ, each of length 1029 metres, LM 
the spark therefore occurring later than that 
due to A and B. The interval between Fig. 874, 


the sparks is obtained by measuring the dis- 


_ tances between their images upon a photographic plate, produced by 


a rotating concave mirror, and is the time taken for the electro- 
magnetic wave to travel a distance of 1029 metres along the wire. 
In this way the velocity of propagation was found to be 2:96 x 10” 
ems. per second, and a second set of experiments with wires 1821:4 
metres long gave 2°98 x 10" cms. per second. 

Hertz’s Experiments.—The prediction by Lord Kelvin in 1853, 
from mathematical reasoning, that the discharge of a Leyden jar would 
under certain conditions be oscillatory (p. 334), was followed in 1857 
by the demonstration of such oscillations by Feddersen on examining 
the spark in a rotating mirror. In 1865 Maxwell published his theory 
of electromagnetic radiation, but it was not until 1888 that Professor 
H. Hertz’ proved the existence of such radiations in the space sur- 
rounding a Leyden jar in which electrical oscillations were occurring. 

The variety of oscillators used for the production of electro- 
magnetic waves is very great, but one of the earliest forms, used by 
Hertz himself, consists of two square sheets of metal, having sides 


|! RB. Blondlot, Comptes Rendus, 117, p. 543, 1893. 
* H, Hertz, Nature, 39, pp. 402, 450, 547 (1889); and Wied. Amn., 1, 1889. 
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40 cms. in length, placed about 60 cms. apart, and having two gilt 
and highly polished balls 2 or 3 cms, apart and connected to the 
plates by light metallic rods (Fig. 375). The plates are connected to 
the tsrminals of an induction coil, and every time the difference of 
potential between the balls reaches a sufficient value to render the air 
in the gap conducting, an oscillatory discharge occurs, with radiation 
of electromagnetic waves. The balls must be kept highly polished, or 
the beginning of the discharge will not be sufficiently abrupt for the 
production of radiation. 

The period of oscillation (T) of this apparatus is about 1:8 x 10-® 
second, and the velocity of propagation (v) being 3 X 10" ems. per 
second, we see that the wave-length (X) given by A = vt, is 5-4 x 10? 
ems., or 5°4 metres. 

In order to detect the radiation, Hertz employed a circle of wire 
35 cms. in radius, with a gap at one point, and here sparks occur when 
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the radiation is falling upon the detector in a suitable manner. The 
detector itself has a proper period of its own for oscillation of charge 
between the knobs. If opposite charges be given to the two knobs of the 
detector, the Faraday tubes will contract, the two ends travelling round 
the circular conductor to meet each other. They will therefore, on 
account of their inertia, cross at the opposite end of a diameter to the 
gap, and then grow in the reverse direction until the charges on the 
ends have become completely reversed. If the period of oscillation for 
the detector is equal to that of the electromagnetic waves falling upon 
it, the Faraday tubes of the next half-wave will, on reaching the gap, 
cause the knobs to be oppositely charged ; or we may use the alternative 
explanation that the magnetic field at right angles to the gap, as it 
travels across it, will produce an electromotive force between the knobs, 
Then the reversal of the charge is just completed at the instant when the 
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next half-wave of radiation arrives, and this will assist the reversed 
charging of the knobs, and the next half-oscillation will be more 
violent than the last. Or, to borrow an expression from acoustics, the 
detector resounds to the waves, or resonance occurs. This type of 
detector is therefore called a resonator. Sir O, Lodge has suggested 
the word ‘“‘syntony” to replace “resonance,” as this avoids confusion 
with the use of the word employed in acoustical problems. 

In using a given detector, the position of the knobs is adjusted 
until maximum sparking between them occurs. The period of its 
proper oscillation is then the same as that of the incident wave. 

The orientation of the resonator is of importance, since the electro- 
magnetic wave is polarised, that is, the electrical displacement is, for 
points in the equatorial plane, in one direction only—parallel to the 
gap of the oscillator. The gap of the resonator must be parallel to 
this direction, and thus the resonator will detect the oscillations when 
in positions (i) and (iii), but not when in position (ii). 

Refraction of Waves.—Using a reflector consisting of a metal 
sheet bent into a parabolic form with the oscillator in the focal line, 
the waves may be restricted to a comparatively narrow beam in which 
the wave front is plane. A similar reflector with resonator in its 
focal plane is used as a detector. The beams consist of polarised 
waves, as may be shown by placing the reflectors first with their focal 
lines parallel, and then with them at right angles. In the former case 
sparking of the resonator occurs, but not in the latter. With such an 
arrangement Professor Trouton repeated many of the ordinary optical 
experiments, using prisms of pitch or paraftin wax, and determining the 
index of the refraction for these materials. Using a paraflin wall 
3 feet in thickness he showed! that reflection takes place for all 
angles of incidence, provided that the electric displacement in the 
beam is perpendicular to the plane of incidence, but when the electric 
displacement is in this plane, there is some angle of incidence for which 
reflection does not occur. Hence the electric displacement is per- 
pendicular to the plane of polarisation, according to its optical 
definition, 

Determination of Wave-Length by Stationary Oscillations—By 
means of apparatus of the kind described on p. 436, Hertz demonstrated 
the existence of stationary oscillations of the type described on p, 434. 
The radiation was allowed to fall on a large plane sheet of zinc, at which 
reflection occurs, and the incident and reflected waves together form a 
steady vibration, It was found that as the resonator is moved out- 
wards‘from the sheet, it goes through a series of maximum and 
minimum excitation, the maxima corresponding to points at distances 


3 , 
; 2a etc., from the sheet, and the minima to points 


(Fig. 373 (i)). 


*, Ay ws etc. 


1 FB. T, Trouton, Nature, 39, p. 391. 1889, 
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In this way the wave-length of the emitted waves could be deter- 
mined, and knowing the frequency of oscillation, the velocity of propa- 
gation wasfound. Witha periodic time of about 1:8 x 10~* seconds, the 
minima are about 2°7 metres apart. This, being half the wave-length, 
gives a velocity of propagation of about 3:0 x 10” ems. per second. 

The interpretation of these experiments is not quite satisfactory. 
It was pointed out by Sarasin and De la Rive’ that the distance 
between the nodes in Hertz’s experiments depends rather upon the time 
of natural oscillation of the detector than upon that of the oscillator. 
The oscillator being of the “open” type (p. 443), the oscillations are 
highly damped, only a very few complete waves being emitted at each 
discharge. Hence no interference between the incident and reflected 
waves could be expected ; but these waves serve to start oscillations in 
the detector, which, being of the “closed” type, will emit waves very 
slightly damped (p. 449), and if the distance from the detector to the 
reflecting wall be an odd number of quarter wave-lengths the reflected 
wave will be in the right phase to reinforce the vibration. The 
distance between successive points of maximum disturbance or of 


minimum disturbance (nodes) will therefore be x When the detector 


is syntonised with the oscillator, the effect will be as found by Hertz. 
Various Oscillators.— Many other forms of oscillator have been 
used. Sir Oliver Lodge? tuned two Leyden jars to the same period of 
oscillation by altering the position 
of the slider S, which makes con- 
tact with the parallel wires con- 
nected respectively to the inner 
and outer coatings of the Leyden 
jar B (Fig. 376), When sparks 
occur between the knobs of the 
jar A the electromagnetic waves 
emitted set up surgings of the 
Fia. 876, charge in B, which, since B is 
short-circuited by means of 8, 
will grow until the alternating difference of potential between the 
pes is sufficient to cause minute sparks to occur at the short air 
gap C. 
Lodge® has also obtained oscillations in a single metallic sphere 
5 cms. in diameter; they may, however, be much more easily obtained 
in the case of larger spheres. Minute sparks may be obtained from a 
similar sphere several yards away, on bringing a conductor into contact 
with it at the ends of a suitable diameter. 
It has been shown by Sir J. J. Thomson, that the oscillation from 
pole to pole of a charge upon a conducting sphere causes radiation 
' Sarasin and De la Rive, Comptes Rendus, 112, p. 658. 1891. 


* 0. J. Lodge, Nature, 41, p. 868. 1890. 
5 Ibid., p. 462, 1890, 
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whose wave-length is 1:4 times the diameter of the sphere. In the case 
of a sphere of diameter 5 centimetres, the wave-length of the radiation 
emitted is therefore 7 cms. The radiation corresponding to visible light 
is about 0:00006 centimetre in wave-length, and that to the longest 
radiant heat in the solar spectrum about 0-001 centimetre, while the 
shortest electromagnetic radiations that have been detected have a 
wave-length of about 0-3 centimetre. The gap between the two has 
not yet been bridged, but the conductor that would emit electrical 
oscillations of the length of light-waves is of molecular dimensions, 
There is very little doubt that the radiation emitted by an electro- 
magnetic oscillator is of the same character as light, the difference being 
merely in wave-length and frequency. 

Signalling by Electromagnetic Waves.—The work of Hertz and 
Lodge has been followed by a number of applications of the principles 
of electromagnetic waves to signalling, or, 
as it is commonly called, Wireless Tele- 
_ graphy. Amongst the great number of 
the principal forms in which the waves 
have been employed, we shall only de- 
yeribe that which has been so largely used 
by Marconi, the student being referred 
for a comprehensive treatment of the 
subject to Professor Fleming’s work on 
*‘ Rlectric Wave Telegraphy.” * 

By means of the induction coil, a 
series of discharges takes place between 
the knobs S (Fig. 377), and at each 
discharge, oscillations occur in the circuit E 
consisting of the.condenser C and one 
winding of the transformer T’. The other Fig, 877. 
winding of the transformer is in series 
with the long vertical conductor A, called the antenna or aerial, in which 


; ’ ' ae . 
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Fic. 378. 


it produces an oscillating electromotive force. When the natural period 
of oscillation for the aerial is the same as that of the condenser circuit, 


143. A. Fleming, “The Principles of Electric Wave Telegraphy and Tele- 
phony.” Longmans, Green & Co. 


440 ELECTRICITY AND MAGNETISM CHAP, 


the amplitude of the oscillation in it will be very great. Hence the 
contact P is adjusted in position until the inductance in series with the 
aerial is such that the two circuits are syntonised. The antenna A is 
then the seat of radiation of a type similar to that from a Hertzian 
oscillator, but since its lower end is earthed, only the upper half of the 
wave of Tig. 370 is produced. <A series of such waves is given in 
Fig. 378. 

At the receiving station, the electromagnetic waves meet a similar 
antenna, and electric surgings in them are set up. 

Radiation from an Antenna in the Form of a Wire connecting 
the Two Plates of a Condenser.—The aerial of Fig. 378 is not the 
most efficient form of radiator, for the current at the top is obviously 


A zero and increases to a maximum at 
ins LE E D the bottom, For this reason the 

h q practice is now adopted of placing a 

B of capacity at the top, in the form of 
Fic. 879. & cross wire or network of cross 


wires, If A (Fig, 879) is such a 
capacity and the wire of vertical length h connects A and the earth 
3, the oscillatory current will flow between A and B, and if the capacity 
of A is sufficiently great, the current will be constant throughout h, 

Let the current 7 consist of a movement of charge g per centimetre 
with uniform velocity v, all measured in absolute electromagnetic units. 
Then i= qv. Let CD be an electric line of force, which is also 
moving, at right angles to itself, with velocity v. At any point at 


distance w from h, let the electric intensity be EH, then E = ve where 


J(«) is a geometrical factor connecting q and E, and involving amongst 
other things the shape and size of the antenna, 


Electric displacement D = = 
Tv 


— kat (w) _ aha) 
4ark dar * 


But the motion of the eloctric field is the magnetic field H (p, 415), 
whose value is given by—- 


H=4r.D.» 
= afte) = if(a) 


Tf w is great compared with h, 


(p. 130) 


H=- = (p. 52) 


ofa) = 


=... 
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The deduction of the radiation which follows when the current 
is suggested by the treatment of the radiation of an accelerated 

charge by Sir J. J. Thomson." 

Let the current vary, that is, the charge q have an acceleration (a), 
positive or negative for a very short time dt. In this short interval 
the velocity changes by amount dv = a.dt. The relative velocity of 
the line LM (Fig. 380) with respect to the old velocity is dv, and in 
the interval of time t, large compared 
with dt, the separation of the portions 
LM and NG occurring after the ac- 
celeration at CD is FL = NP =¢. dv. 
The pulse MN which changes the old 
line to the new, travels outwards with 


Mea velocity of light —— = o (p. 540), 
V kp 


Fia. 380, 


and at the bend there 1s a component 
PN of the electric field, perpendicular to the direction of the line. The 
shape of the pulse MN is immaterial. Now the separation of the two 
positions of the line takes place in the time the pulse travels over the 
distance MP = c. dt, 

, NP_it.dv 

PME ¢.bt 
and if MP represents the electric displacement D at distance # from 
the oscillator, D = gfe) (2), 

4a 

2 vg, S@). 


c.at 4 
Now, « = LM = ct, the distance the pulse travels in time #, and 


“. displacement NP = 


.. displacement NP = ag? fi (a). 
4arc* 


The displacement NP travelling with velocity c.is equivalent to 
a magnetic field H = 47(N a (p. 415), 


= © fi). 


Again, the current in the aerial is i = qv, and in the case where 
this is oscillating, ¢ = i, sin Pt, 


*. gu = 4, sin pt, 
Z d ‘ 
and. of = pi, cos pt, 


1 J, J. Thomson, Phil. Mag., 45, p. 172, 1898, 
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But tbe 
dt 
A ae xpi, f(a) cos pt 
c 
, h 
Remembering that f(a) = = 
H= hip cos de 
xe 


a result which is in accord with other methods of treatment. If time 
be reckoned from the moment at which the disturbance leaves the 
aerial, 


F ce ft 
hip cos an(@ = -) 


xe 
and the corresponding displacement may be found as on p, 430. 


fee se 
It should be noted that the magnetic field ‘Sig in the same direction 
as the above, but does not correspond to radiation from the aerial 
because the corresponding electric displacement is radial, whereas the 


hi (2 t 
Up COS am ve 


T 


magnetic field is radiated, owing to the fact that its 


xe 
corresponding electric displacement is parallel to the aerial, and 
Poynting’s theorem (p. 417) then indicates a radial velocity. 

Detection of Electromagnetic Radiation.—In order to detect 
the current produced in the receiving ariel, the coherer, the principle 
of which was discovered by Sir Oliver Lodge, was used in the 
early experiments. Lodge’ found that when electrical oscillations 
occurred between two metallic surfaces in poor contact, the resistance 

of the contact at once fell to a very 
small amount, but was immediately 
restored to its original value by 
any mechanical disturbance, such as 
tapping. Branly used for the same 
purpose a tube containing metallic 
Fig. 381. filings, and this was again improved 
by Marconi, who used a mixture of 
nickel and silver filings (95% nickel) in a small gap between two silver 
plugs in an exhausted and sealed glass tube (Fig. 381). A battery 
in series with the coberer produces a sufficient current, when the 
resistance of the coherer drops, to close a relay which actuates a 
Morse inker for recording the signals. A tapper of the form used with 


10. J, Lodge, Journal I.H.E., 19, p. 346. 1890, 
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an electric bell gives a slight blow to the coherer to restore it to its 
original high resistance. 

An arrangement of a receiving station is given in Fig. 382. By 
means of an inductance and sliding contact, P, the antenna circuit is 
tuned to syntony with the arriving electromagnetic waves, a and b are 
the primary and secondary coils of a transformer, and, the circuit C,a 
being syntonised with the antenna, oscillations are set up which induce 
oscillations in the coherer, the drop in whose resistance enables the cell 
B to produce sufficient current to attract the armature of the relay R, 
and actuate the Morse recorder M. Owing to the presence of the con- 
denser ©,, which bisects the secondary coil of the transformer, there is 


A 


B 
aged 
a : 
b 
E 
Fig, 382. 


no appreciable steady current in the battery and relay circuit, except 
when the coherer S has its low resistance due to the arrival of the 
electromagnetic waves, 

Other methods have also been employed for the detection of electro- 
magnetic radiations, amongst which we should note the employment of 
the heating effect in a fine wire, of the oscillatory current, the effect 
upon the hysteresis in iron and steel, and the oscillation valve. We 
will consider a few typical forms of these applications. 

Thermal Detector.—A very sensitive thermal method was employed 
by ©. Tissot,’ in which the apparatus took the form of a bolometer, 
Two resistances of very fine platinum wire, P and Q, constructed by 
drawing down a silver wire having a platinum core, and afterwards 
dissolving away the silver, are placed in the arms of a Wheatstone 


1 ©, Tissot, Journ. d. Phys., vol, 3. 1904, 
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bridge (Fig. 383), and a balance for steady current obtained, When 
the oscillatory current passes through P, the rise in temperature pro- 
duced by the heating effect of the current increases the resistance and 
destroys the balance, and a galvanometer deflection will be observed. 
In order to increase the sensitiveness and avoid thermal disturbances, 
the platinum wires, which are arranged in a lozenge-shaped form, are 
sealed in vacuum vessels. The mean square value of the oscillatory 
current may be determined by finding the value of the continuous 
current in P that will produce the same disturbance of the bridge. 

The Duddell thermal galvanometer (p. 80) and the Fleming 
thermal microammeter (p. 222) have also been used for detecting and 
measuring these small oscillatory currents. 

The Fleming Oscillation Valve (see p. 569) has also been used for 
detecting radiations. When the filament of the incandescent lamp 
(Fig. 384) is glowing, a current will only pass in the galvanometer 


Fia, 383, Fia. 384, 


circuit in such a direction that a negative charge flows from the 
filament to the plate P, Hence when the oscillatory current is 
brought in by the terminals A and B, it is unilateral in the galvano- 
meter circuit, one half of each oscillation being quenched by the lamp. 
A galvanometer deflection is then produced by the oscillations, The 
galvanometer may be replaced by a telephone, in which case each 
train of oscillations produces a sound in the telephone. Marconi has 
modified the arrangement by placing the telephone in series with the 
secondary circuit of a transformer, the primary of which is in the 
valve circuit. For the three-electrode valve see p. 570. 

Crystal Detector.—A similar rectifying valve is found in the case 
of certain crystals such as zincite, silicon, galena, carborundum, 
hertzite, etc. The crystal is fixed in a metal mount, and one of the 
sharp angles of the crystal bears against a metal plane, or a fine metal 
point bears upon the crystal. The conductivity of the contact depends 
upon the direction of the current. 
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One great advantage in the last three methods of detecting 
electrical waves, lies in the fact that immediately the oscillations cease, 
the detector returns automatically to its previous condition. It is 
therefore always ready to receive the waves, and in this respect differs 
from the coherer, which requires tapping to make it ‘“de-cohere” 
before it is again sensitive. 

Magnetic Detectors have been devised, in which the property of 


the oscillations of demagnetising a specimen of iron or steel is made 


use of. The first of such detectors is that of Prof. Rutherford (p. 449), 
which he employed in measuring the damping of the oscillations. It 
has been shown by ©. Tissot’ and C. Maurain® that when the specimen 
is in the form of steel wire which is thin enough for the magnetic 
oscillations to penetrate to the interior, their effect is to destroy the 
magnetic hysteresis in the specimen. Their effect is thus similar to 
a mechanical disturbance. A 
number of detectors in which 
this effect is used have been 
devised, that of Marconi,’ 
which has been used as a 
receiver on long distance wire- 
less telegraphic systems, being 
illustrated diagrammatically 
in Fig. 385. The belt aa, 
which consists of a bundle of 


aya) 
Mp 


thin silk-covered iron wires, <a i pate 
passes over the pulleys e, e, Pelli = 
which are in continuous slow ae 


rotation, and as the iron passes 


near the poles of the per- = 

manent horseshoe magnets Fia. 885. 

d, d, it is strongly magnetised. (From Fleming’s “ Principles of Electric Wave 
As the iron wire moves for- Telegraphy.”) 


_ ward, part of the magnetism 


is retained owing to the hysteresis of the magnetism in the material, and 
the distribution of magnetisation is unsymmetrical with respect to the 


plane of symmetry of the permanent magnets, the part of aa which 


has passed being magnetised, while that part which is arriving is still 
unmagnetised, As the electrical oscillations from the aerial A pass 
through the solenoid gb, which surrounds the moving wire, they destroy 
the hysteresis effect, and the magnetisation of the wire will, during 
the time that the oscillations last, be symmetrically situated with 
respect to the permanent magnets. The oscillations therefore cause a 
redistribution of the magnetisation of the wire, and thus the magnetic 
1 CG. Tissot, Comptes Rendus, 186, p. 361. 1903. 


*2 ©. Maurain, Comptes Rendus, 187, p. 914. 1903, 
? G, Marconi, Proc, Roy. Soc. Lond,, 70, p. 341. 1902. 
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induction through the second coil ¢ varies. A click will be heard in 
the telephone T at the instant of starting of the oscillations, and if the 
trains of oscillations corresponding to each discharge at the trans- 
mitting station succeed each other rapidly, a continuous hum will be 
heard in the telephone. A hum of long or short duration corresponds 
to a dash or dot of the Morse system. 

Open and Closed Oscillators.—The oscillator of the Hertz type, or 
that used by Marconi, is said to be of the ‘‘open” type, and in this 
case the amount of energy radiated at each oscillation is considerable. 
Only a few oscillations occur before the amplitude is reduced to such 
an extent that the maximum potential difference is insufficient to 
break down the air resistance of the gap, and the oscillations then 
cease. ‘The damping is therefore considerable, being chiefly due to the 
radiation of energy, and is only slightly affected by the resistance of 
the gap. 

on the other hand, the Leyden jar, having nearly closed circuit 
(p. 438), or an oscillator of the type shown in Fig. 386 is known as a 
closed oscillator. In this case the amount of radiation is very small, 

the Faraday tubes being chiefly situated be- 

_ =~ tween the plates of the condenser, and the 

magnetic field during the period of maximum 

: current being in the form of closed curves linked 

with the conductor. The decrement of the 

oscillation is in this case small, and is chiefly 

due to the resistance of the circuit including 

Fie. 886 the air gap, very little energy being lost by 

seit radiation, With an open oscillator of the Hertz 

type, the amplitude may be reduced to 1 per cent. of its initial value ~ 

after about 5 or 10 oscillations, while for a closed resonator as many 
as 30 or 40 oscillations may occur for the same reduction. 

In the case of radiation from a Marconi antenna, the length of 
wave may be, say, 100 metres, or 10‘ cms. Taking the velocity of such — 
a wave as 3 X 10" cms. per second, we see that the frequency given by 
v =n, is 3 X 10° oscillations per second. If only three such waves 
are emitted before the amplitude falls below that required for effective 
signalling, the time of effective emission is only 10-® second. The 
induction coil producing the spark, will probably not produce more 
than 100 sparks per second, so that, if the interval between successive 
sparks is ;4; second, all this time (except the 10-* second occupied 
by effective radiation) is wasted. Owing to these long intervals, during 
which no radiation is occurring, the rate at which energy can be trans- 
mitted is small, and many attempts have been made to produce a 
continuous train of waves. 

Duddell Singing Arc.—It was found by W. Duddell?* that oscilla- 
tions occur when a shunt circuit having inductance and capacity is — 


1 W. Duddell, Jowrn. Inst. El. Eng., 30, p. 282. 1900. 
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placed across the electric are between solid carbons ; cored carbons are 

useless. The arc must be maintained by current from some steady 

source of supply, such as a secondary battery, a resistance R (Fig. 
1 


387), being in series. Then oscillations of the frequency 


occur in the circuit ALC, and this 
alternating current being super- 
imposed upon the continuous 
current in the arc, the variation 
in intensity and in the rate of 
evolution of heat causes sound- 
waves of definite pitch to be 
emitted. 
To understand this production 
of oscillations, let us consider : 
what will happen on closing the GET, 
shunt circuit ACL. The flow of current into the condenser causes 
a drop in that in the arc, with consequent drop in temperature and 
increase in resistance. The resistance of the arc is then a greater 
fraction of the resistance of the main circuit, and the difference 
of potential between the carbons rises, with further production of 
flow into the condenser. Eventually the accumulation of charge 
in the condenser raises the difference of potential between its coats 
to that between the carbons, and the current into the condenser 
ceases, and the are will regain its original condition. The current in 
the are having risen again to its original value, its resistance has 
fallen, and likewise the fall of potential across it, so that a reverse 
flow from the condenser begins, and a reverse set of changes will follow. 
The inductance in the shunt 
circuit has the function of 
giving it inertia, so that, the 
current having started, the 
circuit is always carried past 
the stable condition, and 
oscillations occur, The exist- 
ence of the oscillation depends 
upon the fact that the resist- 
ance of the arc varies with the +° 
current in such a manner Fic, 388. 

that the potential difference 

between the carbons diminishes with increasing current, and the are 
behaves as though it had a negative resistance. This is the condition 
for the production of the singing are. 

Poulsen Arc.—The frequency of oscillation with the Duddell 
arrangement is not very great, but V. Poulsen’ has shown that with 


1 Y, Poulsen, Internat. Elect. Congress, Trans, 2, 1905. 
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the are in hydrogen, or any hydrocarbon vapour, and a strong magnetic 
field at right angles to the arc, oscillations of considerable intensity 
and with frequency of over a million per second can be maintained. 
The negative electrode (A) is carbon, and the positive is copper and is 
water cooled (B) (Fig. 388). 

Wehnelt Electrolytic Interrupter..—In addition to the last two 

methods of increasing the number of oscillations produced per second, 
the mode of interruption of the induction coil itself has been 
improved. One such improvement is the Wehnelt electro- 
lytic interrupter. A large lead plate which serves as 
cathode dips into a fairly large vessel of dilute sulphuric 
acid (one of acid to seven or eight parts of water), the 
anode being a platinum wire of which only the tip is in 
contact with the solution. On placing such an electrolytic 
cell in a circuit in which there is an electromotive force of 
over 40 volts, an intermittent current will flow, provided 
that the circuit contains a fairly large inductance. The 
frequency of the interruptions is a complicated function 
of the inductance, the voltage, and the form of the platinum 
tip. In Fig. 389 a platinum wire of about a millimetre 

Fic, 389, diameter projects from a porcelain sheath, the amount of 
wire exposed to the solution being adjustable by means of 

the screw. 

When the cell is used as interrupter for the induction coil, it 
replaces the usual make-and-break and the condenser. The frequency 
of interruption may reach several thousand per second with an E.M.F. 
of 50 to 100 volts, and the secondary discharge is then of the form of 
a brilliant flame. For voltages below about 20 or above about 120 the 
current ceases to be intermittent. 

Mercury Interrupter.—The mechanical interrupter of the induction 
coil (p. 319) may for many purposes be replaced by the mercury inter- 
rupter with advantage. There are many designs of the apparatus, but 
in most cases a jet of mercury is projected against a rotating metallic 
cylinder. or dise divided into sectors, so that as each sector cuts the jet, 
the primary circuit is made and then broken. The break is contained 
in a vessel, usually filled with coal gas. The advantage of this form of 
break is that high frequency may be attained, and the duration of the 
primary current may be varied by altering the manner in which the 
mercury jet impinges against the rotating sectors. 

Measurement of Damping.—Many methods for determining the 
decrement of the oscillations have been devised, since it is important 
for practical purposes to know how many oscillations oceur at each 
discharge, A method due to Sir E. Rutherford ’ is of special interest. 


A. Wehnelt, Hlektrotechn. Zeitscher., 20, p. 76. 1899, 
2 Ki. Rutherford, Phil. Trans., 189, A, p.1. 1897. 
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If a piece of iron, magnetised to saturation, be placed within a loop of the 
circuit in which the oscillations are occurring, the first half-oscillation, 
if in the direction tending to increase the magnetisation of the iron, 
will produce no effect, the iron being already saturated. The second half- 
oscillation, however, will partially demagnetise the iron, and the third 
will partially remove the effect of the second, and soon. If I, I, I;, 
etc., are the magnetising effects of the successive half-oscillations, the 
resulting demagnetisation will be proportional to I,—I,;+],... 
On the other hand, if the first half-oscillation is in such a direction 
that it tends to demagnetise the iron, the resulting demagnetisation is 
proportional to], —I,+1,-I,+... 

Rutherford employed a circular arc of wire to produce the de- 
magnetisation, the arc being included in the oscillatory circuit, and 
being varied in length in the two cases, until the magnetisation remain- 
ing in the iron as tested by a magnetometer is the same for either 
direction of the first half-oscillation. 

Té I,, L,, 1,, etc., form a geometric series, that is, if the oscillations 
die away logarithmically— 


Ta 
I,-1I,+1,-...=— > 
Sse 
L 
and, I,-I,+],-...= =r 
oe a 


If J, and 1, be the lengths of are which make these two demagnetising 
effects equal— 

ti = Lh, 

and since J, and /, can be obtained by trial and then' measured, the 

is ; 

L 

h 

then log.. re 
2 aes 

In this way Rutherford found that the damping depends upon 

the magnetic properties of the circuit, being great when iron wire is 

employed, a result which would be expected, since the hysteresis loss 

at each cycle means a loss of energy. Also the damping depends upon 

the capacity and the length of gap. With a frequency of 1:25 x 10° 

per second, it was found for a particular circuit that for spark gap 


0:12 cm., a = 0°97, and the resistance of the gap is 0°7 ohm. With 


1 


ratio —or the decrement may be found. The logarithmic decrement is 


length of gap 0°61 cm., i = 0°70, and resistance of gap is 12:0 ohms, 
2 ; 
24 
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The increase in length of gap evidently causes a large increase in the 
decrement. 

The method enployed by V. Bjerknes' to determine the damping, 
was to measure the root mean square value of the difference of potential 
between the knobs, by means of an electrostatic voltmeter, for the 
whole train of waves, the potential difference at the beginning of the 
pscillation being known from the length of the spark gap. 

We have seen that for a circuit having resistance, inductance and 
capacity, the oscillatory discharge is of the type-— 


Y = Qe" cos pt (p. 838) 


where i ide a ; . 


and the potential difference — the knobs at any instant is 
therefore— 


v = V,e-"* cos pi. 
The voltmeter reading is proportional to the mean square value of the 
potential difference, and at each discharge it receives an impulse pro- 
portional to | v°di. The upper limit of the integral is taken as infinity, 
0 


since the oscillations accompanying any discharge are completely damped 
out long before the next discharge takes place. 


Now, | v'dt = vef €~¢ cos? pt dt 
0 /0 
i 2Qnt 
=V2 | em ee 


—2bt7]° Yip 
= v'| _ eral + ab . e~ 2% cos 2pt dt 
=f V 2b 
~ db OC? +E BBY 
Since b is of the order of 10°, and p of the order 4 x 108, no sisibie ; 
error will be introduced by omitting the second term ; and we see that 


2 
each impulse given to the needle is i If there are » discharges 


: rg 
per second, the couple acting on the needle is proportional to ae 
If the deflection is 6, and the electrometer be calibrated by a steady — 
voltage V, giving a deflection 6,— 


6 je nV," Bile 
Ge Abr. Ves 
ns ee nV 0; 
 46V2 


1 VY, Bjerknes, Wied. Ann, d. Phys., 44, p. 74. 1891. 
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In the experiment, oscillations in the secondary circuit 5 (Fig. 390) 
were excited by those in the primary P, the latter being an open 
oscillator and the former one of the closed type. Also V, was 20 volts, 
giving a deflection 6, of 19 scale 
divisions, and n = 42. 


inns=— Ss 
19x 42 V2. V2 
Pave 9 = °° =" a 


For the circuit §, 6 = 30 scale 
divisions when the length of 
spark gap was 0:3 mm., which 
from Paschen’s results! indicated 


a value of 2080 volts for V,. Fie. 390. 
‘ 208 
Hence eS 70,000 approx., which means that in 


one second the amplitude diminishes in the ratio 1 to «7, 
The wave-length was 443 cm. and hence the number of half- 
Dix LO! Be, 10 d th 
aw. a 
interval from the start to the end of the first half-oscillation is 


ne and the amplitude in one half-vibration diminishes in the 
ow P 


6x1 
ratio— 


vibrations occurring in one second is 


70000 x 449 
toto ne) Si 10%" 
that is 1 to €—9°0005, 


“. decrement = 5 = €9°0005 — 1-0005 


€— 07000 
and logarithmic decrement = 0-0005. 


Hence in 1000 oscillations the amplitude is reduced from 1 to 
1 

(10005 )”” 

In the case of the primary P, the damping was more than 100 
times as great, which would be expected from the fact that it is an 
open oscillator. 

Propagation of Waves in Wires and Cables.—The inductance and 
capacity of a single wire, although very small, become of importance 
when the currents in it vary with great rapidity, as, for example, 
when high frequency oscillatory currents are flowing in them, or when 
they are carrying fairly rapidly alternating currents, as in the case of 
those used in telephony, 

If L be the inductance per unit length of the cable, and R its 


1 FB, Paschen, Wied. Ann,, 87, p. 69. 1889. 


= 0°37 ; that is, to about one-third of its original value. 
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resistance, then Lda and Rd are the inductance and resistance of 
length dz, and if I be the current flowing in it, the equation on p, 303 
for the electromotive forces over the short length da becomes— 


Lode + Rid« = dE, 


dI : 

or, Li + RI=7- rere Sel, 
The current flowing into the section dx may not be equal to that 
flowing out of it, for two reasons: first, the capacity Cda will take a 

dk , : be : 

charge Cda Th dt in the time dt, = being the rate of increase of 
potential at any point; and in the second place the charge KEdadt 
will leak out from the conductor, when K is the conductance of the 
insulation per unit length of the conductor. Again, Idét is the charge 
entering the section of length da through one end in time df, and 


(1 + ode) that leaving by the other end. 


Hence, of. dx .dt+KE.dx.di= (1 + ada) — Idt 


dk dI a 
ele Ca + KE = ds Ry (ii) 
This and equation (i) determine the current and potential and their 
variations at all points of the cable. 

The case of most importance is that in which a harmonic electro- 
motive force E = EK, cos pt is applied at a point in the cable, say at 
one end. If the cable be infinite in length, the electromotive force and 
current at any point of it will after a time execute simple harmonic 
changes, the time, in the cases that we shall consider, being extremely 
short ; but the amplitude of the oscillation may vary from point to - 
point along the cable. We shall only make one assumption, and that 
is, that the electromotive force and current vary harmonically at each 

oint. 
Then E is the real part, or projection upon the axis of a, of the 
rotating vector H,¢/P!, and I that of I,¢dP!, where E, and I, are the 
values of the rotating vectors for each point (see p. 377), 
Equations (i) and (ii) may then be replaced by 


aos : d ; 
Ls (loe’”*) + Riese = age): 
d : : d 
and, Ca (Boe) + KE?! = Jahn)» 
which may be written, 


f (Beit) = (fLp + Re. 6 6 ss Gi) 


— ss, Fo 
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and, 4 (eit) =(jCp+K)Be ©... (iv) 
Differentiating the first of these with respect to a, and substituting 
from the second, we eh 
‘ dts 
(Buch) = (jLp + R) 4 (yet) 


= (jLp + RY 4Op + K) Ee, 
or, # (Bye!) = = PEs), 


where, P? = (jLp + R)(jCp + K). 
Similarly, reversing the order of operation, we get— 


d? : ‘ 
Fg toe”) = P*I,€srt. 
Calling the quantity E,¢J?t, which is a rotating vector whose length 
is constant for any point of the wire, p, we see that the equation 
a? dp _p 
da® p 
is a homogeneous equation, and as on p. 22, we obtain the solution in 
the form p = €**. 


d’p 
ant ae, 
Then, dat = are, 
. 2 hl 2 
. ae? = P Eat, 
and, a= +P. 


The most general form of the solution is therefore 
: = Ache +. Be-?», 
that is, E,e Pt = Act? + Be-?*, 
and similarly, Tet = A,eP? + B eh, 
In order to find the four constants A, B, A, and B,, let us con- 
sider that at the near end of the cable, E, = E, ee T. 
Then, since at this point « = 0, 
Rewt = A + B, 
Test = Ay ao By 
Again, at an infinite distance along the cable, let the disturbance 
have diminished so much in amplitude. that EK, = 0, andI,=0. For 
this to be true we must have A = 0, and A, = 0; otherwise the terms 
Ae?* and A,e?* paid. be infinite. 
 B = Ee/t, and, B, = Tei 


and, Beit = Be-Predrt, 
erie T,¢iP? = — Te- Poe jpt, 
or, E, = He-?e 


' 1 Te-Ps 
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The quantity P, or V(jLp + R) (jCp + K), is itself complex, and 
may be written in the form a + jb. 


Whence, Eyes? = Be-@+i0)2¢0pt, 
T,¢JPt = Te—(+ib)eeipt, 

or, E,evt = He-teiot—) 5 5, , , (a 
Tye?! = Jen atedet—tt) | 


Now, E and I are the real parts of E,e/?* and J,e', or their pro- 
jections upon the axis of a, They are therefore given by the equations 


E = Be cos (pi — ba) . . . . .. (xii) 
and, 1 = Te- cos (pt —ba) . . 2 . . (viii) 


We therefore see that their amplitudes at any point are He-“ 
and Te-#", and their phases are ba behind those at the origin. 


2 
Hence, points for which a differs by the amount —" are in the same 


2 
phase at the same time, and a may be looked upon as the wave-length 


of the disturbance. 


Further, we see that the amplitude Ke-“ diminishes exponentially 
as we pass away from the origin. 


2 
Again, the wave-length being = and the frequency my 5 tee 349), 


velocity = wave-length x frequency 


The values of E are drawn in Fig. 391, for the instant at which 


that at the origin is E. As each point goes through a harmonic change 
in the value of E, the points of zero value will now travel to the right 


le ns ee 


= 
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P 
B 
disturbance travels along the cable. 
The relation between I and E may be obtained from equation 
E,esrt = Be—Pz¢ivt, 


with velocity This is the rate at which any given phase of the 


for, - (Eyev?*) = — PEe-?¢irt, 
But from equation (iii)— 


d : ; 
= (Exel!) = (Lp + R) Tei, 


Py om 
oie ae —P 
dpe hope RH a 
Pr 
or, i= “Tp PR” 
and since, P= /(jLp + R)(VjCp + K), 
pls rPt ey 
F Sires 
Now, jCp +K = /Cp? + Kit (see p. 377) 
Cp 
where, tan 0, = K? 
and, jlp +R = J Lp? + R? itz, 
where, ; tan 6, = =a 
._ ICp+K = (See ¥ 01-04) 
jlp +R +R 
t Cp? + KE 01-62 
and, av = -E( ete Cleo came 
The current amplitude is therefore everywhere E (a) and 
P y L*p? + R? 
it is retarded in phase behind the electromotive force A an amount 
T i a 2 the quantity w being introduced on account of the 


negative sign before the expression, since this indicates a reversal of 
phase, or retardation of the phase by 7. 

The dotted curve in Fig. 391 indicates the current at every point 
of the cable. Its equation | is— 


tone se = 


TP ER) €~% cos (pt — bu — $). 
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The quantity a is called the attenuation factor, since it determines 
the rate of decay of the amplitude of the oscillation as we pass along 


the cable; while b is called the wave-length factor, since =" is the 


distance between points at which the phase at any instant is the same. 
To determine a and 6 in terms of the constants of the conductor, 
we must remember that 


P= J/jlp+R/jCp+K=a+ jb 
Squaring and multiplying out, we have— 
—LCp’ + KR + j(KLp + RCp) = a? — & + 2jab, 
. a — W? = KR — LCp’, 
and, 2ab = p(KL + RC) (see p. 376). 


Substituting in the first, the value of b found from the second, we 
have— > 


2 PRL + ROP 
4a? 
a quadratic in a*, the roots of which are given by 
Qa = + / (Lip + BY (Cy + KY) + (KR — CLp"). 
Since a? must be positive, a being a real quantity, the positive sign 
is taken. Similarly we may solve for b. 
Then— 
2a? = 4/ (Lp? + R®) (C’p? + K’?) + (KR — LOp’) . . (ix) 
2b? = ./(L®p? + R®) (Cp? + K?) — (KR —LCp*) . . (x) 
The problem of the propagation of electrical currents in cables was 
first solved by Lord Kelvin,’ but the inductance and leakance were 
there left out of account. The matter was rectified by Oliver Heavi- 
side, who obtained the equations (i) and (ii). 
‘When L and K are omitted, 


2a? = RCp = 20°, 
er < vid EVES RCp | 
“. from (vii) and (viii), H = Eye z= cos | pt— —z 


and, = ee cos (vt-/ 752). 
The velocity of propagation is in this case R — and the 


C 
attenuation constant Me age 


Telephone Circuits—The frequencies of oscillation used in tele- 
phony are limited by the range of the human voice, Thus several 


= KR — LCp’, 


1 Sir W. Thomson, Mathematical and Physical Papers, vol. 2. 
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hundred per second is the order of frequency of most importance. If, 
in transmitting a complex wave such as that produced by the human 
voice, the simple waves into which it may be resolved are not all trans- 
mitted with the same attenuation, the quality of the wave received at 
the end of the cable will differ from that transmitted. Since the 
attenuation depends upon the frequency, the distortion produced may 
have a more disturbing effect than the actual dying away with distance 
of the amplitude of the wave. 

In the case of submarine and underground cables, where the 
conducting wire is surrounded by a conducting sheet, and separated 
from it by some insulating material, the capacity is relatively great and 
the inductance small. 


Then, 2a? = R,/ C*p* + K* + (KR — LCp’), 


In this case it is an advantage to increase K, the leakage from the 
cable, for this will make the attenuation constant less dependent upon 


P 
Qa 
attenuation factor. Hence the advantage of making the cables to 
have as low a resistance as possible. We may consider the attenuation 
to be the result of the loss in energy of the wave on account of the 
ohmic resistance of the conductor in which the current is flowing, and 
hence the advantage of low-resistance cables. 

It has been suggested by O. Heaviside that a distortionless cable 
might be constructed by increasing to a suitable extent the amount of 
leakance. 


A reduction in R will in all cases reduce the 


the frequency- 


R 
Amongst other suggestions we find that of making L= - in 


which case equation (ix) becomes 


CR? LK? 
Seige oe ah 
and (x) becomes 2b? = LC. 2p*, 
and, b= p/LC. 
In this case the attenuation factor is constant, and the velocity 
; is a The waves in this case are transmitted without distortion, 


In cables, R and C are the most important terms, and it is therefore 
necessary to increase L and K. The latter is easy, for it is only 
necessary to diminish the insulation. To increase L, the method of 
adding inductances at intervals by introducing a number of turns 
surrounding an iron core is commonly adopted, and E. Soleri’ and 
M. Miniotti® have suggested the use of a strand of iron wire in the 


1 Hi, Soleri, Atti dell’ Assoc. Hlettr. Ital., 12, p.181. 1908. 
2M. Miniotti, Atti dell’ Assoc. Hlettr. Ital., 12, p. 193. 1908. 
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cable, the high permeability of which produces the desired increase in 
inductance. 
High Frequency Circuits——When the frequency of oscillation in 
a circuit is of the order occurring:in the case of Hertz’s oscillators, the 
quantities L’p® and Cp? are so great in comparison with R* and K’, 
that the latter may be neglected. The equations to the waves of 
potential and current are then very much simplified, for equations 
(ix) and (x) become 
2a" = KR 
and, 2b? = 2LCp? 
since in the equation for b, KR may be neglected in comparison with 
2LCp*. Then from (vii) and (viii), 
K= Be V te cos (pt — 7 LCp*a), 
and, I = TeV cos (pt — / LCp*a), 
1 
/ LC’ 
is, it is the inverse of the oscillation constant (4/LC) of the cable. 
Lecher’s Wires.—The method of employing the steady oscillations 
set up in a wire to find the velocity of propagation was first used by 


Sir Oliver Lodge (p. 434), who succeeded in showing that the velocity 
of propagation of the wave is equal to that of light. This method was 


from which we see that the velocity of propagation is now that 


C2 


Fig. 392, 


also used by Hertz and afterwards modified by Sarasin and de la Rive, 
while E. Lecher? gave it the form shown in Fig. 392. 

One coat of the condenser OC, is connected to the wire AX, and one 
coat of the C, to BY, the remaining coats being connected to the 
spark balls and to the induction coil. The variations of potential at 
C, start waves which travel down AX, and those at C, start similar 
waves in opposite phase down BY. It should be noted that in this 
case the wires are electrostatically coupled to the oscillator, in distine- 
tion to the magnetic or transformer coupling more frequently employed. 
There will consequently be a point of maximum variation of potential 
at each end of the wires, which therefore behave in an analogous 


1 H. Lecher, Wied, Ann., 41, p. 850. 1890, 
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manner to the open organ-pipe in the acoustical problem. Remember- 
ing that the wave along AX starts in opposite phase to that along 
BY, we may represent the fundamental steady vibration by the full- 
line curves in Fig. 393, and we see that nodes are situated at C and D. 
The first harmonic is given by 
the dotted curves, the nodes 
occurring at EF and GH. The 
nodes are found by placing a 
vacuum tube across the wires ; 
this glows most brightly at the 
antinodes and ceases to glow Fic. 393. 
at the nodes. A neon tube is 
most effective. If the conducting bridge PQ be placed across the 
wires, the variations in potential between X and Y will be a maximum 
when the bridge is situated at one of the nodes, in which case the 
wires may be looked upon as two circuits XPQY and C,APQBC,, 
having a common part PQ (Fig. 392). 

Cymometers.—The name “cymometer” has been given by Prof. 
J. A. Fleming to an apparatus for measuring the frequency of electrical 
oscillations. The earliest form was used for finding the frequency of 
oscillations in a circuit by connecting one end of a helix to a point of 
the circuit, a condenser being introduced at the point of contact. A 
sliding contact earths a point on the helix, and the contact is moved 
until two loops of the steady oscillation curve can be located by means 
of the neon tube. The length-wave 2 in the helix being therefore 


1 
known, and the velocity of propagation in the helix being ho: 
a id 


where L, and C, are the inductance and capacity per unit length of it, 
we obtain for the frequency (x), 


1 
"VEG 
Or the cymometer may be calibrated directly by finding the wave 
length A in the helix corresponding to the oscillations in a circuit of 
known capacity and inductance. 

A more recent form of the instrument is shown diagrammatically 
in Fig. 394. The condenser IO is of the cylindrical pattern, the 
dielectric being a tube of ebonite. The outer coating OO slides easily 
on the ebonite tube, and attached to it so as to slide with it is a con- 
tact maker, K, which moves along the helix LD. The inner conductor 
I of the condenser is connected to the end D of the helix by the stout 
copper conductor A’ABB’CD. By this arrangement the capacity and 
inductance can be diminished, both in the same ratio, by sliding OO 
and K to the right by means of the handle H. When the conductor 
ABC is placed near the circuit XY in which oscillations are occurring, 
forced oscillations occur in the circuit of the cymometer, which reach a 
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1 
maximum when its natural period of oscillation on / LG is the same as 


that of the oscillations to be measured. The current in the cymometer 
is then a maximum, and this condition is indicated by the glow in a 
neon tube connected to the coatings of the condenser. The position of 


x Y 


foe nll 
I > 
K 


Fig, 394. 
From Fleming’s “ Manual of Radiotelegraphy.” 
g g 


the pointer on the scale S for this condition is found by trial, and the 
scale having been previously calibrated in frequencies, that of the 
oscillatory circuit is known. 

Another device for indicating the condition of syntony, or maximum 
current in the cymometer, consists in inserting a short length of high- 


Fic, 395. 


resistance wire somewhere in the part ABC of the circuit, and placing 
in contact with it a thermal junction of bismuth and iron, in series 
with a low-resistance galvanometer. The point of resonance is then 
indicated by the galvanometer deflection being a maximum. This 
arrangement is shown in Fig. 395, in which a cymometer having two 
condensers in parallel is indicated. 
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The cymometer of this kind has the great advantage that, not 
being connected with the circuit the frequency of whose oscillations 
is to be measured, the disturbance produced by the instrument itself 
is inappreciable, This form of instrument has been designed for the 
measurement of frequencies from 50,000 to 5,000,000. 

The principle of resonance is similarly applied in the common type 
of wavemeter, standard inductances with a variable calibrated condenser 
comprising a circuit with a thermal 
galvanometer (p. 222), for the detection 
of the point of resonance. 

The wavemeter may also be used for 
comparing small inductances with corre- 
sponding small capacities, for if the two 
are connected in series with a spark gap, 
as shown in Fig. 396, and the conductor Fic. 396. 
of the wavemeter placed near the induct- 
ance, then, on causing oscillations to occur in this circuit, the cymo- 
meter may be tuned to syntony with the oscillatory circuit, and the 
frequency, n, therefore found. 


Then, n 


1 
2rv/ LC 

If either L or C be known, the other may then be calculated. It 
is now usual to employ the triode valve (p. 571) as an oscillator in 
place of the induction coil. 

Determination of Dielectric Constant by Oscillations.—The 
natural period of oscillation of a circuit, since it depends upon the 
capacity in the circuit, affords a means of determining the latter when 
the period of oscillation can be found. Sir J. J. Thomson’ employed 
a parallel plate condenser, A (Fig. 397), near the plates of which are 


Fia. 397. 


two flat conductors, E and F, to which the parallel wires EG and FH 
are connected. At each spark discharge at S, oscillations occur, and 
the periodic difference of potential between E and F originates waves 
which travel down EG and FH. One of the spark knobs at 8’ is 
connected to the wire EG at L, and the other to a movable contact M 
such that no spark occurs at 8’, Then M is always in opposite phase 


1 J, J, Thomson, Phil. Mag., 30, p. 129. 1890. 
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L. Similarly, a neighbouring point N is found for the same condition 
to be fulfilled. The distance MN is therefore one wave-length, since 
the phases at M and N are always the same. 

The space between the plates A is now filled with the dielectric to 
be examined, and a new length M’N’ found, to correspond to the new 
wave length A’. Since the velocity of propagation of the wave in the 
wires is constant, 


nm = nr = V. 
1 1 
~ Ia LO Qa LO’ 


r 1 
a . = pet and since OC, = kC, Si VE 


where & is the dielectric constant to be found. If the capacity C, of 
the rest of the circuit is also to be taken into account, 
r C+C, 
Sa kO + CL 
Also, using parallel wires, Lecher? found the length of the wires, which, 
together with the condenser, form a circuit which is in syntony with a 
given source of oscillations. 
When the tube A contain- 
B A ing a rarefied gas is laid 
across the Lecher wire it 
| C glows, unless the conduct- 


But, n , and, n = 


ing bridge is laid upon the 

wires. It then ceases to 

Fra, 398. glow, but for one particular 

distance, BC, the wires and 

condenser form a circuit which “resounds” to the given oscillations 

and A again glows. The plates of the condenser C are adjustable, — 

and on introducing the dielectric between them, A ceases to glow, but 

the plates are pushed together through a known distance until the 

initial value of the capacity is restored, as will be indicated by A 

again glowing. ‘The dielectric constant of the medium may then be 
calculated as on p. 166. 

The cymometer may also be employed in determining the dielectric 
constant, particularly in the case of liquids, for the capacity of a con- 
denser may be measured when air is the dielectric, and the air then 
replaced by the liquid whose dielectric constant is required, and the 
capacity again measured, 

Coefficient of Coupling.—In the case of a transformer, the mutual 
inductance M is always less than the quantity »/ L,L,, where L, and L, 


os s4 Lecher, Wied. Ann., 42, p. 142. 1891. 
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r The quantity Jat is called the coefficient of coupling of the primary | 


and secondary circuits. It may be found’ by means of the cymometer 
_ by the aid of a standard condenser. On joining the two coils of the 
_ transformer in series we have an effective inductance of L, + 2M + L, 
or L, — 2M + L,, according to whether the connection is such that the 
- mutual inductance produces an effect which helps or opposes that of 
_ the selfinductance. These two quantities may be found by means of 
_ the cymometer as described above, and also the larger of the two self- 


Then, if P=1,+2M+L, 
. Q=L,-2M+L, 
Wee f= 
: any Th 
P 
; L,+1L,= =f’, 
And since L,, say, is also found, 
P 
L, = as & ro L, 
coefficient of coupling = oe: 
ee et, 


1 J. A. Fleming, Proc, Phys. Soc., 19, p. 603. 1905. 


CHAPTER XV 
CONDUCTION IN GASES 


Spark Discharge.—The passage of an electric current across an air 
gap between two metallic conductors has been mentioned several 
times. At the atmospheric pressure, the difference of potential between 
the conductors required to start the current is quite different to that 
required to maintain it, and depends upon the shape of the electrodes 
employed. A spark point facilitates the discharge, as we should expect 
from the fact that the potential gradient in the neighbourhood is 
usually very great (p. 138), It is therefore necessary, when making 
measurements of sparking potential, to use for electrodes, polished 
spheres of diameter which is considerable in relation to the length of 
the spark gap. The low resistance of the gap found in the experi- 
ments on oscillations (p. 449) bears no relation to the potential differ- 
ence required to start the discharge, for when the current has passed 
for a short time, the gap is occupied by a quantity of highly conducting 
material derived partly from the gas and partly from the metallic 
electrodes. 

It is therefore evident that Ohm’s law is not applicable to the dis- 
charge ; we must leave until later, an examination of the relation 
between electromotive force and current. 

The difference of potential between the electrodes required to start 
the discharge, and known as the spark 
potential, is independent of the metal 
of which the electrodes are made, ex- 
cept in the case of aluminium and 
magnesium, which metals have, under 
similar conditions, a less spark poten- 
tial than the others, and for moderately 

.' great spark lengths the equation 

Fig, 399. V =a-+bd represents fairly well the 

relation between spark potential V and 

spark length d. For the measurement of d,some form of spinterometer 

(Fig. 399) is employed, in which one of the knobs is made to travel by 

means of a micrometer screw. The potential difference is measured by 

means of an electrostatic voltmeter. The apparatus requires modifi- 
cation when the spark potential in a gas other than air is required. 


| 
: 
‘ 
; 
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As the spark becomes very small, the spark potential again increases, 
and has therefore a minimum, which occurs at some particular spark 
length whose value varies inversely as the gas pressure. At the atmo- 
spheric pressure this critical spark length is about 0°01 millimetre, and 
is therefore difficult to measure; but by lowering the pressure to about 
a millimetre of mercury, the critical spark length becomes of the order 
of 8 mm., and may then be easily measured. The curve in Fig. 400 
indicates roughly the relation between V and d for very short gaps. 
The fact of the existence of the critical spark length may be shown by 
bringing the spark knobs together until their nearest points are at less 


4500 


2 

= 
Vv 

1000 

$00 

5 10 1S 
ie) emer Press. in: mm. 
Fie. 400. Fie, 401, 


than the critical distance apart. The spark will not then take place 
between the nearest points, but will move to a place where the distance 
apart of the spherical surfaces is the critical distance. 

As the pressure is varied, the spark potential at first falls and then 
rises, a minimum occurring at some pressure called the critical pressure. 
The mode of variation of potential difference and pressure for a 
moderate spark length of 3 mm. is shown in Fig. 401. 

Paschen’s Law.'\—According to Paschen, the spark potential is 
proportional to the amount of gas between the knobs, that is, to the 
product of spark length and gas pressure. His measurements were all 
made at pressures above the critical pressure. Carr® has shown that 
the law holds good dlso at pressures below the critical pressure. Hence, 
if the relation between spark potential and pressure be known for one 
spark length, it may be calculated for all others. 

Discharge at Low Pressure.—The measurements concerning the 
electric spark which we have described above, do not involve any 
detailed knowledge of the processes going on, and we should probably 
still be in ignorance as to their nature if it were not for the Sprengel 
air-pump, the first to allow the attainment of very low pressures in 
glass bulbs, or very low pressures the Gaede molecular pump is now 


1 FB, Paschen, Wied. Ann., 87, p..69. 1889. 
2 W. R. Carr, Proc. Roy. Soc., 71, p. 374. 1908. 
i 2H 
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used, and charcoal cooled by liquid air is used for absorbing most of 
the residual gases, 

If the discharge between two conductors be maintained by means 
of a source of sufficiently high electromotive force, while the air pres- 
sure be continually reduced, the crackling nature of the discharge will 
after a time cease, and the path broadens out, giving a silent streamer 
whose colour varies with the gas employed, but generally changing from 
the white of the discharge at atmospheric pressure. At this stage a 
difference between the two ends of the discharge is noticeable, a dis- 
continuity near the cathode being observable. The difference between 
the two ends becomes more accentuated as the pressure is further 
decreased, and the main part of the discharge will soon be seen to 
become stratified, and consist of layers of luminosity, separated by 
dark spaces. At a pressure of about 0:11 mm. of mercury, the dis- 
charge in hydrogen has the typical form shown in Fig 402 (i), after 
De La Rue and Miiller,’ but the actual appearance of it cannot be 
described ; it must be seen to be appreciated. 

The discontinuity already observed near the cathode has increased 
considerably in size, and is called the Faraday dark space. Between it 
and the cathode is a luminous space called the cathode glow, and 
between this and the cathode may now be seen a sharply defined dark 
space called the Crookes or cathode dark space. The positive column 
consisting of the striations extends from the Faraday dark space up to 
the anode. 

On further reduction of the pressure, the scale of the phenomenon 
is enlarged, the growth taking place from the cathode, and the positive 
column getting shorter and shorter and eventually disappearing as the 
Crookes dark space and the cathode glow expand. Fig. 402 (iv), shows 
the condition of the tube when there are still eight striations remain- 
ing, the pressure being then reduced to 0:037 mm. The phenomena at 
the cathode appear to be essential to the discharge, the positive 
column being accessory. At high pressures the separate parts of the ~ 
discharge are so minute that their structure cannot be observed, but 
as the pressure is reduced, the mean free path of the molecules of the 
gas is larger, and the phenomenon of the discharge occurs on a larger 
and larger scale. 

The boundary of the Crookes dark space is always luminous. When 
the boundary lies within the gas, we get there the cathode glow, but 
on reducing the pressure until the Crookes dark space extends to the 
glass walls of the tube a bright phosphorescence is seen, the colour of 
which depends upon the nature of the glass of which the tube is made. — 
It is a bright yellow-green in the case of soda glass, and a grey-blue for 
lead glass. Many minerals exhibit brilliant phosphorescence of various 
colours, when situated in this dark space. 


1W. De La Rue and H. W, Miller, Phil. Trans., 169, p. 155. 1878. 
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The whole of the time that the pressure has been falling, the resist- 
ance of the tube has been decreasing. The fall of potential required 
to produce the discharge gets less and less, until the Crookes dark space 
reaches the walls of the tube; but an increase in the discharge 
potential then begins, and at the highest vacuum attainable it is 
almost impossible to get a discharge through the tube. 

Cathode Rays.—The phenomena occurring in the cathode dark 
space appear to be produced by something emitted by the cathode and 
travelling with great velocity, to which the name of cathode rays has 
been given; they were investigated systematically by Sir William 
Crookes. We will here note, in addition to their power of exciting 
phosphorescence, some important properties. 

(i) The cathode rays travel in straight lines; which fact may be 
observed by placing an obstacle 
in their path. Crookes placed 
a mica vane in the shape of a 
\ cross in the tube (Fig. 403), 
rain eRnat ate 7 which will produce a dark 
shadow of its own shape upon 
the wall of the tube. By shaking 
down the cross after the phos- 
phorescence has been produced 
for some time, the shape will 

= still be seen, but it is now 
Fie. 403. brighter than the surrounding 
parts of the glass, showing that 
after a time the glass surrounding the shadow has become “ fatigued ” 
by exhibiting the phosphorescence. 

(ii) A body placed in the path of the rays experiences a mechanical 
force acting in a direction away from the cathode. If the rays impinge 
upon the upper face of the little mica mill wheel (Fig. 404), which is 
mounted upon an axle running upon horizontal rails, the wheel is rotated - 
and may be driven from 
one end of the rails to 
the other. SirJ. J. Thom- 
son has shown that the 
effect is not a purely 
mechanical one, the mo- 
mentum of the rays being 
insufficient to produce 
the observed effect, but | 
is probably due to the 

Fie. 404, heating of the side of the 

mica upon which they 

impinge, the phenomenon being similar to that in the Crookes 
radiometer. 

(iii) The rays produce heat when falling upon matter. If the 


EEE 
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cathode be concave in form, the rays being emitted normally from it 
are brought to a focus, and a thin piece of platinum or other substance 
may be raised to incandescence if situated at this point. 

(iv) Cathode rays are deflected by a magnetic field exactly as an 
electric current would be; that is, they are moved in a direction at 
right angles to their own path and to the magnetic field. This effect 
may be exhibited by using a tube such as that shown in Fig. 408, 
where the beam of cathode rays may be deflected up or down by means 
of a magnetic field, the motion being observed by watching the position 
of the phosphorescent patch where the rays fall on the wall of the tube. 
On bringing the pole of a bar magnet near the tube, the beam becomes 
eurved upwards or downwards according to the sign of the pole 
employed. The direction of deflection is indicated in Fig. 408. It 
may be determined by the left-hand rule given on p. 239, if the sign 
of the current from the cathode be taken as negative. 

(v) The rays are accompanied by a negative charge. Perrin! 
allowed the beam of cathode rays (Fig. 405) to pass into a hollow 
metallic cup, A, connected with an electrometer or electroscope, The 


Fia. 405. 


instrument rapidly receives a negative charge; but a limit is soon 
reached owing to the gas in the discharge tube becoming conducting. 
If the sheath B be the cathode, and D the anode, A then acquires a 
positive charge, showing that positively charged bodies are moving 
in the opposite direction to the cathode rays. This point will be dealt 
with later. 

The above effects are explicable on the assumption that the cathod 
rays are streams of electrically charged particles, which acquire a very 
high velocity in the electric field maintaining the discharge. These 
bodies were called negative corpuscles by Sir J. J. Thomson, and 
subsequent investigation has shown that they are of very wide 
occurrence. 

Wehnelt Cathode.—By substituting for the platinum electrode, 
lime or one of the alkaline earths at high temperature, Wehnelt ? 
showed that copious cathode rays can be obtained by means of com- 
paratively low voltages. The lime or other oxide which is to form 


the cathode is placed upon a strip of platinum which is heated by 


means of an auxiliary current. Negative corpuscles are emitted by 
the oxide, which render it possible to send currents of 0°1 ampere 


i J. Perrin, Comptes Rendus, 121, p. 1130. 1895, 
? A, Wehnelt, Phil, Mag., 10, p. 80, July, 1905. 
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through the tube with a p.d. of 100 volts. The corpuscles emitted 
have, on this account, comparatively low velocities of the order of 
108 cm. per sec. (compare p. 473). 

Rontgen or X Rays.—It was observed by Réntgen that a fluor- 
escent substance, situated near a discharge tube of high vacuum, 
exhibited luminescence as though exposed to ordinary light. Investi- 
gation showed that the emission which produced this effect proceeded 
from the walls of the vacuum tube upon which the cathode rays fell. 
Owing to their unknown nature Réntgen called them ‘‘X” rays, and 
the name Réntgen rays has also been given to them, 

For exhibiting luminescence a sheet of cardboard covered with a 
layer of barium platino-cyanide forms a convenient arrangement for 
rendering the presence of the rays obvious. In addition to exciting 
luminescence in many substances, notably, the platino-cyanides, the 
Réntgen rays affect a photographic plate. 

The Réntgen rays are not refracted on passing from one medium 
to another, thus differing from ordinary light waves; and they are 
also unaffected by a magnetic field, which fact differentiates them from 
the cathode rays. Their most important characteristic, apart from 
their power of exciting luminescence, is their penetrability for ordinary 
matter. The absorption of the rays by matter is dependent upon the 
density of the body upon which they fall, and hence the well-known 
application of the rays for producing shadows of the bones in the 
human frame, the flesh and portions of less density being the more 
transparent for them, 

The rays produced in different vacuum tubes differ in character, 
the penetrating power being greater when the vacuum is higher. 
The highly penetrating rays from the tube of high vacuum are often 
spoken of as ‘‘hard” rays, and the relatively less penetrating rays 
from a tube of not so high a vacuum, as “ soft” rays, 

The explanation of the X-rays first given by Sir George Stokes _ 
was that they are electrical impulses of exceedingly small thickness 
produced by the sudden stoppage of the negative corpuscle of the 
cathode ray on meeting an atom. This explanation is incomplete, as it 
is now known that they are of the nature of light waves of very 
short wave-length, which is supported by experiments of Blondlot,* 
that tend to show that the velocity of the Réntgen rays is equal to 
that of light. 

That the Rontgen rays arise at the point where the cathode rays 
strike a solid obstacle may be seen from the fact that the shadows 
cast by the rays arising where the cathode rays strike the walls of a 
vucuum tube are blurred ; but if a concave cathode be used, and the 
cathode rays thereby focussed on a platinum plate A (Fig. 406), and 
a photograph obtained by placing a sheet of tinfoil, C, having a 


1 R. Blondlot, Comptes Rendus, 135, p. 666, 1902, 
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number of pinholes made in it, over the photographic plate D, then, 
on developing D and replacing it, it will be found that the lines fe, hg, 
ete., when produced backwards, 
converge upon some point <A, 
showing that the Réntgen rays 
proceeded from this point. The 
tube shown isof the type commonly 
employed for producing photo- 
graphs, as the smallness of the 
source of the Réntgen rays renders 
it possible to produce shadows 
having extremely good definition. 

Secondary Radiation.— When 
the Roéntgen rays fall upon any 
material, other rays arise, to which the name of “ Secondary Radia- 
tion” has been given. This secondary radiation is complex in 
character, and consists for the greater part of secondary X-rays. The 
secondary X-rays are of two distinct types, namely, scattered X-rays 
and characteristic X-rays. Scattered X-rays are of the same nature 
as the original beam, and may be considered as rays which have been 
deflected by the substance upon which they fall. Different substances 
do not scatter X-rays to the same extent, and there is no simple 
relation between the atomic weight of a substance and the amount of 
scattering it produces. With the lighter elements, the amount of 
scattering depends upon the mass present rather than the atomic 
weight, but the heavier elements scatter more than the lighter 
elements. The characteristic X-rays, as their name implies, vary in 
nature with the substance from which they arise. Their nature is of 
such great importance that it will be dealt with separately, Professor 
Barkla 1 found that all gases, upon which the Réntgen rays fall, emit 
secondary rays of the same penetrating power as the primary rays, and 
that the secondary rays from solid substances are sometimes polarised. 

In addition to the scattered and the characteristic X-rays, it was 
found by Curie and Sagnac 2 that the secondary radiation consisted in 
part of negatively charged corpuscles moving with high velocity. It 
has been found that the intensity of emission of the corpuscular 
rays is greater the higher the atomic weight of the material. They 
are not emitted uniformly in all directions, being most freely emitted 
in a direction perpendicular to that of the X-ray beam. Their velocity 
does not appear to depend much upon the nature of the metal from 
which they arise, nor upon the distance of the X-ray tube from the 
material, or a number of different metals, including zinc, platinum, 
and lead, the velocity of these negative corpuscles ranges between 


10, G. Barkla, Phil. Mag., 5, p. 685 (1908); 11, p. 812 (1906); and P. Roy, 
Soc., 77, p. 247 (1906). 
' 2 P, Curie and G. Sagnac, Journ. de Physique, 1, p. 18, Jan. 1902. 
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6:0 x 10° cm. per sec. and 8:3 x 10° cm. per sec. It is thus about 
twice as great as those for the cathode rays given on p. 473. 

Innes’ established the fact that the velocity of the corpuscular 
rays emitted by a body is independent of the distance of the body from 
the X-ray tube from which the primary rays arise. Further, the 
experiments of Beatty* and Sadler* show that the velocity of the 
corpuscular rays is equal to that of the cathode rays in the X-ray 
tube which gave rise to the primary X-rays. 

Determination of Velocity and Ratio of Mass to Charge of the 
Corpuscles constituting the Cathode Rays.—On the assumption that 
the cathode rays consist of negatively charged corpuscles moving with 
high velocity, it becomes necessary to determine the three quantities, 
velocity, mass, and charge associated with the corpuscle. The velocity 
and the ratio of mass to charge may be determined without great 
difficulty, but the determination of the actual mass and charge is more 
troublesome. 

If e be the charge associated with the corpuscle, and » its velocity, 
we may consider it to constitute a eurrent of strength ev. In a 
magnetic field of strength H, at right angles to the direction of 
motion, the force acting at right angles to both field and current is 
Hev. A body which experiences a force always at right angles to its 
direction of motion describes a circular path, and the normal accelera- 


2 2 
tion being =, where r is the radius of the path, the force is Cm 


, 
being the mass of the body. Hence the equation of motion for a 
corpuscle in a magnetic field is 
mv" 
— = Hey, or, Se 
r e 


If, then, the stream of cathode rays produced by the cathode K 
(Fig. 407), and limited by the metal blocks A and B having horizontal 


F1q. 407. 


slots, pass through a magnetic field restricted to the circular space MM, 

then in passing through the field they will describe arcs of circles, the 

radius of which may be determined from the difference in position, 
P. D. Innes, Proc. Roy. Soc., A, 79, p. 442. 1907. 


1 
2 R. T. Beatty, Phil. Mag., 6, xx., p. 820, 1910. 
7 0. A. Sadler, Phil. Mag., 6, xix., p. 337. 1910, 
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PQ, of the luminous patch on the phosphorescent screen when the 
magnet field is on and when it is off. Thus H and r being known, 


the quantity = can be found. 


Again, if the rays in their path have to traverse an electrostatic 
field due to the plates E and F maintained at a high difference of 
potential, the corpuscles experience a force eV while in the field, V 
being the electric intensity between the plates. If this electric field 
be at right angles to the magnetic field of the last experiment, and its 
intensity be arranged so that the force on the corpuscles is equal 

s 
and opposite to that of the magnetic field, eV = Hev, or a7” the 
corpuscle will now be undeviated so long as it is passing through the 
two fields. The fields are arranged to occupy the same part of the path, 
and are so varied in strength that the phosphorescent patch occupies 
‘s 
its undisturbed position at the end of the tube. We then have v = H’ 
and the velocity of the corpuscle,is known. From the first experiment 
with the magnetic field alone, = is known, and therefore “can be 
e 


calculated. 
By this method Sir J. J. Thomson,! to whom the method is due, 
obtained the following results :— 


™m m 
Gas. v a Gas. v rs 
— 7 
Air orOr. | £3, x 10+" | Air?. aly AO LOR | tb KO =% 
Airy, 2°8 x 10° | 1:1 x 10-7 | Hydrogen . 2b x 10° | 1b x 10=4 
Air Doig? |" 12% 10—7 1003. . 225K LOM eb LO? 
Air? Paseo, OP || 1B x 10-7 


The values of » vary, as would be expected, since v depends upon a 
number of conditions, but the values of = do not differ very much from 


the mean, 1-3 x 10-7, which indicates that the corpuscles are of the 
same kind whatever the gas employed, or the metal used for electrodes. 


: ; m A 
Determination of a and v by Energy of Rays.—Sir J. J. Thom- 
son® obtained measurements of these quantities by another method. 
1 J.J. Thomson, Phil. Mag., 44, p. 298. 1897. 


2 Platinum electrodes, the others being of aluminium, 
3 J. J. Thomson, loc, cit, 


474 ELECTRICITY AND MAGNETISM CHAP. 


The charge carried by a beam of the cathode rays in a given time is 
determined by means of the electrometer, and the energy of the beam 
by means of its heating effect. The thin beam of cathode rays is 
defiected into a metallic cup A (Fig. 408) by means of a magnet. If 
N corpuscles enter the cup per 
second, then Ne is the charge 
given to the cup per second. 
Calling this Q, we have Ne = 
Q, and Q is measured by the 
rate of change of potential, 
as indicated by the quadrant 
electrometer, the capacity of 
0 the system being known. 
Fig. 408. The rays on entering the 
cup fall upon one junction of a 
thermal couple in series with a galvanometer, so that the rate of rise in 
temperature of the junction due to the bombardment by the rays could 
be determined. If, then, the heat capacity of the thermal couple can be 
estimated, the energy per second, W, given up by the rays is known. 
If, again, N be the number of corpuscles falling on the junction per 
second and }mv’ the kinetic energy of each, and if the heat produced 
is derived from the kinetic energy of the corpuscles— 


tmv’N = W, 


Eliminating N from this and the last equation, we have— 


sQ m 
zmv = W; or, =" Qu? = 2W. 


Now, from the experiment on the curvature of the path in the 
magnetic field we have— 


ee edie 
é 
2W 
A ae 
ae eas 
; ° = QHr 
‘ Hr)? 
d AEE 
and, z oW 


The mean value obtained by this method is “ = 0-86 x 10”, the 


difference between this and the results on p. 473 being probably due 
to uncertainty in the thermal measurements. 


This ratio < given by these methods, or the mass associated with 


\ 
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unit charge, plays a part similar to that of the electro-chemical equi- 
valent in electrolysis. Remembering that the same quantity for 
hydrogen is 00001044, we see that for the cathode rays the electro- 
chemical equivalent is of the order of ;;45 of that for hydrogen. Three 
possibilities then present themselves: (i) there may be no simple 
relation between the mass of the hydrogen atom and of the corpuscle 
of the cathode rays on the one hand, or between the charges carried 
by them on the other ; or (ii) if the masses are of the same order, the 
charge carried by the corpuscle is of the order of 1000 times that 
carried by the hydrogen ion in electrolysis ; or (iii) if the charges are 
of the same order, the mass of the corpuscle is of the order of ;;55 that 
of the hydrogen atom. The question can only be settled by further 
experiment (see p. 484), but we may anticipate so far as to say that 
(iii) ultimately turned out to be near the truth. There is now every 
reason to believe that the electric charge met with in the case of the 
electrolytic monovalent ion and in the corpuscle of the cathode rays is 
the ultimate and indivisible unit of electricity. Whether the corpuscle 
of the cathode rays is a small portion of “matter” with this charge 
associated with it, or whether it merely is the charge, is a question that 
we cannot enter into now. The name of Electron was suggested by 
Dr. Johnston Stoney for this fundamental unit of electrical charge first 
met with in the cathode rays, and the name is now universally adopted. 
We shall presently see that electrons are constituents of all matter, 
and play an important part in phenomena where their presence was 
unsuspected until after their discovery in the vacuum tube. 

Method of Leakage in Ultra-violet Light.—It was found by Hall- 
wachs * and others, that when ultra-violet light falls upon the negatively 
electrified surface of a sheet of zinc, the surface rapidly loses its 
negative charge ; but if it be positively charged, there is no loss. This 
is explained if negative corpuscles are detached by the ultra-violet light 
from the surface, their repulsion from the negatively charged surface 
constituting the loss which is observed to take place. When the 
surface is positively charged the corpuscles are not driven away, and 
there is of course no loss. 

Sir J. J. Thomson” made use of this phenomenon to determine 


the value of = for these corpuscles, and found it to be of the same 


order of magnitude as for those in the cathode rays, which makes it 
presumable that the two are identical in kind. 

A magnetic field, H, parallel to the negatively charged surface is 
maintained, and the paths of the corpuscles are thereby modified. 
Taking the value of the electric intensity due to the charge on the 
surface as V, the force on each corpuscle due to this field is Ve and is 
directed away from the surface, since the charge of the corpuscle is 


‘ 


1 W, Hallwachs, Wied. Ann., 88, p. 801. 1888. 
* Sir J. J. Thomson, Phil, Mag., 48, p. 517. 1899, 
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negative. If the magnetic field H be directed from front to back 
(Fig. 409), the force on the corpuscle is Hev and is directed down- 
wards. After leaving the surface the velocity will no longer be normal 
to it. 
Taking the axis of x normal to the surface and the axis of y 
parallel to it and perpendicular to the magnetic field, the component of 


d 
velocity parallel to Ow is’ uf and that parallel to Oy is “Y and the 


dt dt 
, ; ax dy 
corresponding accelerations are Fe and Fe If m be the mass of the 
y corpuscles, the forces parallel to Ox due to 
d 
the fields are Ve and He.@/, and these 
ae 

are together the resultant force m— acting 


dt? 
on the corpuscle in the # direction. Apply- 
ing the left-hand rule of p. 239, and remem- 
bering that the moving corpuscle corresponds 
to a negative current, we see that the 
corpuscle when moving downwards experi- 
ences a force directed towards the plate, due 
to the magnetic field. The force equation 
for the components parallel to Ox is— 
aa dy 

¢ = ies Ne Her 
Fia, 409. 


Again, since there is no component of V 
parallel to Oy, we have for this direction the equation — 


The solution of these two simultaneous equations is— 
Ww : 
Ome on — sin ot) 
Vv 
v= on — cos wt) 


He 
where w = —- 
m 


These are the equations of a cycloid formed by a circle rolling on 
the axis of y ; for if P be the point on the circle when in the axis of y, 
and P’ the position of the point when the circle has rolled through 


Xv, IONISATION 477 


angle 6 (Fig. 410), the length AP and the are AP’ are equal, and the 
co-ordinates of P’ are therefore x = a(1 — cos @) and y = a6 — asin 0. 
But if the circle roll with uniform angular velocity o— 

= ot; 
then, : x = a(1 — cos wt) 

y = a(at — sin of)- 

We see, then, that the moving corpuscle will describe a path 
similar to that of the point P upon the rolling circle, and its distance 
from the metallic surface will therefore never be greater than the 
diameter of the circle. By comparing the two sets of equations, we 
see that— 

2V m V 
See os vaste 

The conductor Oy is a zine plate illuminated with ultra-violet light, 
for the liberation of the corpuscles, A parallel plate G (Fig. 409), 
connected to an electrometer, rapidly receives a nega- 
tive charge when there is no transverse magnetic field, 
but with the field the corpuscles return to the plate Oy, 
and G does not receive any charge. In the position G’, 
the magnetic field does. not affect the rate at which P 


the charge is received. The limiting position is found, KIND 


for which the field affects the rate at which G receives 


charge, and the distance between the plates is then A ” 
2a= 2m He The limiting position is not so sharply 
defined as the equations indicate, but the mean value 
found for ~ in this way is 1-4 x 10~", which is in fair 
é Fia, 410, 


agreement with the result given on p, 473. 

Ionisation.— Under ordinary circumstances, gases are very feeble 
conductors of electricity, a charged body situated in a gas retaining 
its charge for a very long time. Many agencies, however, render 
the gas a comparatively good conductor, amongst which may be 
mentioned, cathode rays, X-rays, hot bodies, flames, and radio- 
active substances (Chapter XVI.). Further, the conductivity persists 
for a time, but does not last indefinitely. Sir J. J. Thomson and 
Sir E, Rutherford’ showed that this conductivity may be removed 
in a variety of ways. 

If the conductivity in the neighbourhood of the funnel A (Fig. 411) 
be produced by means of an X-ray tube enclosed in a box covered with 
lead sheet to screen its direct effect from the electroscope, and 
provided with a window B, then the air drawn through the tube CD, 
into the electroscope by means of an aspirator will cause the leaves to 


1 J, J, Thomson and H, Rutherford, Phil. Mag., 42, p. 892. 1896, 
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collapse, whether the sign of the charge upon them be positive or 
negative. 

A plug of glass wool placed in the tube at C will remove the 
conductivity from the air. The same result is produced if the 
conducting air be bubbled through water. Whatever it is that renders 


Ere, 411. 


eee 


the air conducting is therefore filtered from it by these processes. The 
conductivity also disappears when an electric current passes through 
the air, which was shown by using for C a metallic tube having 
a wire stretched along its axis, a high potential difference being 
maintained between the tube and the wire. The leaves of the electro- 
scope in this case do not collapse, showing that the cause of the 
conductivity has been removed. It is concluded from this experiment 
that the cause of the conductivity consists in charged particles, since 
they are driven to the sides of the tube or to the wire by the electric 
field, and further, that since the conducting gas as a whole does not 
exhibit electrification, the charged particles have opposite signs, and 
are in equal electrical quantities. These electrified particles are called 
tons, and the process of their production ionisation. It is now known 


Chere 
ee 


Fie, 412, 


that the ionisation of the gas is not the direct result of the X-rays, but 
of the corpuscular rays emitted by the gas (p. 471). 

Conduction in Ionised Gas.—The conductivity of the ionised gas 
may be determined by maintaining two parallel plates between which 
the gas is situated, at a known difference of potential, and the rate of 
change of potential of one of the plates determined by means of the 
quadrant electrometer. 

If the capacity of the plate A (Fig. 412) and the electrometer be 
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known, the rise in potential per second enables the current passing 
from B to A to be determined. It is found, on gradually raising the 
applied difference of potential, that at first the current increases almost 
in accordance with Ohm’s law, but the value of the current for further 
rise of potential difference falls below that indicated by Ohm’s law, 
and eventually a value is reached for which the current does not further 
increase, This current is known as the saturation current (Fig. 413), 
and it is not exceeded until the electrical field is strong enough to 
produce ionisation in the gas, When this stage is reached the current 
begins to increase rapidly. 

Saturation Current.—The saturation current depends upon the 
total number of ions between the plates, which in its turn depends 
upon the rate of production of ions and upon the volume of air between 
the plates. For the current 7 to pass from one plate to the other 


v er : ° 
— positive ions are driven against one 
e 


a [ar , 
plate, and > negative ions against 


the other, and if q positive and g nega- 
tive ions are produced by the Réntgen Sateerax 

rays in one cubic centimetre per second, 

the total number of each kind produced 

per second in the space between the pa. 
plates is gA/, where / is the distance Tra. 418 

apart of the plates and A the area of teres 


each, then ~ cannot exceed gA/, and for the saturation current 


or, qAle = 


The saturation current is therefore proportional to the distance 
apart of the plates, and we have the remarkable result that for the 
same difference of potential between the plates, the current increases 
if the plates are drawn further apart. In their experiments on 
ionisation, Sir J. J. Thomson and Sir E. Rutherford! showed that when 
the ionisation is produced by Rontgen rays, this condition is realised. 

Charge upon Negative Ion.—The problem of the determination 
of the mass of the negative ion produced in gases was successfully 
solved in 1898 by Sir J. J. Thomson. The current maintained in the 
gas by a known electrical intensity is measured. If U be the velocity 
of drift of the ions in electrical field of unit intensity, and V the 
actual electrical intensity, VU is the velocity of the ions. When the 
total number present is N and e the charge upon each, NeVU is the 


1 J. J. Thomson and EK. Rutherford, loc. cit. 
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current ; and this can be measured. To determine N, a discovery by 
C. T, R. Wilson? was used, which consists in the fact that in super- 
saturated, dust-free air, condensation takes place upon the ions, and a 
cloud of minute drops is formed. These drops fall through the gas at 
a constant rate, from which their size can be found, and knowing the 
total quantity of moisture condensed from the work done in producing 
the adiabatic expansion necessary for the supercooling, N the number 
of drops can be found, and consequently e the charge associated with 
each ion is known. 

Several methods have been employed for the determination of U, 
the velocity of drift of the ions produced by an electrical field of unit 
intensity, but that of Rutherford? is probably the most interesting. 
The ions are liberated from the zinc plate A (Fig. 414) by ultra- 
violet light from the source 8, the plate 
being connected to a quadrant electro- 
meter. The light passes through a window 
covered by a sheet of gauze B, and between 
A and B an alternating electromotive 
forceis applied. During half a period of 
alternation the negative ions are driven 
away from A towards B, and during the 
next half-period they are driven back 
again. Whether they reach B or not 
depends upon its distance from A. If 
they do not reach B they will return to 
A, which will not lose a negative charge, 
and the electrometer deflection will not 
change, but if they do reach B they will 
not return, and A will continually lose 
negative charge. The distance between 
A and B is therefore adjusted until A 
begins to lose charge, and measured by the micrometer screw. This 
is the distance travelled by the negative ions during one half-period of 
the alternating electromotive force. 

If d is the distance between A and B, and @, sin pt the alternating 


Fig. 414, 


i t. 5 3 
electromotive force between them, ae is the potential gradient, or 
electric intensity at any instant. U being the velocity of the ions for 


Ue, sin pt 
 heeege 


unit electric intensity, their instantaneous velocity is 


d 
Taking x as the distance of any ion from A, a is its velocity, and 


we have— 


10. T. R. Wilson, Phil. Trams., A, 189, p. 265. 1897. 
2 H. Rutherford, Proc. Camb. Phil. Soc., 9, p. 401. 1898, 
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mo ot 
} Ue, 
pd 

If «= 0 when ¢=0, this means that the ion starts from the 
plate A, 


cos pt + C, 


and, C= Uk 
pa 
Ve, , 
so that, i cid (1 — cos pt). 


Now cos pt varies between the values +1 and —1, and a is evidently 
a maximum when cos pt = —1; and the greatest distance that the ion 
travels is— 

2U 2Ue pa 

a, or, +, * Us . 

pa pd 2 


Rutherford found the following values for U when ; is less than 


1 volt per em. For air, U =-1-4-cm, per sec.; for hydrogen, 3:9 cm, 
per sec,, and for CO,, 0°78 cm. per sec. 

Other methods both for the ions liberated from zine by ultra-violet 
light and for those produced by Réntgen rays give practically the 
same result; which fact helps to establish the identity of the ions 
produced in these various ways. 

The Condensation Experiments of O, T. R. Wilson’ showed that if 
air saturated with.water vapour and free from dust be suddenly cooled 
by causing an expansion exceeding |; 1:25 in volume, the vapour 
condenses upon the negative ions, but if the expansion exceeds | : 1°3 
the condensation takes place upon the positive as well as the negative 
ions. 

The explanation of the condensation upon the ions was given by 
Sir J. J. Thomson,? It is shown in text-books on the Properties of 
Matter that the maximum vapour pressure of water over a convex 
surface is greater than that over a plane surface by the amount dp, 


2T, Siete 
where dp = ae T being the surface tension of the liquid surface, 
pie 


a its radius of curvature, o the density of the liquid, and p that of the 


_ vapour.’ This change in the maximum vapour pressure is insignificant 


unless @ the radius of curvature is exceedingly small, but when this is 
the case the rise in the maximum vapour pressure causes rapid evapo- 
ration, Thus the drop will not grow by condensation unless some 


1, T. R, Wilson, Phil. Trans., A, 193, p. 289. 1899. 
* J.J, Thomson, ‘‘ Applications of Dynamics to Physics and Chemistry,” p. 165. 
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body, such as a speck of dust, is present, which presents a surface of 
sufficiently large radius of curvature for the initial stages of drop 
formation to be avoided. 

By means of the gas equation pi = RO, or p = Rép, we may put 
the value of dp into the form 


; pg, 2 1/2) 1 
i Réato — = py 7 > RA a/o— p 
2T 
The quantity os is an inward pressure due to the surface tension 
of the drop. We saw on p. 132 that a surface density of electrification 
2 
1 


. 2aro- . . 
o, causes an outward electrical pressure , and if‘e is the charge 
iy 


associated with a spherical drop on account of an ion at the centre— 


OR ye 

e 

Therefore outward pressure due to charge e is = ——4. 

8rka - 

If we attribute the change in maximum vapour pressure to the inward 
2T : E 

pressure —— due to surface tension, we must now modify this by means 
of the outward pressure due to electrification, and we get— 

dp ee e ) A 


oe a 8nrkat/o —p 


pp RE 
2 
When a is exceedingly small, the term an is more important 
aka 
27 ‘ 
than —, and condensation will take place. When — the 
a a 8xka* 


maximum vapour pressure is equal to that over a plane surface, and it 
is not until the first term is the greater, that the effect of the electric 
charge in promoting condensation is less than the effect of surface 
tension in preventing it. 

The gas under experiment is situated in A (Fig. 415), and is eal 
by means of the Réntgen tube R. By maintaining a known difference 
of potential between the surface of the water in A and the upper 
surface, the current NeVU is maintained in the ionised gas, and this 


; E 
is measured by the rate of rise of potential = of the electrometer. If 


C be the capacity of the electrometer and vessel A, 


di 
Coe = NeVU. 
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Everything in this equation is known except N and e, and the 
product Ne can therefore be found. 

To determine N, a sudden expansion of the air in A is produced. 
To effect this, the tube B is provided with a loosely fitting piston C, 
consisting of the end of atest tube. The lower part of B contains water, 
so that the piston is air-tight, and may be suddenly depressed by opening 
the valve G, which puts the vessel D in communication with a larger 
vessel F in which there is a partial vacuum. On causing the sudden 
expansion of the gas in A a cloud is formed by condensation upon the 
ions. The dust has previously been removed by producing a cloud 


Fie. 415, 


and allowing the drops formed upon the dust particles to settle, the 
process being repeated until all the dust is removed and no cloud is 
_formed on expansion. 

The cloud formed when the gas is ionised is allowed to settle, and, 
the drops being of approximately constant size, they fall, all at the 
same rate, and the top of the cloud is clearly defined, affording by its 
descent a convenient means of determining the rate of fall of the 
individual drops. It has been shown by Sir George Stokes that the 

2 
rate of fall of a spherical drop is ue where g is the acceleration of 
gravity, a the radius of the drop, and y the coefficient of viscosity of 
- the air. Hence a the radius, and from it the volume of each drop, 
can be found, 
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It only remains to find the total amount of vapour condensed 
during the expansion of the air, and we shall then know the number 
of drops formed. 

The work done during an adiabatic expansion, per cubic centimetre 
of gas, can be found from the amount of expansion, knowing the ratio 
of the specific heat of the gas at constant pressure to that at constant 
volume ; and, the latent heat and lowering of temperature of the air 
being known, the total amount of water condensed can be calculated. 
Thus N is found, and the product Ne being known from the current 
experiment, e is obtained. 

In this way the value of e for the ions produced by Réntgen rays 
in air was found to be 6°5 x 10~” electrostatic units or 2°16 x 10~-” 
electromagnetic units, and that for ions in hydrogen, 6-7 x 10°” 
electrostatic or 2°23 x 10-* electromagnetic units. On repeating the 
experiments in 1901-1902 Sir J. J. Thomson’ found that with an 


Fiq. 416. 


expansion above 1 : 1°3 twice as many drops were formed as when the 
expansion was below 1: 1'3, and it was concluded that with the 
greater expansion, the positive as well as the negative ions acted as 
nuclei of drops. With the new apparatus, and using various samples 
of radium to produce the ionsation, the value of e was found to be 
3°4 x 107” electrostatic or 1:33 x 10-” electromagnetic units. 

C. T. R. Wilson has more recently obtained instantaneous cloud 
photographs, showing the passage of a beam of X-rays through super- 
saturated air. One of these is given in Fig. 416, in which the drops 
formed by condensation upon the individual ions can be seen. The 
want of uniformity in the distribution of the drops shows that the ions 
on which condensation occurs are not liberated directly by the X-rays. 
The winding nature of the paths along which the drops are formed 
indicates that they are produced by the travel of some small bodies 


1 J.J. Thomson, Phil. Mag., 5, p. 846, 1903. 
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moving with high velocity. These bodies are the particles constituting 
the corpuscular rays (p. 471) liberated by the X-rays. The drops are 
formed upon the ions liberated when a corpuscle ionises an air atom by 
collision. The deviations of the paths of the corpuscles get greater 
towards the end of their visible path, where their velocity is diminished, 
and when the velocity falls to a certain limit they can no longer 
produce ionisation by collision and their subsequent path cannot be 
followed. It should be noted that the paths of the corpuscular rays 
are in all directions and bear no relation to the path of the X-rays 
which produce them. 

Charge of the Electron.—The cloud method has been modified by 
Professor Millikan,’ in such a way that the errors due to the assumption 
that the drops are all of one size, and do not vary in size by evapora- 
tion, and that the tem- 
perature is accurately 
known, are eliminated. A 
fine spray of the liquid, 
usually oil, is blown, by 
means of an atomiser, into 
the air space over two 
parallel plates AB (Fig. 
417). The drops pass into 
the space between the 
plates through five small 
holes in the middle of the 
upper plate. An are C E 
illuminates the drops, Fig. 417. 
which are observed by . 
means of a long-focus microscope, an individual drop being singled out 
for observation. The drop is seen as a bright point of light, and the 
time it takes to fall under the action of gravity for a known distance 
is observed, from which its velocity v, is found. 


2 ga? 

%, =-—-—(o — 
1 9 n ( p) 

from Stokes’ law (p. 483), where o is the density of the drop and p the 
density of air. The effective weight of the drop is w= 5 ra o—p); 
allowing for buoyancy of the air. 

eons se: ale — 0) 30 = rie = 2) on ) 
: me Pa Oi n can) or, w= 3 29(a — p) 0,4. 


On passing a beam of X-rays through the space between the parallel 
plates AB the air is ionised and the drop picks up one or more ionic 


1 R, A, Millikan, Phil. Mag., 34, p. 1. 1917. 
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charges. It then experiences a force due to the electric field E which 
is now established between the plates by means of the battery D. If 
the charge acquired by the drop is a single ionic charge e, the force 
due to the field is Ee, and may be directed upwards or downwards, 
according to the sign of the charge acquired. Thus the resultant force 
on the drop is now wg + Ee and the new velocity v, of the drop is 
measured as before. 


v wg 
Now st = 
j v% wg + Ke 
%, — %, wg 
or = 
: Y%, E 


On substituting the value for w found above, 


errs tf ye 1 ye — 0,)o;4 
*3\a)\ge-p 


The values of the charge on the drop are not always the same, but 
change abruptly as the drop picks up one or more ionic charges, thus 
giving rise to changes in the value of (v,—v,). But the values of 
(v, — v,) are all found to be multiples of some minimum value (v,—%,),, 
which is thus the value corresponding to the gain of one electron, or 
electronic charge, positive or negative. This minimum value (v, — v,), 
is used in the above equation in. calculating e. Readings are made at 
different gas pressures and a correction made for the change in mean 
free path of the gas molecules, The value found for e by Millikan was 
4-774 x 10-” electrostatic units. 

The value of e now generally accepted is 4:77 x 10~ electrostatic 
units or 1:59 x 10-” electromagnetic units. Combining this with the 


value 1°772 x 10" for “, gives m = 8'8 x 10-® gm, ‘The ratio © 
Mm 


for the hydrogen ion in electrolysis is 9571, 


Ob 71s epee 
1-772 x 10" 1850 


Again, mass of hydrogen atom = 8°8 x 10-* x 1850 =1-66 x 10-” gm., 
and, since 1 c.c. of hydrogen at 0° C. and 76 cm. pressure has a mass 
of 8987 x 10-° gm., it follows that 1 c.c. of hydrogen contains 
S'987-xK 107% 
166% 10-4 
per c.c. for hydrogen is 2°705 x 10%. From Avogadro’s law this is also 
the number of molecules of any gas per cubic centimetre at 0° C. and 
76 cm. of mercury pressure. 

Absorption of X-rays. It has already been seen (p. 470) that 
X-rays vary greatly in their penetrating power, those from a hard 
tube being much less absorbed by matter than those from a soft tube. 


*, mass of electron = 


of mass of hydrogen atom. 


= 5:411 x 10% atoms. Hence the number of molecules 


a 
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We associate the greater penetrability of the X-rays from a hard tube 
with the high potential gradient which gives the electrons their 
velocity, and the resulting high velocity of the electrons which on 
striking the anticathode give rise to the X-rays. Such important 
results have followed from an examination of the qualities of X-rays 
that it is necessary to consider in some detail the absorption coefficient 
for the rays in different materials, and its measurement. 

If a beam of X-rays of intensity I pass through a length dz of 
any material, the emergent beam is less intense than the entering 
beam by the amount dI. For any given material, let the amount 
of the absorbed intensity be AIdx, where X is called the absorption 
coefficient, or the fraction of the intensity of the beam absorbed in 
traversing unit length of path. 


Then, —dI = Xldz 
dl 
ie —Adzx 


Integrating, we have, 
log I = —Aw + C. 
Tf the intensity of the beam on entering the medium is J), then 
I = I, when x = 0. 
eos log... 


and, log : = —Ad, 
0 
where I is now the intensity of the rays after traversing a path of 
length d. 
This may be written 


I = I,e-*4 

Tn order to measure the absorp- 
. tion coefficient A, the change in 
ionisation produced by the beam 
of X-rays, caused by interposing 
a sheet of the material to be 
examined, is found. The ionisa- 
tion chamber may have the form 
shown in Fig. 418. A sheet of 
aluminium A hangs inside the 
chamber between parallel walls 
of aluminium BB. A _ potential ‘Fig, 418. 

difference of several hundred volts 

is maintained between A and B, sufficient to produce the saturation 
current in the gas in the chamber. An electrometer or electroscope 
determines the rate of change of potential of A, which is a measure 
of the intensity I of the beam of X-rays. Thus 1),. without the 


sereen $, and I with the screen, can be found, and from i= «Ad, 
0 
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can be found. In cases where the scattering of the X-rays by the 
medium (p. 471)-is considerable, this must be determined and allowed 
for in determining the true absorption coeflicient. 

Characteristic X-rays.—It was found by Barkla and Sadler’ that 
most substances emit one or more kinds of homogeneous secondary 
X-rays, the character of which depends only upon the nature of the 
substance and not upon the quality of the primary rays. But in order 
to produce any characteristic X-ray, the primary X-rays must be at 
least as hard as the characteristic X-rays produced. Moreover, the 
characteristic X-rays can be used as primary rays to produce other 
characteristic X-rays of less penetrability. 

The property of X-rays by which they are classified is their 
absorbability in different materials, A better measure of the quality 
of the rays than the absorption coefficient is the ratio of absorption 


Y 
coetticient to density of the material (-) which is called the mass. 
p 


absorption coefficient. Since the amount of absorption depends upon 
the mass of material traversed, the absorption per centimetre of path 
traversed varies greatly for different materials, even when the same 
quality of X-ray is used. If the absorption were strictly propor- 


tional to the density, . would be constant for all materials, but 


it is found to increase with the atomic weight of the absorbing 
material. 

Barkla,’ using absorbing screens of aluminium, measured the mass- 
absorption coefficient for the characteristic X-rays arising from a 
variety of substances when placed in a beam of X-rays. The character- 
istic X-rays were found to group themselves in two distinct series, 
and for some substances (Ag, Sb, I and Ba) radiations belonging to 
both series are emitted. Barkla called these the series K and series L . 
fluorescent radiations. For any one material, the series K radiation ~ 
is roughly 300 times as penetrating as the series L radiation. On 


plotting 2 for the rays in aluminium against the atomic weight 
of the elements, two regular curves are obtained, one for each series. 
It is better, however, to plot log i against the atomic weight, when 
the two series are represented by lines which are very nearly straight. 
Tf the logarithm of atomic weight as well as of — is taken, the lines 


are still more nearly straight (Fig. 419). 
The series L radiations from the elements of atomic weight below 
that of calcium are so soft that they are difficult to observe, owing 


1 C0, G. Barkla and C. A. Sadler, Phil. Mag., 16, p. 550, Oct. 1908. 
2? 0, G. Barkla, Phil. ates xxii. p. 396. 1911. 
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to their absorbability by air. ‘The series K radiations from the 
elements of higher atomic weight, could not, at the time of the original 
experiments, be produced, as sufliciently hard X-rays to excite them 
were then not obtainable. The list has since been considerably 
extended by using the y rays from radioactive materials (p. 519), 
which are of the nature of extremely hard X-rays, to produce the 
characteristic radiations. Barkla suggested that there might be series 
M radiations, less penetrable than the L radiations, and J radiations, 
more penetrable than those of series K, The series radiations from 


Logig ( 'p) 


Log;g Atomic Weight 


Fia. 419, 


several materials of high atomic weight have been found, but there 
is little doubt that the series J radiations have no existence. The K 
series is row known to consist of 4 lines, and the L series of several 
groups of lines. . 

_ Whiddington' found a relation between the atomic weights of the 
elements and the penetrating power of their characteristic X-rays. 
Tf an element whose atomic weight is A, has a series K radiation 


1 R. Whiddington, Nature, p. 143, Nov. 30, 1911. 
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of the same penetrating power as the series L radiation of an element 
of atomic weight A,, then— 


Ax = $(A, — ¢), 
where c is a constant whose value has been found to be nearly 48. 
*, Ax = 4(A, — 48). 
Thus the series K radiation of bromine (at. wt. = 80) has the same 
penetrating power as the series L radiation of bismuth (at. wt. = 208). 
Whiddington’ has also measured the minimum velocity of the 
cathode rays required for the production of rays of the hardness of 


any given characteristic ray, and found it to be proportional to the 
atomic weight of the element, for the series K radiation— 


Vx =A. 10% cm. per sec., 
and for the series L— 
V, = 4(A — 48). 10° cm. per sec., 


where A is the atomic weight of the element. These relations are 
now given in the more convenient form2 V, = 2(N — 2)10* and 
, = (N — 15)10°, where N is the atomic number. 

It was shown by Kaye ® that characteristic X-rays can be excited 
in a material by direct bombardment by cathode rays. On using 
the material as target for the cathode rays, and employing a screen 
of the same material in the path of the X-rays, the other rays present 
are either absorbed or converted into X-ray characteristic of the 
material, and an intense beam consisting almost entirely of the 
characteristic X-rays is obtained. The velocity of the cathode rays 
must be sufficiently high to excite the particular characteristic X-rays 
in the material. 

Interference and Reflection of X-rays-—That X-rays consist of 
an electromagnetic disturbance travelling outwards has been believed 
for some time, but whether they consist of single impulses or of 
a train of impulses constituting light of very short wave-length 
was difficult to determine. They had resisted all attempts to reflect 
them or to produce interference, until the suggestion of Prof. Laue* 
that the atomic structure of crystals might form a sufficiently fine 
diffraction ‘“ grating” for this purpose. Friedrich and Knipping® 
placed crystals of copper sulphate, rock salt, diamond, or zine blend 
in the path of a fine beam of X-rays, the transmitted beam falling 
upon a photographic plate. In addition to the central spot, a diffrac- 
tion pattern was observed in each case, the positions of the spots 


1 R. Whiddington, Proc. Roy. Soc., A, 85, p. 323. 1911. 

2 R. Whiddington, Phil. Mag., 39, p. 694. 1920. 

3G. W. C. Kaye. Phil. Trans. Roy. Soc., A, 208, p. 123. 1908, 

4M. Laue, Rhys. Zeitcher., 14, p. 421. 1913. 

5 W. Friedrich, P. Knipping, and M. Laue, Le Radiwm, 10, p. 47. 1918. 
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being in accordance with Laue’s theory. Fig. 420 shows one of their 
photographs for zine blend. 

The mathematical treatment by Laue of the diffraction of a beam 
of X-rays by the atoms constituting a crystal is very complex, but the 


From “ X-rays,” by G. W. C. Kaye. 
Fia, 420, 

method of Sir W. H. Bragg and Prof. W. L. Bragg! has introduced 
a great simplification. If an advancing wave front AB (Fig. 421) 
meets a plane CD in which particles are distributed, each particle 
may be considered as the origin of 
a spherical wave, which arises when 
the wave front AB reaches the 
particle. As in Huyghen’s con- 
struction, the spherical wavelet from 
C has spread to E at the instant 
that the incident wave front has 
reached D, and the wavelets from 
intermediate particles will at this 
instant touch the plane DE, which Fig. 421. 

is thus, the reflected wave front, The ordinary laws of reflection 
are obeyed. The regularity of distribution of the atoms in a crystal 
supplies many planes in’ various directions, in which the density of 
distribution of the atoms is sufficient to produce reflection. But the 
intensity of the reflected beam will depend upon the richness of the 
plane in atoms, and this will vary with the direction in which 


1 W. H. Bragg and W. L. Bragg, “ X-rays and Crystal Structure,” 
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the plane is taken. Thus reflection will take place more readily in 
some directions than in others. 

Another consideration affects the intensity of the reflected beam in 
any given direction. The crystal is a collection of atoms arranged in 
three dimensions, and as the beam of X-rays penetrates further and 
further into it, reflection takes place from successive planes, and the 
intensity of the resultant reflected beam depends upon the relative 
phases of vibration in the wave fronts reflected from successive layers 
in the crystal. If AB (Fig. 422) is an advancing wave front meeting 
a reflecting plane at B and successive planes at C and E, the waves 
reflected by the planes will all travel in the direction EFG. If these 
reflected waves are all in the same phase, there will be intense reflection 
in the direction EFG; but if not, the reflected waves from any one 
plane will be opposite in phase to that from some plane lying deeper 
in the crystal, and the interference arising will cause feeble or zero 
reflection, For the reflected waves to be all in phase, the difference of 


Fig. 422. 


path between the reflected wave from any one layer and that from the 
next must be an exact wave-length, or multiple of a wave-length, for 
the radiation employed. 


Thus— KL+ LF — HF =), or nd. 


Produce KL to N making LN = KL = LF, and draw FM perpen- 
dicular to LN. 


Then, KL + LF = KN 
and, KM = HE 
“. difference of path = MN 

= FN sin 0. 


But FN = 2d, where d is the perpendicular distance between the 
planes of atoms, | 
.. 2d sin 6 = nd 
for intense reflection. m may have any integral value, so that intense 
reflection may occur for different reflecting angles given by 

2d sin 0, = X 
2d sin 6, = 2X 
2d sin 6, = 3A, ete. 


“7 
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On allowing a homogeneous beam of X-rays to fall at a glancing 
angle upon a face of a erystal, there is in’ general no reflected be am, 
but on rotating the crystal slowly, it is found that for certain angles, 
6,, 62, and 6, a reflected beam may be found. The ratio 


A/d = 2 sin 0, = sin 0, = 3 sin 9, etc., 


from which the value of X can be found if d be known, or d found if X 
be known. By turning the crystal so that a new face is employed, 


a new value of q is obtained. It should be remembered that the 


reflection does not occur at the face of the crystal, but at the planes at 
various depths which are parallel 
to the face, in which the atoms are 
thickly distributed. In fact, the 
parallel planes used for producing 
may not have any external face of 
the crystal corresponding to them. 

X-ray Spectrometer.—For the 
measurement of the intensity of the 
reflected beam in various directions 
the X-ray spectrometer, similar in 
form to the ordinary optical spec- 
trometer, is employed. Bragg’s X- 
ray spectrometer is illustrated in 
Fig. 423. The incident beam of 
X-rays from the target A is limited 
by the slit in a metal screen B, the 
second slit B’ being employed when 
necessary. The reflecting crystal C 
is mounted in wax upon the table 
which rotates about a vertical axis, 
its position being determined by the 
vernier V. An arm JD, rotating 
about the same axis as the table, 
carries the ionisation chamber HE, the 
position of which is determined by a Pea vernier. A thin aluminium 
window admits the reflected beam, and an adjustable slit F limits the 
width of the beam when desired. The chamber itself is insulated and 
raised to a high potential by a battery of cells, and the electrode inside 
it is connected to the gold leaf of a tilted electroscope (p. 510), so that 
the motion of the leaf is a measure of the ionisation in the chamber, 
and consequently of the intensity of the reflected X-ray beam. In 
order to absorb completely the entering X-rays, the chamber is usually 
filled with SO,, since the absorption is Shen about ten times as great 
as when air fills the chamber. When highly penetrating X-rays are 
being used, methyl bromide is employed. 


Fia. 423. 
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The procedure adopted is to start with glancing angle and allow 

the X-rays to be reflected and enter the chamber for a few seconds, the 
electrode in the chamber having been previously earthed. The travel 
of the leaf of electroscope is then a measure of the intensity of the 
reflected rays. The angle is now increased and the experiment 
repeated, it being necessary in many cases to rotate the crystal 
through half the angle turned through by the chamber. The intensity 
of ionisation is then plotted 
against the angle, and a curve 
such as that in Fig. 424 is ob- 
tained, The maxima A, and B, 
correspond to two characteristic 
radiations in the incident beam, 
which arise from a rhodium anti- 
cathode, the’ reflecting crystal 
being sodium chloride. The 
maxima A,B, and A,B, are produced by second and third order 
reflections. Such a curve is called an X-ray spectrum.. The maxima 
A,, A,, and A, occur at angles which are nearly 11°8°, 234°, and 36°, 


sin 11°8° : sin 234° : sin 36° = 0:204 : 0°40 : 0°63 = 1; 2: 3 nearly, 
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Wave-length of X-rays and Crystal Structure.—Only the simplest 
case worked out by Bragg can be given here, namely, that of the case 
of the halogen salts, which crystallise on the cubic system. This 

served, however, to esta- 

blish the dimensions of 

A the crystalline structure 

(d) and the wave-length 

of certain characteristic 

d, X-rays (A), but once these 

quantities are known in 

Ze absolute measure incertain- 

ase cases, their values for other 

cases can be found by 
comparison, : 

The simplest of all 

Fra. 495, arrangements for the 

; atoms composing a crystal 

of the cubic system is that in which one atom is situated at each 

corner of a cube (Fig. 425). This structure repeated in all directions 

is called a space-lattice, and in this simple case there are three 

systems of planes rich in atoms, which may be easily recognised. The 

planes such as ABCD and EFGH, being separated by the side of the 

cube, their separation shall be called d,. Again, planes parallel to 
d, 


J 


AEGC are separated by distances d, = 


The third sets of planes 


Lo] 
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are parallel to ACF, whose perpendicular distance from B is d;. Now 
triangle ABK is drawn in true shape in Fig, 425 (ii), from which it will 
be seen that— 


is 
df 1 + d,? 
ek J 
Vv a2 4% 
Bei Whe 
/2 d, 3 
eit 2, 
J 
deat... 1 a 
. op ek | . )) 5s 
oe a aed eK De als 


Bragg found for a given crystal of potassium chloride, turned in 
such directions that the three respective planes were used to reflect 
the X-rays, the values 5-22°, 7°30°, and 9-05° for the respective primary 
reflections. 


: er sin. G 
Then, since 4= 
1 ee 
ae Teer ‘22° > sin 7°30° : si “KO 
ied sin 5:2 sin 7'30° : sin 9°05 


= 0:0910.: 0:1272 : 0:1570 
Pe foe 4/3 
which justifies the assumption as to the simple cubic lattice in this 
case. 

The case of sodium chloride is not so simple, but the complication 
may be accounted for by assuming the atoms of each kind to be 
distributed upon a centre-faced space lattice, the two sets of lattices 

being interspaced, so that along any line the atoms of the two kinds 
alternate. Following Bragg’s notation, if the black dots in Fig. 426 
denote sodium atoms and ihe circles chlorine atoms, each set foruis a 


lattice with an atom at each ae of a cube and one in the centre of 


each face, If d, = sy dy, ale, and both these planes contain 


. V2 

atoms of both kinds. “a the planes parallel to ACF pass alternately 
through atoms, first of one kind and then through atoms of the other, 
4 so ~ the distance between planes containing the same kind of atom 


ba instead of 8 


aE REY 


Where the atoms are of very different 
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masses, as for Na (23) and Ci (35:5), the scattering of the X-rays by 
them will be of different intensities, and if the reflected waves from 
these atoms are of opposite phase they will partly destroy each other, 
but not quite, in the first order reflection. In the second order reflec- 
tion the difference of path will be a whole wave-length, and the parts 
reflected from consecutive planes will help each other. This fluctuation 
in intensity was observed, and justified the assumption made as to the 
distribution of the atoms. In the case of KCl the atoms are of so 
nearly the same mass that for diffraction purposes they may be con- 
sidered alike, and complete inter- 
ference occurs at the odd order 
reflections. The system then re- 
duces to the simple space lattice 
of Fig. 425, the atoms being con- 
sidered to be all alike. 

On examining the smaller cubes 
of Fig. 426, it will be seen that 
each atom lies at the junction of 
eight cubes, and that each cube has 
eight atoms, one at each corner, 
so that in the whole structure, 
imagined to be continued inde- 
finitely in all directions, there is 

Fra. 426. one atom per cube, or half a 
molecule per cube. 

The mass of each cube is therefore 4Mm, where m is the mass of 
an atom of hydrogen, or 164 x 10-*% gramme, and M the molecular 
weight of the salt. , 

In the case of NaCl, M = 59:5 

*, mass of each cube = 3 x 59:5 x 1:64 x 10, 
and the density of NaCl being 2:17, 
mass = density x volume 
oe OOO XK L64 XK 10g ea ty ae 
J. d= 28 <1 Oss ony 

Again, for the X-rays used, the glancing angle for the first line in 

the case of NaCl is 118°, and 2d sin 0, = A (p. 492). 
= 2 x 2:81 x 107° x 0:204 
Sel bi LOmrem: 

X-ray Spectra and Atomic Number.—A comprehensive study of 
the spectra produced by the reflection of X-rays at the surfaces of a 
crystal of potassium ferrocyanide was made by Moseley.1 He used 
the metal, whose radiations were to be examined, as the target in the 
X-ray tube, in the manner suggested by Kaye (p. 490). The metals 


1H, G. J. Moseley, Phil. Mag., 26, p. 1024, 1913; and 27, p. 703, 1914, 
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were mounted upon a carrier, which could be moved along so that each 
metal in turn could be used as target, thus obviating the necessity of 
exhausting the tube for the employment of each metal. Great care 
was taken in measuring the glancing angles with accuracy, a spectro- 
meter being modified for the purpose. The reflected rays fell upon a 
photographic plate calibrated by check observations. Owing to the 
variable penetrability of the different X-rays used, the aluminium 
window by which the rays escaped from the tube, when hard rays are 
examined, was replaced by a window of varnished gold-beater’s skin 


Atomic Number 


W Frequency 


Fig. 427. 


for the examination of the soft rays, and, in addition, the chamber 
containing the photographic plate was exhausted to reduce absorption 
by the air. 

‘ Characteristic radiations from metals, varying from aluminium to 
gold, were examined, and the series has since been extended by later 
workers with results concordant with the earlier results. It was. 
found by Moseley that the spectra from the metals from aluminium to 


_ silver consisted of two lines belonging to the series K, the stronger 


(Ko) having a greater wave-length than the weaker (Kf), but the. 
2K 
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lines form a continuous series. On plotting the square root of the 
frequency of the radiation against the atomic weight of the element, a 
line, nearly straight, was obtained for each series. But on employing 
the number of the element in the periodic table, instead of the atomic 
weight, the lines became almost exactly straight, as shown in Fig, 427. 
On using the metals zirconium to gold, it was found that the series L 
radiations each consisted of a series represented by five lines (La, Lf, 
etc.), but the same linear relation exists. For each series an equation 
vy = a(N — 6) is found to fit the experimental results, v being the 
frequency of the characteristic radiation, and N a number which 
represents the position of the element in the periodic table, and called 
by Moseley the atomic number of the element. There are three excep- 
tions to the position in the periodic table being given by the atomic 
number, namely, in the cases of argon, cobalt, and tellurium, but the 
new arrangement places these elements in a position corresponding to 
their chemical properties. 

For the series Ka, b = 1, and for the series La, 6 = 7:4, which 
indicates a regular progression in the character of the emission with 
increase in atomic number, From the value of the constant a Moseley 
showed that the results are consistent with the fact, known from other 
considerations, that N is the number of positive units of electric charge 
in the atomic nucleus, the positive unit being the amount which, with 
one electron, gives a neutral body. Thus the atomic number of 
hydrogen is 1, helium 2, lithium 3, etc., ending with uranium 92. 

Canal Rays.—In the cathode dark space, negative ions or cor- 
puscles are driven away from the cathode with a velocity of the order 
of 10° cms. per second (p. 473). If, then, there are positive ions in 
the cathode dark space we should expect that they would be driven 
towards the cathode, but since they meet the cathode itself they 
would be undetected. The faint glow at the surface of the cathode is 
due to these positive ions, and, further, these rays carrying a positive 
charge have been noticed by Perrin (p. 469). If, however, the — 
cathode consist of a thin sheet with perforations in it, the positive ions 
might then pass through these spaces and give rise to streams behind 
the cathode. Goldstein! observed such rays and called them “ Kanal- 
strahlen,” or Canal Rays. ‘They can produce phosphorescence, and 
are deflected in a magnetic field, but the deflection is much less than 
in the case of the cathode rays. 

Using the method of the combined magnetic and electrostatic 


fields (p. 472), W. Wien ® determined the values of and v, and found 


that - = 1:3 x 107%, and v = 3°6 x 10’ cm. per second. The mag- 
netic deflection is much more difficult to obtain than in the case of the 


1 Goldstein, Berl. Sitz. Ber., p. 691. 1886. 
2 W. Wien, Wied, Ann., 65, p. 440. 1898, 
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cathode rays, and much stronger fields were used. The ‘eed is 


only about ;4; of that of the cathode rays, while the value of — is 


100 
of the order * that of the hydrogen atom dealt with in Seabrateeu: 


The value of — - is not so constant as in the case of the cathode rays, 


but the smallest value found is 1°3 x 107%. 

Positive Ray Analysis.—The steams of positively charged bodies 
first noticed in the case of the canal rays (p. 498) and afterwards in 
the a-rays from radioactive substances (p. 513) are usually grouped 
under the name of positive rays, which 
name indicates the nature of the electric EH 
charge carried by them. ‘The positive 
rays in the discharge tube are of a com- 
plex nature. By using large vacuum il 
vessels so that the discharge could be 
obtained at very high p.d. without 
injuring the tube, Sir J. J. Thomson? fe) x 
found the existence of positive rays 
whose nature depended upon the gas 
present in the tube. y 

The method employed was that of 
the application of an electric and 
a magnetic field coincident in position and direction. In Fig. 428 
consider the electric and magnetic fields to be both parallel to the 
axis OZ, and the particle to be moving with velocity v parallel to OX, 


Fid, 428, 


The v = = and the force on the particle due to the magnetic field is 
Hew (p. 472) and acts in the direction OY. The acceleration of the 


dl? 
particle in this direction being as 


d’y 
ma =eHv 
da 
ia 


Tnttevctiog with ae to t, we have, 


‘ Bale Hu = I eHdz 
an _ dy 1 ly 


eu, Pda. di. de 
ci uae = ji eHda 
da 0 


1 J, J, Thomson, Phil. Mag., 21, p. 225. 1911, 
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If y is the displacement after traversing a distance / in the field, so 


that « = l, 
‘fe 0 
moy = he eHd«x \dx 
JoJo 


Then integrating by parts, 


[ ( [ettae ae — [=] [ entas - [vettae 


0- 0 


1 
= e| (1 — «)Hda 
0 


If now A= | (1-2)Hdu, A depends only upon the distribution of 
the magnetic field and the path of the particles in the field, 


and, moy = eA 
e 4 : 
or, Yee A. » 34 re 


In order to find the deflection of the particle due to the electric 
field of strength HE, note that the force on the particle is eH. 
az 
re na eH 
dz dz dx dz 
dt dx dt ‘dae 
Pz de dx , dv dz 
dé "da? dt ' dt ‘dx 
dz 


=> 


dx?’ 


Now, 


neglecting the term in - , Since the change in velocity is negligible to 


a first order of accuracy for small displacements, 


pee ef Eda 
da é 


Tt 7) 
muvee = e€ | ( | Ede aw 
o/ 0 
= eB 


where B depends only on the distribution of electric field along the 
path of the particle, 


‘Bois 
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From equations (i) and (ii) 


Yon. Z. ek ss fil) 
2 A? 

and, ah ee os et» (tx) 
zs m B 


If a photographic plate be placed to receive the particles, the plate 
will be affected where the particles strike it. Any particle which is 
neutral as regards electric charge 
will not be deviated by the 
electric and magnetic fields, and 
will produce a spot upon the 
plate which marks the original 
direction of motion of the par- 
ticles. After exposing and 
developing the plate it may be 
placed in the position shown in 
Fig. 429, so that the axis Oy is 
parallel to the displacement due 
to the magnetic field, and Oz 
parallel to that due to the 
electric field. A straight line 
such as OG passing through the Fia, 429, 
origin is the locus of the points 
of striking of all particles having some particular velocity, for 


y 


= = constant, and from equation (iii) above this corresponds to a 
2 


constant value of v,for A and B are the same for all the particles. On 
the other hand, the points on the plate produced by particles having 


Fig. 430. 


; . 2 
the same value of ©, will be upon parabolas i= constant, from 


equation (iv). A med 

The apparatus used by Sir J. J. Thomson is illustrated in Fig. 430. 
B is a large bulb in which a sufficiently high vacuum to use very high 
- potentials for the production of the positive rays can be maintained. 
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The cathode is an iron tube A having a very fine axial channel, and the 
electromagnet M supplies the magnetic field. The surface layers of 
the poles of M are insulated and on being connected to a battery 
produce the electric field. The fine beam of positive rays subjected to 
the combined effects of the two fields falls on the photographie plate or 
other receiving apparatus F’. 

Mass Spectra.—Very great increase in the sensitiveness of the 
method of positive ray analysis, and in the ease of interpreting the 
results, has been attained by Aston,’ by means of his mass spectrograph. 
The positive streams do not pass through the fields simultaneously, but 
first through the electric field and afterwards through the magnetic 
field. The former produces a dispersion, which is annulled by the 
subsequent passage through the magnetic field. 

The parallel slits A and B (Fig. 431) reduce the stream of positive 


Fig, 431. 


rays to a very thin beam which enters the electric fields between the 
plates C and D, slightly inclined to the beam. For simplicity the beam 
may be considered to undergo a bending @ and a dispersion 60 on 
arriving at the point E. From equation (11), p. 500, the displacement 
of the particle being z, if its length of path in the field is J, then 


ee hea. al 
pease eC 
ay ee 
mv 


where C depends upon the distribution of electric field only, and is the 
same for all the particles. 


1B. W. Aston, Phil. Mag., 38, p. 709. 1919. 
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Similarly the bending ¢ of the beam in the magnetic field is given 


by 
oe rig 
v 


dé , are 
pd ee eee 
tM dv i m v 
lag 
v 
d6  2dv 
eae 
‘hae dp . dv 
Similarly, re + ao 0 
and on combining these two equations we have 
dé 2d 
Bia ep 


provided that < is constant. 


The width of the beam at the point O, whose distance from E is 
equal to a, is ad@ ; and if the beam had travelled a further distance b 
without meeting the magnetic field the width of the beam would have 
been (a + b)d6. But if this divergence is annulled by the magnetic 
field, so that the beam comes to a focus at F, where OF = b, 


(a + b)d6 = b- dd 


a+b _dp_¢ 
yh bl dé 28 
and, b(d — 20) =-a- 20 


On placing the photographic plate in the position HF in the line 
EPP, the position of the image at F is fixed. EF is parallel to OG, 
making $ = 26. 

The, image produced in the direction OG would be at infinity, for 
b 20 


a »— 20 
and b = when ¢ = 290. 


For ¢ = 40, b = a, which would give a focus on*HF, 
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With the small values of ¢ and @ employed, the images for beams 


of rays having different values of * are in focus upon the plate. Also 
m 


ay ; ‘ : 
the ratios m for the particles are proportional to the distances of the 


images from some “ fiducial spot” which is never far from P. 
In practice the deductions are entirely empirical, the positions of 
the images for substances known to be present serving to fix the values 


of Es for the other substances. 
e 


In Fig. 432 various mass spectra are shown. The lines for carbon 
(atomic weight 12), oxygen (16), CO (28), and CO, (55) serve to fix 
the scale for the other lines. The series C (12), CH (13), CH, (14), 
CH, (15), and CH, (16) are clearly shown in spectrum V. With 
argon (40) present, the line is clearly marked in VI, and the second and 
third order lines (A ++) and (A +++), that is, the argon atom with 
two and three electronic positive charges are seen as 20 and 13°3 in V. 
The atomic weight of neon is 20°20, and with this gas the lines 20 
and 22 are obtained (spectrum I), the 20 line being the more intense. 
This indicates that ordinary neon is a mixture of two constituents of 
atomic weights, 20 and 22, present in the proportion 9: 1, which gives 
the average atomic weight 20-20. 

Substances such as the two constituents of neon which have identical 
chemical properties, but different atomic weights, are called isotopes, 
It is now recognised that isotopes have the same atomic number and 
the same electric charge in the nucleus of the atom (p. 534). The 
isotopes of any substance, owing to their identical chemical properties, 
cannot be separated by any chemical means, Aston has shown that in 
the case of elements whose atomic weight is a fractional quantity, 
the ordinary substance is a mixture of two or more isotopes whose 
atomic weights are whole numbers, that of oxygen being taken as 16, | 
This is very well illustrated in the case of chlorine, whose atomic weight 
is 35°46. Inspectrum III, four lines, 35, 36, 37 and 38, are seen. The 
lines 36 and 38 correspond to HCl and do not give second order lines, 
since a molecule does not, as a rule, acquire two fundamental units of 
positive charge. The chlorine atoms, however, do acquire two units of 
charge, as shown by the second order lines 17:5 and 18°5 in spectrum IT. 
The lines 63 and 65 in spectrum IV are for COCI, and are further 
evidence of the presence of the two isotopes 35 and 37 of chlorine. 
Krypton, whose atomic weight is 82°92, is found to consist of 5 isotopes, 
80, 82, 83, 84,and 86, with a possible sixth (78) as seen in spectrum VITI. 
A list of elements with their isotopes is given on p, 506, from which it 
may be concluded that all the elementary substances whose atomic 
weights are not whole numbers are mixtures of isotopes, the atomic 
weights of which are whole numbers differing in most cases by 2. 
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List or ELemMENnts AND THEIR IsoropEs, AFTER AsToN.! 
Atomic Minimum Masses of Isotopes in 
number. raat peri order of denny. 
H 1 1:008 1 1-008 
He 2 8:99 a 4 
Li 3 6:94 2 Tig 
Be 4 9-1 al 9 
B 5 10:9 2 11, 10 
C 6 12:00 1 12 
N 7 14:01 1 14 
O 8 16:00 al 16 
F 9 19-00 il 19 
Ne 10 20°20 2 20, 22, (21) 
Na 11 23-00 if 23 
Mg 12 24°32 3 24, 25, 26 
Si 14 28°3 2 28, 29, (30) 
1g 15 31:04 1 81 
Ss 16 32:06 ib 32 
Cl 17 35-46 2 35, 87, (39) 
A 18 39:88 (2) 40, 36 
K 19 39:10 2 39, 41 
Ca 20 40:07 (2) (40, 44) 
Sc 21 45:1 1 45 
Ti 22 48-1 il 48 
V 23 51:0 1 51 
Cr 24 52:0 1 52 
Mn 25 54:93 1 55 
Co 27 58:97 1 59 
Ni 28 58°68 2 58, 60 
Cu 29 63°57 2 63, 65 
Zn 30 65:37 (4) (64, 66, 68, 70) 
Ga 31 69°72 2 69, 71 
Ge 32 72°5 3 74, 72, 70 
As 33 74:96 ab 75 
Br 35 79:92 2 79, 81 
Kr 36 82:92 6 84, 86, 82, 83, 80, 78 
Rb 37 85°45 2 85, 87 
Sr 38 87°63 il 88 
NG 39 88:9 if 89 
Ag 47 107°88 2 107, 109 
I 53 126°92 1 127 
; 129, 132, 181, 134, 136, 
Xe 54 130°2 5 (7) { (ias) (1309) 
Cs 55 132°81 ay 133 
Hg 80 200°6 (6) (197-200), 202, 204 


Ionisation by Collision.—Many facts point to the conclusion that 
the ions which take part in the passage of currents through gases are 
to a large extent produced by the impact of ions already present, with 


1 FB. W. Aston Proc. Phys. Soc., xxxiv. p. 197, 1922, and Nature, 112, p. 449, 


1923. 
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the neutral atoms of the gas. An examination of the curve in Fig. 413 
shows that when a certain electrical intensity of the field is reached, 
a large and rapid increase in the current takes place, and it is reason- 
able to suppose that this happens when the velocity of the ions due to 
the electric field is sufficient for them to ionise the neutral molecules 
of the gas on impact. The conditions for this to take place are com- 
plicated ; at high pressures the collisions are so frequent that the ion 
will not have acquired a sufficient velocity before impact to enable it 
to produce ionisation, but on the other hand, if the potential gradient 
be very great, a much shorter path is required for this critical velocity 
to be produced. This is in accordance with the fact that at high 
pressures a much greater potential difference is required to produce 
a spark than at low pressures, the length of spark gap remaining the 
same. 

If / be the mean length of path of the ion between collisions, 


ey 2 
eHl = im. wv’, 


since the work done on the ion by the electrical intensity E is equal to 
the kinetic energy acquired by the ion, We therefore see that the 
negative ion, having a much smaller mass than the positive ion, will 
acquire the ionising velocity in a much shorter path than the heavy 
positive ion, and therefore at the beginning of the discharge the 
negative ions will be the more important in producing ionisation. But 
the phenomenon is complicated by the fact that the positive ion may 
not require the same velocity to produce ionisation as the negative ion, 
and, further, since it is the larger, its collisions will be more frequent, 
and also the collisions do not take place under the same conditions. It 
-is certain, however, that the ionising property is more nearly related 
to the velocity than to the kinetic energy, since experiment is in accord 
with the fact that the initial stages of the spark are determined by 
the negative and not the positive ions. 

Process of Electric Discharge.—The process of the electric discharge 
may now be accounted for on the theory of ionisation by collision, 
When there is an electric field in the gas between two conductors, 
the current will be infinitesimal (although never actually zero), unless 
ions are produced by some external cause, such as Réntgen rays 
or ultra-violet light. When, however, the electric intensity reaches 
a certain value, any ions in the gas will acquire a velocity sufficient 
to produce ionisation by collision. A few ions are always present, 
for no gas is a perfect insulator. C. T. R. Wilson’ found that at 
the atmospheric pressure, the rate of leakage of charge from a body 
in an inclosed space is 10~‘v electrostatic units per second, where v is 
the volume in cubic centimetres of the enclosure. When the electric 
intensity reaches such a value that ionisation by collision begins, the 


'. 19. S. Townsend, ‘‘ The Theory of Ionization of Gases by Collision.”’ 
2 C. T, R, Wilson, Proc. Roy. Soc., 68, p. 151, 1901. 
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number of ions present will rapidly increase, and it is found that a 
very much smaller electric intensity is required to maintain the current 
in the gas than to start it. 

Prof. Townsend * found in one case, with air at 4°31 mm. pressure, 
between parallel electrodes 8 mm. apart, that the gas acted as an 
insulator when the difference of potential between the plates was 601 
volts, but on increasing this to 603 volts a current of 0°:0052 ampere 
passed between the electrodes, the difference of potential between 
which dropped to 350 volts. 

The lag in the establishment of the spark that has been noticed by 
many observers is also accounted for, the gas acting as insulator, for a 
very short time, to an electromotive force which would produce the 
discharge if continuously applied. The setting up of the steady con- 
dition of ionisation requires time, since the initial number of ions 
present in the gas is exceedingly small. 


1 J. S. Townsend, Phil. Mag., 8, p. 788. 1904, 


CHAPTER XVI 
RADIOACTIVITY 


Becquerel Rays.—While investigating the relation between phos- 
phorescence and the production of rays able to produce a photographic 
effect after transmission through opaque material, Becquerel’ found, 
that in the case of the double sulphate of uranium and potassium, a 
photographic effect was produced even when the salt had not been 
exposed to sunlight. In fact, it was subsequently found that the effect 
is the same after keeping the salt in a light-tight lead box for several 
years, or on dissolving it in water in the dark and recrystallising it, 
still in the dark; and further, that the photographic effect is produced 
by the uranium, whatever the nature of the chemical combination in 
which it exists. 

The photographic effect is of a similar nature to that) produced by 
the Réntgen rays, but is very much feebler than the effect produced 
by an ordinary X-ray tube. Whereas an exposure of a few seconds 
to Réntgen rays will produce a considerable photographic effect on an 
ordinary sensitive plate, several days’ exposure is necessary in the case 
of uranium. 

Other substances have been found to emit rays similar to those 
emitted by uranium, and the name of Becquerel rays has been given 
to them; but, owing to the complexity of these rays, other names 
for the several constituents have replaced the original name for 
general use, 

Ionisation—The Becquerel rays possess the power of rendering the 
~ gas through which they pass conducting. Thus if the uranium salt be 
spread upon the plate A (Fig. 433) parallel to the plate B, which latter 
is in connection with the gold leaf of an electroscope, the charge given 
to the electroscope will leak away, owing to the gas between A and B 
being a conductor, and the rate of leak is a measure of the ionising 
power of the substance spread upon A. This form of the electroscope 
was used by M. and Mme. Curie in many of their investigations. 

Another extremely useful form of electroscope for the measurement 
of the ionisation produced by radioactive substances is due to C. T. R. 


1H, Becquerel, Comptes Rendus, 122, p. 501. 1896. 
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Wilson. The rigid support B has a thin aluminium leaf A attached 
to it. When charged the leaf stands as shown in Fig. 434, its 
motion, as observed by a telescope with a transparent scale in the 
eyepiece, or by comparison with the reflected image of a linear scale, 
is a measure of the conductivity of the gas within the cubical brass 
vessel. In order to obtain good insulation, B ends in a metal block, C, 


Fig. 433. 


Fig. 434, Fra. 485. 


carried by a tube of fused quartz, D, fixed by shellac to the brass tube 
K. This is supported by an ebonite bush, F, in the upper and lower 
faces of which annular slots are turned and filled with sulphur to 
prevent leakage over the faces. In order to charge the leaf, the brass 
rod which carries the termina) J at its upper end and the light rod G 
at its lower end, is depressed until G touches C, and the charge is 
then given to the leaf. On releasing the rod, the spring H raises it, 
and B and A are again insulated. The lower window K_ is covered 


with a layer of thin tissue paper to exclude draughts, and the radio- 


. 
| 


XVI. IONISATION 511 


active material is placed below it, the rays which produce ionisation 
thus entering the chamber of the electroscope. 

A more sensitive arrangement has also been devised by C, T. R. 
Wilson,’ in which the gold leaf L (Fig. 435) is attracted by the plate 
P, which is charged to a constant potential of about 200 volts. The best 
form of the instrument, and the conditions for satisfactory working, 
have been found by G. W. C, Kaye.*? The gold leaf is first connected to 
the brass case, and the instrument tilted until the leaf is in the field of 
the observing microscope. The sensitiveness of the instrument can be . 
altered by varying its tilt, and also the distance of the earthed plate 
P from the gold leaf, by means of the micrometer screw M, the 
maximum sensitiveness occurring when the leaf approaches instability 
owing to its proximity to the plate. The leaf is then connected by 
means of the conductor C to the body whose rate of change of potential 
it is required to know. With the plate at potential 207 volts, and 
the leaf inclined at 30°, a travel of about 54 mm. was found for a 
variation in potential of the leaf of 1 volt. 

The quadrant electrometer also is extensively used for the measure- 
ment of the current in ionised 
gases. The radioactive material 
is spread upon the plate A (Fig. 
436), the parallel plate B being 
connected to one pair of quad- 
rants of the electrometer. One 
end of a battery is connected to 
A, the other end being earthed. : 

To begin with, the plate B is also Fia, 436, 

connected to earth by means of 
the key K. This is opened at a known instant, and the electrometer 
deflections observed after equal intervals of time. Then, as on p. 482, 
if ¢ is the capacity of the electrometer and the conductors connected 
with it, and 6 the deflection at any time t— 


; d 

= ch. di 
where & is the difference of potential between the quadrants for unit 

deflection, é 

By varying the electromotive force of the battery used to produce 
the current, the relation between potential difference and current can 
be obtained. This relation is similar to that obtained in the case of 
the conductivity produced by Réntgen rays; that is, the current 
increases rapidly with the difference of potential for small values but 
_ soon ceases to increase, the greatest value being the saturation current 
(Pig. 413), and this depends upon the pressure, potential gradient, and 


a 1 C. T. R. Wilson, Camb. Phil. Soc. Proc., 12, p. 185. 1903. 
pt 2G. W. C. Kaye, Proc, Phys. Soc., 23, p. 209. 1911. 
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the distance apart of the plates and the amount of radioactive material 
present. The curves, Fig. 437, given by Sir E. Rutherford show the 
relative increase in the current with potential gradient for a thin layer 
of uranium oxide upon one of a pair 


“ae PS eus: of parallel plates, when the distance 
8 s04 between the plates is 0°5 em. and 2:5 
S cm. respectively. 

.%) 


Thorium.—On searching amongst 
the other elements for the emission of 
Becquerel rays, it was found by 
Schmidt’! that in the case of thorium 
the emission was about as strong as 
in that of uranium. Thorium is largely 

used in the manufacture of the Wels- 

270 40 «60 80 we bach incandescent gas mantles, and 

Fig. 437, on laying one of these mantles flat on 

a photographic plate for about a week, 

it is found when the plate is developed that the woven pattern of the 
mantle is seen upon it. 

Radium.—On examining a number of minerals for the emission of 
Becquerel rays, or for radioactivity, as it is now called, Mme. Curie 


found, using the leakage method, certain specimens of pitchblende to — 


be more radioactive than uranium. The mineral pitchblende contains 
barium, and on separating out this substance by precipitation as the 
carbonate, it is found that the radioactivity of the precipitate is very 
great. On converting into the chloride and employing the method 
of fractional crystallisation, the parts that separated out first were 
found to be, as the process was repeated, more and more radioactive. 
M. and Mme. Curie in this way separated from the barium another 
substance of enormous radioactivity which they called radium. The 


process of separation of the radium chloride from tho ore is exceedingly — 


tedious, a ton of ore yielding only a few decigrammes of radium. 


Polonium.—-One of the processes in the separation of the metals 
in the pitchblende consists in the precipitation of the lead, antimony, — 


bismuth group by means of sulphuretted hydrogen. The deposit pro- 
duced is found to be radioactive, and a further separation showed that 


the radioactivity is associated with the bismuth. By fractional precipi- _ 


tation by diluting a solution of the nitrate, a new radioactive element 
which Mme. Curie named polonium was obtained ; whether it has been 


completely separated from bismuth is doubtful. The more readily 


precipitated part is the more active. The activity of polonium is many 
times that of uranium. It is now known that polonium is identical 
with RaF, one of the products of radium (p. 537), 


Actinium.—Another radioactive material has been obtained by — 
Debierne’ from pitchblende in association with the iron group, and | 


1G. Schmidt, Wied. Ann., 65, p. 141. 1898. 
2 A. Debierne, Comptes Rendus, 130, p. 906. 1900, 


XVI. a RAYS 513 


with difficulty separated out. It has been named actinium, and has an 
activity comparable with that of radium. 

Absorption.—a, B, y Rays. If a layer of radium bromide be 
placed in the tray (Fig. 433), and the rate of collapse of the leaves 
observed, it will be found on covering the radium with a sheet of 
tinfoil, that the rate of collapse of the leaves is very much less than 
without the tinfoil. The ionisation may be reduced to one-tenth by a 
sheet of ordinary foil. If the rays emitted by the radium are all 
of one kind, a second layer of tinfoil would produce a further pro- 
portionate reduction, and the radiation transmitted would be one- 
hundredth of the original amount. This, however, is not found to be 
the case ; the reduction produced by the second layer of foil is very 
small. Hence, there are at least two constituents in the original rays, 
one readily absorbable, and the other much less absorbable. Rutherford 
named the more absorbable rays the a rays and the more penetrable 
the f rays. 

On continuing the above experiment with more layers of tinfoil, it 
will be found that after a time the additional layers again produce less 
effect ; or if sheets of lead be used, it is found that a sheet 2 mm. thick 
produces a large reduction in the ionisation, but a second sheet of the 
same thickness does not produce nearly so great a reduction as the 
first. This is due to the fact that in addition to the a and £ rays, 
others of very much greater penetrating power are present, which 
Rutherford called the y rays. The following table is given by him ;— 


R Thickness of aluminum which | Relative 
lel reduces ionisation to one-half. | penetrating power. 
a 0:0005 cm, a 
B 0-05 cm, 100 
y 8 cms. 10,000 


The relative intensities of emission of the three kinds of rays 
cannot satisfactorily be determined, but obvious variations exist 
between the radiations from different substances. Thus the radiation 
from radium and polonium consists largely of a rays, and these take 
part in the photographic as well as the electrical effects, while in the 
ease of uranium and thorium they are comparatively feeble. It is a 
notable fact that the 8 and y rays generally occur together, their 
existenve being independent of the presence of the a rays. 

a Rays.—The ionisation produced by the rays emitted by radium 
is chiefly due to the a rays, owing to the great quantity emitted ; the 
ionisation due to the B and y rays has been noted above. 

Another property of the a rays is their power of producing 
fiuorescence ; a diamond exhibits a blue fluorescence when brought 
near a small quantity of radium bromide. Other substances, such as 

2. 


514 ELECTRICITY AND MAGNETISM CHAP. 


zine sulphide, also are caused to fluoresce by the a rays, and hence the 
spinthariscope of Sir Wm. Crookes, in which a speck of radium bromide 
is placed behind a screen on which is spread a thin layer of zinc 
sulphide, the whole being mounted in a brass tube, at the other end of 
which is a lens, placed so that an enlarged image of the screen can be 
seen. It is then observed that the fluorescence is not a uniform glow, 
but has the appearance of a shower of sparks, no two following each 
other in the same place, That the fluorescence is due to the a and not 
the £ or y rays may be proved by interposing a thin sheet of mica between 
the radium and the screen, the fluorescence then ceasing. The cause 
of the luminosity is probably the rupturing of the crystals of zine 
sulphide when struck by an a ray particle, as a similar luminosity may 
be produced by fracturing the crystals by mechanical means. 
Deflection of a Rays by Magnetic Field.—The a rays can only with 
difficulty be deflected by a magnetic field, but the fact that they can 
be deflected at all shows that they consist of 
moving charged particles, and further, the direc- 
tion of the deflection proves them to be positively 
charged. Owing to the small amount of deflec- 
tion, the method of p. 472 is not applicable. Sir 
E. Rutherford? measured the deviation in a mag- 
netic field by the method illustrated in Fig. 438. 
The radium is spread in a thin layer underneath 
a system of parallel plates, P, placed vertically and 
at known distances apart. With no magnetic 
field, the a rays pass vertically upwards between 
the plates, and passing through the extremely 
thin aluminium window A, enter the electroscope 
chamber C and cause a collapse of the leaves at 
Fic. 438. a rate which can be measured. On applying a 
magnetic field which is horizontal and parallel 
to the plane of the plate P, the a rays are deviated in such a way 
that they are driven against the plates, and will not then reach the 
chamber C, In the left-hand part of Fig. 438 the a rays are shown 
passing upwards as they do without the magnetic field being present, 
and those shown on the right hand are being deviated by the field. 
The field which just cuts off the rays from the chamber C is found, 
and then the dimensions of the spaces being known, Hr (see p. 472) is 
known. During the experiment a stream of gas passes downwards 
through the apparatus to carry away the emanation as ib is formed 
(p. 528). 
The electrostatic deviation of the a rays was found by means 
of an experiment similar to the above, but with alternate plates 
connected together, the two sets being maintained at different 
potentials. The electrical field between the plates caused the a rays 


1 KH. Rutherford, Phil. Mag., 5, p. 177. 1903. 
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to be driven against one set of plates as before, with consequent 
reduction in the rate of ionisation in C. 
By reasoning similar to that on p. 472 it was found that for the a 
rays from radium— 
v 
e 


and, — = 6 oe LO, 
m 


2°5 x 10° cm. per sec. 


which is a quantity of the order of half that for the hydrogen ion in 
electrolysis and the positive ion in the canal rays. By arranging 
that the plates P have a projecting ridge on one side at the upper 
edges in some of the experiments, so that the rays when deflected to 
this side were not allowed to pass, it was shown that the charges of 
the a particles are of positive sign, 

Absorption of a Rays.—Measurements of the absorption of a rays 
have brought to light the interesting fact that the power of producing 
ionisation possessed by them does not diminish gradually as their path 
in the absorbing medium increases ; it does not diminish at all up to 
a certain range, and then ceases abruptly. This discovery was made 
by Bragg and Kleeman,! who used a small quantity of radioactive 


Fic. 439, 


substance at A (Fig. 439), and limited the a rays to a narrow beam | 
falling upon the air situated between the gauze C and the metallic 
plate D. These are kept at constant distance apart, their distance 
from A being variable. The ionisation at any given distance is then 
measured by the rate of leak of charge between C and D when a 
constant difference of potential is maintained between them. The 
“range” of the a rays in air, that is, the distance travelled before 
their idnising power ceases, is then found by varying the distance of 
CD from A, until the rate of leak of charge is independent of the 
presence of the radioactive material. 

The layer of radioactive material at A must be very thin, or some 
of the a rays will on emergence have already passed through a layer 
of the material, and their “range” have been reduced, so that the 


1 W.H. Bragg and R. Kleeman, Pil. Mag., 10, p. 818, 1905, 
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beam is no longer homogeneous and the ceasing of the ionisation will 
not take place abruptly. The “range” for the a rays produced by 
radium is in air about 74 cms., and it is important to notice that the 
phosphorescent and photographic effect of the rays ceases at the same 
distance as their power of producing ionisation. Rutherford, by the 
method of magnetic deflection, found that the ionisation ceases when 
the velocity of the a particles falls below 1:12 x 10° ems. per second, 
Hence a rays with velocity less than this would be undetectable except 
for their charge, and thus many substances may be emitting a rays 
whose radioactivity is at present unsuspected. 

By interposing layers of different materials in the path of the a 
rays, their effect upon the “ range” was found, and the results showed 
that the stopping power of any substance is proportional to the square 
root of its molecular weight. 

Bragg and Kleeman also found that the a particle spends its 
energy in producing ionisation at a rate which is proportional to 
1/,/ V, where V is its age until near the end of its path, when 
; the drop in ionisation is rapid. The 
curve connecting ionisation and range 
is of the type shown in Fig. 440, in 
which the saturation current due to 
the ionisation produced by the a rays 
at different distances from the radia- 
ting material is shown. They also 
found that the curve representing the 
end of the range is identical for the 
a rays from all substances. If the 
curve ABCD is that for an a particle 
of range OD, then the curve BCD is 
that for an a particle of range ED. 

Range and Velocity of a Rays.— - 

Fia. 440, Geiger 1 found that a very important 
relation exists between the range of 
an a particle and its velocity of emission—that the range is proportional 
to the cube of the velocity, or, 
R= Ve, 

Taking the range in air at 15° C. and 76 cm., pressure to be 6°4 in 
the case of the a particles from RaC (p. 529), and the velocity to be 
1:92 x 10° cm. per sec., it is then possible to calculate the velocity of 
emission for the a particles emitted by any of the other substances, 
using the value for the range given in the table on p. 537. 

B Rays.—The fluorescence | produced by the 6 and y rays is brilliant 
in the case of barium platinocyanide, which is therefore a convenient 
substance for studying these rays. Many other substances exhibit 
fluorescence, the colour varying with the substance. 


1H. Geiger, Roy. Soc. Proc., A, Ixxxii. 5. 1910, 
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The absorption of the 8 rays by ordinary matter has been described 
on p. 513. They are very much more deviated in a magnetic field 
than the a rays, and in a direction which indicates that they are 
negatively charged particles. The beam of 8 rays from a specimen of 
radium bromide is not deviated uniformly in a magnetic field, but 
is spread out, indicating that the beam itself consists of particles 
in different conditions, Becquerel has made measurements upon the 
magnetic deviations in a number of cases, but the greatest interest 
attaches to some measurements of Kaufmann,! in which the velocity 


of the rays and the ratio © are obtained by causing the displacement 
m 


produced by a magnetic field, and one by an electrostatic field, to take 
place simultaneously, but in directions at right angles to each other, 
A thin beam of £ rays falls normally upon the photographic plate, 
giving rise to a small patch when there is no magnetic or electrostatic 
field, The magnetic field alone, being at right angles to the rays, 
would spread them out into a ‘‘spectrum” in a line at right angles 
to the direction of the field. The electrostatic field is in the same 
direction as the magnetic field, but since it produces a deflection in its 
own direction, this is perpendicular to that produced by the magnetic 
field. The method is similar to that of crossed spectra used in optics, 
and has already been described in connection with positive ray analysis 
(p. 499). In this way it was found that the ions have velocities much 
greater than those in the cathode rays, but that the mass varies with 
the velocity, increasing as the velocity approaches the velocity of light, 
as the following table shows :— 


Velocity. | m 
2°36 x 10'° cm. per sec, DBL 10% 
2:48 ” ” ” its ” 
2:59 ,, “A * OOT 
2°72 ” ” ” O77 ” 
2°85 +? ” ” 0 63 ” 


age e - i : P F 
The diminution of —, due to the increase in m in the ratio 
m 


(1 —v*/c’)-* when the velocity increases, is a consequence of the 
electromagnetic theory and of the theory of relativity, as we shall 
see on p. 542, where w is the velocity of the particle and c¢ that of 
light. 
The distribution of velocity among the £ particles emitted by a 
radioactive substance has also been investigated in an interesting 


1 Kaufmann, Phys, Zeitscher., 4, No. 1b, 1902. 
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manner by Rutherford and Robinson.! The source of f rays is 
placed at A (Fig. 441) under a slit S, and the rays are bent into 
circles ABC, ADC, by means of a magnetic field at right angles to the 
plane of the diagram, and fall upon a photographic plate, the vessel 
being exhausted. For £ ray particles of a particular velocity the 
circles have radii given by Her = mv (p. 472), all the £ particles 
having the same velocity and the intersection of the circles at O will 
be fairly sharply defined. For 
a wide slit, a given velocity of 
ray corresponds to a line pro- 
duced at C. For the mean circle 
ASGC, ASC is a right angle, 
and AC = 2r, the diameter of 
the circle. If AS = 2y and 
See 22, ae + ae The B 
rays from the material at A are 
therefore grouped in velocities 
on the plate, which velocities 
Fia, 441, can be found. Rutherford and 
Robinson found the f ray spectra 
so obtained to be complicated. They recognised 16 groups for the £ rays 
from Ra B, and 48 in the case of Ra C. The velocities of the former 
vary between 0°365 and 0823 of the velocity of light, and in the case 
of the latter between 0°632 and 0°986. It was also observed that the 
energy of each line is nearly an integral multiple of the common 
difference in the energies of consecutive lines. 
Charge carried by 8 Rays.—That the @ rays carry a negative 
charge has been shown by many experimenters ; notably by M. and 
B Mme. Curie,? who allowed the rays 
aB K) to fall on a plate connected to an 
USS NAS 8 cceoaeaeme and observed the 


RR WS changing deflection. The chief 
difficulty arises from the fact that 
the rays render the air surrounding 
Fra, 442, the body conducting, and they got 
over this difficulty by embedding 
the conductor P (Fig. 442), which absorbs the rays, in a non- 
conducting material situated inside an earthed conducting sheath 
BB. The insulating material was in some cases ebonite, and in 
others paraffin, but it was always found that the presence of the 
Saag salt R caused a negative charge to accumulate progressively 
upon P, 
Since the radium loses negative electricity on account of the B rays 
more readily than it dves positive electricity carried away by the a 
rays, the @ rays being the more penetrating and escaping more readily 


? BK. Rutherford and H. Robinson, Phil. Mag., 26, p. 717. 1913. 
? M. and Mme. Curie, Comptes Rendus, 180, p. 647. 1900. 
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than the a rays, it would appear that radium enclosed in a non-con- 
ducting vessel would acquire a continually increasing positive charge. 
Prof, Strutt 1 constructed an interesting arrangement to exhibit this 
effect. The radium salt is contained in a tube A (Fig. 443) suspended 
in a vacuum tube, and therefore insulated from its surroundings. 
Attached to A is a pair of gold leaves. The walls of A are of such 
a thickness that the 6 rays can penetrate them and escape, but the a 
rays cannot. As A acquires a positive charge the gold leaves gradually 
diverge, until on touching the sides of the tube they 
are discharged, the process then starting afresh. 
Since the periodic time for the process is indepen- 
dent of external conditions, it is practically constant, 
and may be used to mark intervals of time. Such an 
apparatus would continue to act as long as the emission 
of B rays lasts, and this in the case of radium is 
measured in hundreds of years. 

y Rays.—These rays differ greatly from the two 
other kinds. They are non-deviable in a magnetic field, 
and do not carry an electric charge. Their chief 
characteristics are great penetrating power and ability 
to produce ionisation. Hence, the resemblance between 
the y rays and the Réntgen rays froma “ hard” vacuum 
tube is very strong. 

Of the fact that y rays are of the same nature as X-rays there is 
no longer any doubt. Their mass absorption coefficients in aluminium 
(p. 488) have been measured in many cases by Rutherford and 
Richardson,? who found them to correspond 
to the series K and series L radiations for 
the metals of atomic weights equal to 
those from which the rays arise. The 
wave-length of the y rays has been 
measured by Rutherford and Andrade® in 
the case of Ra B and Ra O, using a rock- 
salt crystal, and employing the X-ray 
spectrometer (p. 493). They also used a 
method of transmission normally through 
a plate of the crystal, the rays finding their own appropriate reflecting 
planes. This gives concentration in certain directions in the trans- 
mitted beam, from which the angle of reflection could he calculated. 
The wave-lengths were found to lie between 1:365 x 10-* and 
71x 10-°%cm. The latter wave-length is the smallest known. 

In Fig, 444 is shown a diagram illustrating the deviability of a, B, 

1 R. J. Strutt, Phil. Mag., 6, p. 588. 1903. 
an aes and H. Richardson, Phil. Mag., 25, p. 722; 26, pp. 324 and 


‘° H, Rutherford and H, N. da C. Andrade, Phil. Mag., 27, p. 854, and 28, 
p. 263. 1914, )- ' 


Fig. 448. 


Fia, 444, 
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and vy rays in a magnetic field, first given by Mme. Curie. The vy rays 
are undeviated, while the deviation of the a rays to one side indicates 
their positive charge, the negative charge of the 8 rays being indicated 
by their deviation to the other side. The relative dispersions are also 
evident. 

5 Rays.—In addition to the a, 8, and vy rays, slowly moving 
negative corpuscles have been detected by Sir J. J. Thomson! by 
means of the charge they carry. They would thus be similar in 
character to the 8 rays, but, owing to their lower velocity, they do 
not produce ionisation, Measurements of their velocity have shown 
this to be 3°25 x 10° em. per second, whereas the limiting velocity for 
the production of ionisation has been estimated to be 3°6 x 10° cm. 
per second, 

The Curie-——The standard of radioactivity is the quantity of 
radium emanation in equilibrium with 1 gram of radium and is called 
the curie. It has a volume of 0°59 cubic mm. at standard temperature 
and pressure. 

Radioactive Changes.—The emission of Becquerel rays by a 
radioactive substance is accompanied by a change or series of changes 
in the nature of the substance, changes both in its physical and its 
chemical properties, so profound and complex that their study has 
enormously increased our knowledge of the constitution of matter 
itself. The case of radium is typical. If a quantity of radium 
bromide ke heated or dissolved in water, a new substance, gaseous in 
form, is separated from it, and immediately after the separation this 
new substance possesses very high radioactivity, while that of the 
radium is correspondingly reduced. If these two be examined after 
the lapse of a few days, it will be found that the activity of the 
radium has increased, while that of the other substance, known as its 
emanation, has fallen. The decay of activity of the emanation 


follows an exponential law, that is, the rate of decay is proportional | 


to the activity; and at the same time the activity of the radium 
has increased according to a similar law, After a sufficiently long 
interval, the activity of the radium is completely restored, while 
that of the emanation, in fact the emanation itself, has entirely 
disappeared. 

Uranium X.—Sir William Crookes’ precipitated uranium from 
solution by means of ammonium carbonate, and redissolved the 
uranium by excess of the carbonate. A slight precipitate remained, 
which he found was several hundred times more photographically 
active than the original uranium. This substance he named uranium X. 
The photographic activity of Becquerel rays is chiefly due to the 
presence of 8 rays ; hence the 6 rays are now emitted by the Ur X, 
and no longer by the uranium. Had the examination been by means 
of the power of producing ionisation, which is due to the a rays, it 


' J. J. Thomson, Camb. Phil. Soc. Proc., 18, p. 49. 1905. 
2 W. Crookes, Proc. Roy. Soc., 66, p. 409. 1900. 
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would have been found that the uranium still possesses this power, 
but not the Ur X. 

It was subsequently shown by Becquerel that after the lapse of a 
year Ur X has completely lost its activity, while the uranium has 
regained its original condition. 

Thorium X.—Radioactive processes are now known as those in 
which a chemically new substance is formed from some other, the 
change being generally accompanied with the emission of rays a, 8 or 

The new substance generally decays at a rate represented by a 
logarithmic curve, and its production goes. on at a constant rate within 
the parent material. Thus, on robbing the material of the new sub- 
stance stored in it, its radioactivity is reduced at first by exactly the 
amount of that due to this stored material, but on being then allowed to 
remain undisturbed, its radiation will increase owing to the production 
of new material, until the loss by decay is balanced by the further 
production, in which case a condition of equilibrium is reached, 

120 


9 4 8 12 16 Days 
Fig. 445. 


This explanation was put forward by Rutherford and Soddy ' to 
account for the changes occurring in thorium, and it has subsequently 
been found that a similar explanation may be given to all radioactive 
changes, although the new substance formed may be solid, liquid or gas, 
its rate of decay may be rapid or slow, and the change may be accom- 
panied by radiation or may be rayless. They precipitated the thorium 
from solution by means of ammonia, and found that the solution, which 
is free from thorium, has the greater part of the activity ; and on evapo- 
rating to dryness and driving off the ammonium salts, a solid residue is: 
obtained which in proportion to its weight is several thousand times as 
active as the original thorium. This substance was named thorium X, 
or Th X. After the lapse of a month the Th X had lost its activity, 
while the Th had completely recovered. On measuring the activity 
of the Th and Th X at known intervals after their separation, the 
curves of Fig. 445 were obtained. It will be seen that, apart from 


1 H. Rutherford and F. Soddy, Phil. Mag., 4, p. 370. 1902. 
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slight irregularities at the start, the Th X loses its activity expo- 


nentially, that is, according to the law a ee where A, is the 


0 
activity at the start, and A, that’after time T, X being the constant. 
Moreover, the Th, which has only about 25 per cent. of its activity 
remaining on removal of the Th X, regains its activity at a rate equal 
to the rate of loss of activity of the Th X. Hence, for the activity 
A, recovered in time T, 


Ay _ 1-et 
angel oath er 

where A, is the activity recovered after infinite time. If the curve of 
recovery in Fig. 445 be measured from the dotted line ab, its equation 
will be found to fit approximately 
the curve. The activity of the 
Th X falls to half its value in 
about four days, and in the same 
time the Th performs half its 

recovery. 
Let the whole mass of the 
thorium present produce a number 
t T qo of Th X atoms per unit time, 
Fia. 446. and the rate of emission of activity 
by the Th X atom be K. Then, 
in order to find the total activity due to the Th X stored in the 
thorium after time T from separation, consider an interval of time dé 
after ¢ seconds from the separation (Fig. 446). The number of 
Th X atoms produced in time dé is q,dt, and this has activity Kq dt, 
which in the remaining interval (T — ¢) decays in the ratio e~MT-9, 


Thus the activity at time T due to the Th X produced in the given ~ 


interval dt is Kq,. dt.¢-\7-9, and calling this dA we have— 
dA = Kq. e~MT-dt, 


and for the activity A, of the whole of the Th X produced in the 
interval from 0 to T, 


ui 7 
Ay= | dA = | Kqe-Xt-dt 
0 0 
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an equation which is completely in accord with the experimental curve 
in Fig. 445. 

Further, if the activity recovers by half the final amount in 4 days 
or 96 hours, 


05 = 1 — «7%, 


from which, d = 0:0072, 
or, if time be reckoned in seconds instead of hours— 
N= 2X 107% 


Similar measurements made upon uranium show that Ur X decays 
exponentially and Ur recovers in the same manner. In this case the 
time for half decay or recovery is 22 days, and therefore 


ese Oc OR7, 


These constants are independent of the physical condition or state 
of chemical combination of the materials, for they are the same what- 
ever the salt of uranium or thorium employed. The changes go on in 
exactly the same manner and at the same rate at the lowest and 
highest temperatures that can be employed. Hence they are changes 
occurring in the atom itself, and are independent of its motion and 
of its relation to other atoms. 

Recovery when Parent Substance has Rapid Decay.—In the last 
case considered, the parent substance, thorium, decays so slowly that 
the Th X may be considered to be produced at constant rate ; that is, 
q is constant. There are, however, many cases in which the rate of 
decay of the parent substance is so rapid that it must be taken into 
account. If thus q is the number of atoms produced per unit time 
at the moment after the product has been all removed from the parent 
substance, this rate of production will fall to qe-t in the interval of 
time tf, owing to decay, where A, is the radioactive constant of the 
parent substance. The number of atoms produced in time dt is then 
qe di, and their activity is Kqe-'s‘dt as before. This will decay to 
Kqe-te-20-Odt in the, interval from ¢ to T, where d, is the radio- 
active constant of the substance produced, 


then, dA = Kage let Dd, 


and the activity A: of the whole of the product produced in the interval 
from 0 to T is— 
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A= | dA =| K qe teat dt 
0 0 


°T 
= Kye “Mt | €~ Ay Adldt 
0 


K ; 
=y eas 5 — €-AT) 


It follows that A; = 0 when T = 0, and again when T=. The 

curve in Fig. 447 is calculated for Act B. 

Radioactive Constant.—A definite meaning may be given to the 
constant X, according to 
the above theory ; it is the 
fraction of the amount of 
the product present which 
decays in unit time, and is 
called the radioactive con- 
stant of the product. 

For the activity is 
measured by the ionisation 
produced, and this isalmost 

fo) 20 40 60 80 entirely due to the a rays. 
Minutes Assuming that the ionisa- 

Fic. 447. tion produced by one a 

particle is constant, and 

that every atom as it changes projects the same number of a particles— 


Activity 


where nz and nm are the number of atoms changing respectively at 
time t, and when in radioactive equilibrium respectively. 3 
Now, if N; be the numbers of atoms of the product remaining after 
time ¢ from separation from the parent substance— 
dN 5 
m= re or, Ni = I, nyt, 


since the number N; will all subsequently change in the interval 
between ¢ and «0. 


[<) 
n 
oa =| me—rdt = e-At, 
t Xr 


Hence the number N, at time ¢ = 0, or the number present for radio- 
active equilibrium, is— 
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Again, when equilibrium is reached, the number of atoms decaying 
per second is equal to the number produced per second, or— 


N = J 
so that, N, = ee or, A = x? 


and i, the radioactive constant, is the ratio of the number of atoms 
changing per second to the number present. 

Radioactive Constant and Range of a Rays.—An investigation of 
Geiger and Nuttall’ brought to light an important relation between 
the average life of the atoms from which the a particle arises, and the 
velocity of emission and hence the range (p. 516) of the a particle. 
On plotting the logarithm of the radioactive constant (A) for the 
various substances against the logarithms of the range (RK) of the a 
particles emitted a series of straight lines are obtained. The relation, 


log A => A+ Blog R 


is deduced, where A and B are constants. In cases where the sub- 
stance is of too transient a nature for its radioactive constant to be 
determined by direct experiment, this may be found from the above 
relation when the range of its a rays has been found. In this way the 
value of decay to half-value for Th C’ and Act A, given in the table 
on p. 537, were found. 

Thorium Emanation.—From his experiments upon thorium, Ruther- 
ford* found that a substance in very minute quantity and having a 
gaseous form is given off by compounds of thorium, and may be carried 
into the vessel in which the ionisation is measured, by drawing the air 
from the neighbourhood of the thorium into the ionisation chamber. 
This effect is not due to the ionisation of the gas produced in the 
neighbourhood of the thorium and carried along by the moving air, 
since passing through porous material does not remove it (see p. 478), 
and if the thorium be wrapped in paper to absorb the a rays, which 
produce most of the ionisation, the substance readily diffuses through 
the paper. ‘The discoverer called this an “emanation.” Rutherford 
and Soddy® investigated the emanation as follows. 

Air bubbled through strong sulphuric acid in A (Fig. 448), passes 
over the active material, wrapped in paper, in the tube B, through the 

bulb C, packed with cotton- wool, and into the ionisation vessel con- 
taining the three separate conductors D, E, and F, either of which 
may be connected to the electrometer. The outer tube is joined to 
one pole of a battery, and the current from this to the electrometer 
measures the ionisation in the neighbourhood of D, E, or F. The 


1H. Geiger and Nuttall, Phil. ees en Pi ae 23 and 24, 1913. 
2 H, Rutherford, Phil. Mag., 49, p. 1 900. 
2B, Rutherford and F. Soddy, Phil. eee 4, p. 569. 1902. 
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current is less the further the emanation has had to travel from the 
active material, so that for a given air velocity, the currents D, H, 
and F form a diminishing series. By stopping the air current and 
measuring the fall of ionisation, it was shown that the activity of the 
emanation falls exponentially, reaching half its value in 1 minute. 
Thus the radioactive constant in this case is given by 0°5 = 1 — €~ 5, 
or A = 1-15 x 10-2, 

By placing a thorium salt, wrapped in paper to cut off direct 
ionisation, in a closed vessel, the ionisation, and the current pro- 
duced on account of it, rise owing to the production of the emanation. 
By measuring the ionisation current at intervals, it is found to increase 
exponentially, rising to half its value in one minute, the time of the 
decay of the emanation to one-half; we may therefore conclude that 
the formation and decay of the emanation are related to each other in 
a similar manner to those of thorium X, the rate, however, being 
different. 

It was shown by Rutherford and Soddy' that the thorium X, and 


Fig. 448. 


not the thorium itself, is the source of the emanation, for, on removing 

the Th X by precipitating the thorium as on p. 521, the thorium has 

lost its power of producing emanation, while this is found now in the 

Th X. Moreover, the Th recovers its emanating power and the™ 
Th X loses it, both changes being half completed in 4 days. Thus 

the emanating power of Th X is proportional to its activity, and it is 

reasonable to conclude that the Th X changes to emanation, the 

process being accompanied by the projection of a particles. 

It should be remembered that Th X is a solid, and remains in the 
parent thorium, while the emanation is a gas and rapidly diffuses from 
the material. Rutherford and Soddy condensed the emanation in 
liquid air, in which case it adhered to the walls of the containing tube, 
passing off again in the gaseous form on rise of temperature. The 
condensation is not abrupt, beginning at about — 120° C. and continuing 
over a range of about 30° to —150° C. 

Excited Radioactivity.—It was found by Sir E. Rutherford ? that 
a solid body placed in the emanation of thorium possesses a high radio- 


? EH. Rutherford and F. Soddy, Phil. ae ono. 569, 1902, 
2 EK. Rutherford, Phil. Mag., 49, p. 161. 
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activity when removed ‘from the emanation, and, further, that the 
amount of this excited activity is increased when the body is a nega- 
tively charged conductor, but the body does not receive any such 
activity if positively charged. The amount of excited activity is inde- 
pendent of the nature of the material upon which it is formed, except 
that when the body is to be negatively charged it is essential to use a 
conductor. That the excited activity is due to the emanation, may be 
shown by covering the active thorium by a few sheets of paper to cut 
off the radiation of a particles, when the production of the excited 
activity is still produced by the emanation which diffuses through the 
paper. If the thorium be covered by a sheet of mica sealed round the 
edges to keep in the emanation, the production of excited activity 
ceases. 

That the excited activity is a product of change of the emanation 
may be shown by introducing a quantity of emanation into an ionisa- 
tion vessel. The conductivity doubles in four or five hours, and if the 
emanation be then removed, the excited activity deposited on the walls 
of the vessel decays. Rutherford found that the excited activity 
produced by long exposure to the emanation decays to half in 11 hours, 
and that the recovery curve is related to it as the decay and recovery 
curves of thorium X. 

The excited activity could be removed by dissolving in hydro- 
chlorie or sulphuric acids, but its mass is undetectable. It also resides 
on the surface, since it may be partially removed by scraping. 

Sir E. Rutherford gave the name of emanation X to the excited 
activity, since it is related to the emanation as thorium X is to 
thorium. 

The thorium emanation itself emits only a rays, but after sufficient 
time has elapsed for appreciable formation of the excited activity, 
B and y rays are also emitted. The emanation is enclosed in a copper 
vessel,’ to absorb the a rays but to allow the 8 and y rays to pass 
through. At first there is no ionisation outside the vessel, but after 
a time this does take place, and reaches a maximum in three or four 
hours, On removing the emanation by blowing it out of the vessel, 
this ionisation which is due to the B and y rays emitted by the excited 
activity on the walls of the vessel does not disappear at once, but 
decays gradually. 

The excited activity behaves differently according to whether. the 
exposure of the body to the emanation is of short or long duration.* 
lf short, the activity increases for several hours and then falls expo- 
nentially, but if the exposure has been long there is a fall from the 
start. Rutherford has explained this on the assumption that there 
are really two successive changes occurring, the first a ‘rayless” 
change which is half complete in 55 minutes, and the second a change 
with emission of a, 8, and y rays, which is half complete in 11 hours, 


1 EB. Rutherford and F. a: Phil. Mag. A 5 p. 445, 1903, 
* EB, Rutherford, Phil. Mag., 5, p. 95. 190 


528 ELECTRICITY AND MAGNETISM CHAP. 


The two products involved, he has named thorium A and thorium B. 


The rise in activity after short exposure is due to the formation of 


Th B from Th A. 

The product of change of Th B had not until recently been observed 
to be radioactive, but it is now known that there are two short-lived 
products Th C and Th D. 

Radioactive Equilibrium.—Since the number of atoms of any 


substance, of which the amount present is represented by X, transformed — 


in one second is A,X, where A, is the radioactive constant (p, 524), the 
product, of which the amount present is Y, will not be in equilibrium 


with the parent substance until A,X = A, Y, when A, is the radioactive — 


constant of Y. For A,X being the number of atoms of X transformed 
per second, it is also the number of atoms of Y produced per second. 
Similarly for a series of products X, Y, Z, etc., in equilibrium— 

IN DaG—3) VS em 0p, (1K 


This explains why a product of slow change such as uranium is 


present in minerals in much larger quantity than the more rapidly 


changing products. 

Radium.— We have followed the radioactive changes taking place 
in the case of thorium in some detail, but it must be understood that 
the historical order of presentation has not been adhered to. It will 
be simpler to trace the changes occurring in the case of other substances 
now that those for one have been described. 

The discovery of radium has been described on p. 512. 

The emanation of radium is not readily liberated from solid radium 
salts, but is occluded by them. On heating the salt, the emanation is 
liberated, and a similar result is obtained by dissolving the salt in 
water. 

Radium emanation is produced by a direct change from the radium 
itself, and not from a product of radium. Thus there is no radium 


product corresponding to thorium X,. The emanation decays to one- 


half in 3°85 days. It is also condensed at low temperature,’ the 
temperature of condensation being about —155° C. 

The excited activity of radium emanation is similar to that met with 
in the case of thorium, and was first noticed by M. and Mme. Curie,’ 
who showed that this is not due to the direct radiation from radium, 
but to the emanation, since it was produced on the solid when shielded 
from the direct radiation of the active salt. Like the excited activity 
of thorium, the deposit takes place much more readily upon a negatively 
electrified conductor than upon an uncharged body, but, unlike the 
case of thorium, a slight deposit will take place upon a positively 
charged conductor. 


The decay curves for short exposure are complicated, and on the | 


analogy with the case of thorium, Rutherford has concluded that the 


1 BH. Rutherford and F, Soddy, Phil. Mag., 5, p. 445. 1903. 
2 P, Curie and Mme. Curie, Comptes Renduws, 129, p. 714, 1899, 
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excited activity of radium consists of six products, the substances 
being called respectively Ra A, Ra B, Ra C, Ra D, Ra E, and Ra F, 
The first three form a group in which the changes are rapid, and the 
last three a group of slow change. It is now known that radium is 
a product of the uranium series, but is not the direct product of 
uranium X. In fact, there are two long-lived products between 
uranium X and radium. ‘The first, uranium 2, has half-value period 
2 x 10° years, and changes to the second, ionium, with emission of 
one a particle. Jonium changes to radium, with emission of one 
a particle of small range. The half-value period of ionium is 2 x 10° 
ears. 

‘4 Volume of Emanation.—The volume of the emanation from radium 
has been determined by Prof. Ramsay and Mr. Soddy,' who collected 
the gases evolved in 8 days from a radium solution. These consisted 
largely of oxygen and hydrogen, which were caused to combine by 
producing an explosion, the excess of hydrogen being removed by 
caustic soda. The remainder is dried by means of phosphorus pent- 
oxide, and consists of the emanation ; it is collected in a capillary tube 
and measured. It was found that the volume diminished exponentially, 
being reduced to half its original value in 4 days. In a second 
experiment the volume, instead.of decreasing, increased, this being 
attributed to the formation of helium, which in the first experiment 
was absorbed by the glass walls of the tube. 

Emission of Heat by Radium.—The fact that radium compounds 
are permanently at a higher temperature than their surroundings, and 
therefore that radium is constantly emitting heat, was first pointed 
out by Curie and Laborde.? This difference of temperature is of the 
order of 2° C., but depends of course on the rate of escape of the 
emitted heat from the radium, as determined by the size of the speci- 
men and the nature of its immediate surroundings. The rate of 
emission of heat was measured by the Bunsen ice calorimeter, and also 
by finding the rate at which heat should be supplied electrically to 
a similar and similarly situated mass of non-active material to main- 
tain the same temperature. They found that radium emits heat at the 
rate of about 100 calories per hour per gramme of radium. 

At a later date it was found by M. and Mme. Curie, in conjunction 
with Prof. Dewar, that the rate of emission of heat is still the same 
when the temperature is reduced to that of liquid oxygen, but Prof. 
Dewar thought that at the temperature of liquid hydrogen the rate is 
slightly. increased. 

The heat emitted during several stages of the radioactive changes 
occurring in radium was measured by Sir E. Rutherford and H. T. 
Barnes,® who placed the material contained in a small tube in turn 
into two flasks containing dried air, connected by means of a differential 

1 W. Ramsay and F. Soddy, Proc. Roy. Soc., 78, p. 346. 1904. 

2 P. Curie and A, Laborde, Comptes Rendus, 136, p. 673. 1903. 

3 KH. Rutherford and H. T. Barnes, Phil. Mag.,'7, p. 202. 1904. 
2M 
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manometer, The difference in level in the manometer produced by 
transferring the radioactive material from one flask to the other is 
a measure of the rate of emission of heat, and was calibrated by finding 
the current in a fine piece of platinum wire of known resistance, that 
will produce the same effect. 

The emanation was then removed from the radium, when the rate 
of emission fell rapidly to a minimum of 30 per cent., and then rose 
gradually to its original value in about a month. 

The emanation was then tested, and it was found that its rate of 
emission was exactly complementary to that of the de-emanated 
radium ; in fact, the heat emission follows the same changes as the 
activity as measured by the ionisation produced by the a rays, and 
hence it is concluded that the heat emission is proportional to the 
activity measured by the a rays, and that the expulsion of each a 
particle corresponds to a constant production of heat. 

For the change from radium to the emanation, the activity, as 
measured by the rays, is about 25 %, and the heat emission also about 
25 %, of the total emission ; for the change from emanation to Ra A, the 
percentages are respectively 33 and 41, and for the remaining changes 
42 and 34. 

The total emission of heat by the emanation during its whole life 
may then be found on the assumption that the heat emission is propor- 
tional to the number of atoms breaking up per second ; 


oN 
for, Ni = Men's 


.. total number of atoms = | nat = no | e-t = * 
Jo 0 


rate of emission at start 

Xr 
Now, from Rutherford and Barnes’ experiment, the rate of emission of 
heat by the emanation alone from 1 gramme of radium is about 40 % 


of the total emission, that is, about 40 calories per hour, or 30 calorie 
per second. Now, A = 271 x 10~, 


Hence, total emission of heat = 


6 
.. total heat emission = er = 5300 calories. 

And similarly in its whole life radium emits a quantity of heat of 
the order of 10” calories, When it is remembered that the union of 
hydrogen and oxygen to form 1 gramme of water causes an evolution 
of 3900 calories, the enormous store of energy within the atom in the 
case of the radioactive substances will be realised. 

This store of energy within the atom must be taken into account in 
estimating the age of the earth and sun. On the theory of Helmholtz, 
that the energy of the sun is derived from its own shrinking, the age 
of the sun would be, according to Lord Kelvin, about 100 million 


{ 
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years; but this period may be considerably extended if the energy is 
partly derived from radioactive changes. Although the radium lines 
have not been detected in the solar spectrum, the helium lines are 
there, and helium has been shown to be one of the ultimate products 
of radioactive change (p. 532). 

It has been shown by Prof. Strutt that a mass of 270 tons of 
radium in the interior of the earth would account for the actual 
temperature gradient of 1° C. for about 100 feet depth, near the 
surface, and from an estimate of the amount of radium from the known 
contents of various minerals, more than this radium would exist in 
the earth if its material were of the same constitution throughout. 

The numbers now accepted for the heat given by one gramme 
radium and its products per hour are, Ra alone 25:1, emanation 28°6, 
Ra A 30°3, Ra B and Ra C 50:5, making in all 134-7 calories. 

Number of a Particles emitted by Radium.—Great importance 
attaches to a knowledge of the absolute number of a particles emitted 
by radioactive materials in a given time, and several methods have 
been adopted to determine 
this quantity. The most 
obvious method is to count 
the number of scintillations 
produced by a known amount 
of radium when the a par- 
ticles fall upon a screen of 
zine sulphide, and this method 
was adopted by Regner.' Fra, 449 
An uncertainity in the inter- : 
pretation of the result arises from the fact that we are not sure that 
every o particle produces a scintillation. The problem has been 
attacked by an entirely different method by Rutherford and Geiger.? 
They observed the increase of conductivity of a gas as each a particle 
is shot into it. The active material in the form of the active deposit 
of radium, situated upon the tip of a conical glass rod, A (Fig. 449), 
emits a rays in all directions. Those which fall upon the small 
aperture in the glass tube B, covered with a thin layer of mica, enter 
the*measuring chamber C. Since each a particle in its travel produces 
about 43,000 ions, the increase in conductivity of the gas in C produced 
by one o particle may under favourable conditions become evident. 
The potential difference between the wire D and the outside tube C 
is adjusted until the saturation current is flowing from one to the 
other. The presence df a few extra ions will then, if the sparking 
stage is on the point of being reached, produce a large increase in the 


current, and it was found that a comparatively large throw of the 


electrometer needle occurred irregularly, but on the average some- 
thing like four times a minute. The number of these impulses for 


1 Regner, Sitz, Ber. der K, Preuss. Akad. der Wiss., 88, 1909. 
# BH. Rutherford and H. Geiger, Proc. Roy, Soc., A, 81, pp. 141 and 162. 1908, 
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a considerable period is counted, and so the number of a particles 
entering C per minute is known. Since the a rays are emitted from 
the active material uniformly in all directions, the total number 
emitted in a given time is to the number passing through B in the 
ratio of 47 to the solid angle subtended by the aperture in B at the 
point A. The ratio of the activity of the specimen to that of one 
gramme of radium was obtained during the experiment by means 
of the ionisation produced by the y rays, and it was found as a result 
that the radium C in one gramme of radium, emits 3°4 x 10” a 
particles per second, Hence, counting the four a particles emitted 
by radium and its products in the course of their changes, one gramme 
of radium emits in all 13°6 x 10" a particles per second. 

Charge on the a Particle.—Rutherford and Geiger also determined 
the total charge carried by the a particles from a deposit of radium C, 
by allowing this to fall on a conductor of known capacity, and finding 
the rise of potential per second, the 8 and 6 rays being deflected away 
from the conductor by means of a magnetic field. From their results, 
together with a knowledge from the previous experiment of the number 
of a particles emitted per second, it was found that each particle carries 
a charge of 9:3 x 10~" electrostatic or 3:1 x 10-* electromagnetic 
units, or twice the charge carried by a positive ion in the case of 


. Cae bE fy 
hydrogen in electrolysis. Now, i 38 6 x 10° in electromagnetic 
) 


units for the a rays (p. 515), and = for hydrogen in electrolysis is 


9°6 x 10°, and since e’ is now seen to equal 2e, it follows that 
m= =. -2+m = 3:2m, and the atomic weight of the a particle is 3:2. 
That of the helium atom is 3:9, and hence it is probable that the 
helium atom is an a particle which has lost its positive or acquired 
a negative charge and become neutral. 

It is now known quite definitely that the a particles are helium 
atoms with a charge of 2 positive electronic units. Also the amount 
of helium produced by 1 gramme of radium per year is 164 cubic 
millimetres. : 

Life of Radium.—‘Since the time that has lapsed since the discovery 
of radium is only an extremely small fraction of its whole life, it is 
impossible by direct observation of the rate of decay to determine 
this. Several computations by indirect methods have been made by 
Sir E. Rutherford.? 

The rate of emission of a particles by a thin layer of radium 
bromide is found by measuring’ the current carried on their account 
to a neighbouring conductor, the experiment being performed at high 
vacuum to eliminate the disturbance due to ionisation of the gas, and 
with a strong transverse magnetic field to cause the slowly moving 


1 fH. Rutherford, Phil. Mag., 10, p. 193. 1905, 
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negative electrons to be bent back to their point of origin. The 
radium is at its minimum activity, the radioactive products having 
been removed, so that the 8 rays, which are only emitted by Ra C, do 
not cause disturbance, In this way it was found that if the charge 
on the a particle be taken as 1:13 x 10- electromagnetic units, that 
is, the charge on an electron, the total number of a particles emitted 
by 1 gramme of pure radium at its minimum activity is 6-2 x 10", 
Using the active deposit upon lead, it was found in a similar manner 
that the Ra C in 1 gramme of radium emits 7°3 x 10” £6 particles 
per second. This is probably slightly too high owing to the difficulty 
of ensuring that those which enter the supporting lead are absorbed, 
owing to their high power of penetration. Since one atom of radium 
in breaking down probably emits one a particle at the first stage 
and one f particle in all, it appears probable, from these data, that 
in 1 gramme of radium 6-2 x 10” atoms break up per second or 
1:95 x 10% per year. If 1: cubic centimetre of hydrogen contains 
3°6 x 10” molecules, and has a mass of 8:96 x 10~ gramme, | gramme 
2 x 36 x 10” 
8:96 x 10° 
radium being 225, 1 gramme of it contains— 


2x 36 x 10" 
225) 396 « 10- 


of hydrogen contains atoms, and the atomic weight of 


= 3°6 x 107 atoms, 


and the fraction breaking up in unit time or A (p, 525) is— 
1-85. 10" 
eee Bd x 10-4 
36 x 104 2 ate 


where the year is taken as the unit of time. This gives a decay to 
half in 1280 years, or an average life (}) of 1850 years, 


Later experiments have shown that the charge on the a, particle is 
twice that on the electron, and also that the number of a particles 
emitted by 1 gramme of radium per second in minimum activity is 
3:4 x 10”, or 1:07 x 10 per year, which would change the value of 

BOL, x10" 

” 36 x 10% 
years. 

Another estimate is formed by considering the rate of emission of 
heat. rom the mass and velocity of the a particle its kinetic energy 
would be about 5:9 x 10~* ergs, and since 1 gramme of radium emits 
about 100 calories per hour, 


5-9 x 10-* x m x 3600 = 100 x 4:2 x 107, 
4:2 
wo Ty isa salen 


=3 x 10+, and the decay to one-half occurs in 3300 
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on the assumption that the heat is produced by the bombardment of 
the a particles upon the substance and its surroundings, n being the 
total number emitted per second by radium and the radioactive 
products in equilibrium with it. For the radium in its condition of 
minimum activity the number is one quarter of this, that is, 5 x 10 
per second, which is in fair agreement with the number 3°4 x 10” on 
p. 532 from the charge, and would, according to the above reasoning, 
mean a decay to half in 1600 years. 

Further consideration of the volume of the emanation emitted in 
a given time (p. 529) led to a value of 1050 years for the period of 
decay to one-half. The value now accepted is 1730 years. 

Table of Radioactive Substances.— The table of radioactive 
changes on p. 537 indicates the three great radioactive series of 
elements. There is little doubt that the final product of all the series 
is lead, although it is probable that the lead has not the same atomic 
weight in each case. Thus radium of atomic weight 226 loses 5 a 
particles, or 5 helium atoms (atomic weight 4) in the course of the 
series of changes, and the end product should have the atomic weight 
206. A determination of the atomic weight of lead from the uranium 
minerals gives it as 20605. Similarly, thorium of atomic weight 232 
loses in all 6 helium atoms, and we should expect the atomic weight 
of the end product to be 208, Experiment gives 207°9, and ordinary 
lead has atomic weight 207'1. It is probable that the end products 
are isotopes of lead. 

Isotopes.—It will be seen later (p. 584) that the chemical and 
physical properties of the atoms depend upon their atomic number, 
which is also the resultant positive charge upon the nucleus. An 
atom being electrically neutral must therefore have associated with it 
a number of electrons external to the nucleus, equal in number to the 
resultant positive charge on the nucleus, and therefore equal numeri- 
cally to the’ atomic number. The physical and chemical properties’ 
of the elements advance in a period manner as the atomic number 
advances by integers. It was pointed out by Soddy? that the loss of 
an a particle reduces the atomic number of the element by 2, and 
therefore places it two groups lower in the periodic table, whereas 
Fajans” pointed out that the loss of a £ particle by the nucleus 
increases the atomic number by unity, and therefore advances the 
element one place in the periodic table. In the following table the 
radioactive elements are arranged to exhibit their changes and the 
resultant positions in the periodic table. Thus Ur 1 loses first an 
a particle, and then successively two £ particles, and is consequently 
restored to the original nuclear charge. - But the loss of the a particle 
reduces the atomic weight by 4, while the loss of the f particles — 
makes no appreciable change. Ur 2 is less in atomic weight than 
Ur 1, but it has the same atomic number, and therefore the same 


1 F. Soddy, Chem. News, cvii., p. 97, 1918. 
2 Fajans, Phys. Zcit., xiv., pp. 181 and 136. 1913. 
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number of electrons around the nucleus. Since the chemical and 
physical properties depend upon the external electrons, Ur 1 and Ur 2 
are indistinguishable and cannot be separated. Substances related 
in this way are known as isotopes, and it was seen on p. 504 that the 
lighter elements, which are not radioactive, exhibit many examples of 
isotopes. Other groups of isotopes are: Ur X 1, Io, Ur Y, Rd Ac, Th, 
and Rd Th, of atomic number 90; Ra, Ac X, Ms Th 1, and Th X, 
of atomic number 88. An interesting group of isotopes is seen in the 
case of the emanations of atomic number 86, They are all inert gases 


TABLE OF RADIOACTIVE CHANGES. 
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and fall into the same groups of the periodic table as the other inert 
gases—reon, argon, krypton and xenon. The name niton has been 
- suggested for the radium emanation. The end products of the series 
have the same atomic number as lead, 82, and it is extremely likely 
that ordinary lead is a mixture of two or more isotopes. 

Atmospheric Radioactivity.—It has been known for a very long 
time that air under ordinary conditions is not a perfect insulator; a 
charge leaks slowly from a charged conductor, the leak not being 
attributable to the want of insulation of the support. The conduction 
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by air in a closed space was investigated by C. T, R. Wilson,’ who 
found that it had all the characteristics of conduction due to ionisation. 
The current did not increase indefinitely with the voltage, a saturation 
current being reached. Further, the rate of leak increases with the 
volume of the space and directly as the pressure, and corresponds 
at the ordinary pressure to the presence of about 20 ions per cubic 
centimetre, 

The air in caves and other underground spaces exhibits a greater 
conductivity than the normal free air, which extra conductivity is not 
merely due to the fact that the air is at rest and unchanged, but to its 
proximity to the earth and rocks in its neighbourhood. 

On maintaining an exposed wire at a high negative potential in 
the free air or in underground spaces, Elster and Geitel® found that 
on coiling it up and placing it in the ionisation chamber of an electro- 
scope it produces considerable ionisation, in fact it has been rendered 
radioactive, and that the activity decreases logarithmically with time, 
a result which makes it extremely probable that there is an active 
deposit upon it due to some radioactive emanation in the atmosphere. 
Rutherford and Allen® in this way obtained an active deposit which 
decayed to half its value in 45 minutes. The active deposit could 
be removed by chemical means or scraped off the wire just like the 
active deposit from radium or thorium emanation. Later experi- 
menters, however, did not find the active deposit to be of so simple a 
character, the law of decay being more complex. 

The presence of radioactive emanations in the atmosphere is 
universal, Gockel* finding the emanations of radium and thorium at 
an altitude of 2300 metres, and Eve® that the activity of air over the 
sea is about the same as that over the land, Many observers have 
obtained a radioactive residue on evaporating to dryness, freshly fallen 
rain and snow, C. T. R. Wilson ® obtaining a residue which disappeared 
in several hours. 

It is extremely probable that the emanation in the atmosphere 
arises from radioactive materials in the earth and slowly diffuses away, 
The condition of the earth would certainly affect the rate at which this 
diffusion occurs, a dry and porous soil allowing it to escape rapidly, 
and a moist or hard one tending to retain it, so that for equilibrium, 
the latter would be expected to possess the higher radioactivity. This 
was found to be the case by Gockel.” Further evidence is afforded by 
the fact that fluctuations occur; when the barometer is low the 
activity of the atmosphere is greater, due to the same rapid diffusion 
outwards of the air containing emanation in the surface layers of soil. 

1 C. T. R. Wilson, Proc. Camb. Soc., 11, p. 32. 1900. 
J. Elster and H. Geitel, Phys. Zeitschr., 3, p. 574. 1902. 
EK. Rutherford and §. J. Allen, Phil. Mag., 4, p. 704. 1902. 
A. Gockel, Phys. Zeitschr., 8, p. 701. 1907. 
A.§. Eve, Phil. Mag., 18, p. 248. 1907. 


» C. T. R. Wilson, Proc. Camb. Soc., 12, pp. 17 and 85. 1903, 
A. Gockel, Phys. Zeitschr., 9, p. 8304. 1908. 
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Time for decay to 
half value, 


Rays emitted. 


Range of u particle 
in air at 76 cm. 
pressure and 
15° C, in 
centimetres, 


Uranium1 . 5 x 10° years a 2°50 
Uranium X, 23°5 days B = 
Uranium X, 1:17 min. B -_ 
Uranium 2, 2 x 10° years a 2-90 
- Tonium . 2 x 10° years (?) a 3-00 
Radium . , 1730 years a 3°30 
_ Emanation 3°85 days a 4:16 
Radium A . 3-0 min, a 4°15 
Radium B. 26°8 min. B — 
Radium C, . 19°5 min. @ 6-94 

: Radium C, 1:38 min, B = 
_ Radium C’ 10-—§ sec. (?) a — 
Radium D 16°5 years B — 
Radium E . 4:85 days B — 
Radium F , 136 days a 377 
Lead (?) — — — 
Thorium. , 1:3 x 10'° years a 2°72 
_ Mesothorium 1 6°7 years B = 
~ Mesothorium 2 6:2 hours B, — 
- Radiothorium 1-9 years a 3:87 
i Thorium X . 3°64 days a 4-30 
Emanation 54 sec, a 5:00 

- YhoriumA . 0°14 sec. @ 5°70 
_ ThoriumB . 10°6 hours B — 
; ThoriumC 60'8 min. a 4:95 
: Thorium D 3:1 min. ra = 
_ Thorium O’ 1/10" sec. a 8°60 
mead (?) |. — _ — 
Protoactinium i —_— a 3°14 
Actinium . ... about 20 years —— — 
 Radioactinium . 19°5 days” a 4-60 
Actinium X . 11°6 days a 4:40 

- Emanation . 3:92 sec. a 570 
_ ActiniumA . 0-002 sec. a 6°50 
- Actinium B. 86:1 min. B — 
_ActiniumC . , 2°15 min. a, 5-40 
Actinium OC’ . 5 X 10—* sec. (?) a aa 

ai, 8 4-71 min. B — 


_ Actinium D 
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An examination of various soils and rocks by Elster and Geitel* 
has shown that most of these contain radioactive emanations, but the 
amounts vary greatly with the material and the locality. The same 
experimenters obtained an emanation by burying pipes in the ground 
and pumping up the air from them, this being found to be strongly 
active. 

The emanation from various localities is not always of. the same 
kind, that of thorium being found in some places, and that of radium 
in others, 


1 J, Elster and H, Geitel, Phys. Zeitschr., 5, pp. 11 and 321, 1904, 


CHAPTER XVII 
ELECTRONS AND ATOMS 


Faraday Tubes.—An ultimate explanation of physical phenomena is 
probably unattainable, but the order of development and abandonment 
of the successive hypotheses that have been employed to account for 
electrical and optical phenomena, and eventually for the two together, 
is an interesting and important study. The general tendency during 
the last century was to concentrate attention upon the medium in 
which matter is immersed, as the vehicle for the transference of energy 
from one place to another. Faraday explained electric and magnetic 
phenomena in terms of tubes of induction, and in optics the elastic 
solid theory, in spite of the great difficulties involved, was almost 
universally employed in explaining the propagation of the wave motion 
which we call light. The fundamental idea that the same medium 
inay be used for the explanation of both electromagnetic and optical 
phenomena, in fact that light is an electromagnetic phenomenon, is 
due to Maxwell, but the further development, that the Faraday tubes 
with the properties attributed to them by Maxwell, alone are suflicient, 
is due to Sir J. J. Thomson, who developed this idea in his ‘ Recent 
Researches in Electricity and Magnetism.” 

In Chapter XIV we found the velocity of propagation of an 


electromagnetic disturbance, from Maxwell’s equations, to be i and 
ep 
we afterwards used Thomson’s Faraday tubes in the explanation of this 
propagation. If, however, a Faraday tube have a longitudinal tension, 
2 


pe 109), an e endowed with mass 47, er unit lengt 
(pe 135), and be endowed with 4D? p it length 


(p. Piney then a lateral Brurbance at any point would be propagated 
along the tube, as a lateral disturbance is propagated along a string 
under pie the velocity of which is proved in works on Sound to be 


pa /* as where F is the tension, and m the mass per unit length. Now, 


in the case of a stretched string, the only force tending to restore 
_ the string to its original shape is F the tension in it, there being no 
‘lateral pressure over its sides, In the case of the Faraday tube, how- 
ever, we found on’ p. 136 that when the tube is curved there is a 
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ee : 21D? : ; 
longitudinal restoring force —— due to its own tension, and also a 


k 


2 -D* ‘ § 
e due to the lateral pressure of the neighbouring tubes, 


component 
and thus F, in the problem of the string, must be replaced in the case 


of the Faraday tube by “=. The velocity of propagation we should 


DA sie 1 tine : ; 
therefore expect to be J “tra? = Rass which is entirely in 
accordance with the result obtained from Maxwell’s equations. 

Mass of Electrically-charged Sphere—A uniformly charged 
sphere possesses a radial electrical field, the electric intensity E in its 


- e : : ; ° 
neighbourhood being re * being the distance of the point considered 


from the centre of the sphere, k the dielectric constant of the medium 
surrounding the sphere, and e the total 
charge. Thus, at every point, the 
electric displacement, or number of 
Faraday tubes per square centimetre, is 


e 
D= le? the number of Faraday tubes 


arising upon the sphere being e. If the 
sphere be originally at rest we shall 
require some force to act upon it to 
put it in motion, quite apart from the 
question of its mechanical mass, for 
the Faraday tubes in motion possess 
Fia. 450. energy, and on this account work must 

have been done. Let us consider the 

equivalent mass of the tubes in the small element of space at P 
(Fig. 450) due to the motion of the charged sphere in the direction 
Ow with velocity v. The angle between the direction of the tube and 
its velocity is 0, and therefore the equivalent mass per unit volume of 


the tube is 47D? sin? @ (p. 424), that is — 
the face of the element in the plane of the diagram is r. dé. dr, and 
for all such elements lying upon the circumference of the circle whose 
radius is QP and whose plane is perpendicular to Ow, the electric 
intensity is the same, and consequently the mass of the tubes in the 
ring described by the area rd@.dr if the diagram be rotated about 
Ox is— 


Now, the area of 


: pe? sin® 6 
Volume of ring eo 
CPS Aart 
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Dut, volume of ring = 27. PQ.rdé.dr 
== 2rr sin 6.1d6. dr 
= 2nr* sin 0. d6. dr. 


Therefore, mass of ring due to the ard tubes 


2 
= 2rr’ sin 6. d6.dr.—_— 
wr 


_ pe sin’ 6.d6. dr 
= 5,3 : 


“ 


Hence for the whole of space surrounding the sphere, 


2 3 
Mass due to Faraday tubes . ae clon sh a 


where a is the radius of the sphere. 
Integrating first with respect to r, we have— 


a tT 
=. mass = = | sin’ 6, dé. 
2a 
0 


us =1 
{ sin’ 9. dé = [ sin 6(1 — cos’ 6)dé0 = -| (1 — cos? @)d cos 6 
0 1 


Jo 
3 Q7-1 
= —[oos 9 Or “| 
- —(—2+ s)=h, 
» 2 
*: mass = — 


This mass must be added to any mechanical mass that the sphere 
may possess, in order to obtain its total mass. It has been caleu- 
lated on the assumption that the Faraday tubes retain these sym- 
metrical distributions when the sphere is put into motion. Now, this is 
' not strictly true; the Faraday tubes tend to set themselves at right 
angles to the direction of motion. Heaviside’ has shown that for a 


; 


it 1 Q, Heaviside, “ Electromagnetic Theory,” vol. 1. 
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charge moving with velocity v, the distribution of electric displace- 
ment is the same as though the body were at rest, but the dielectric 
(ey in the direction of motion was reduced in the ratio 


(1 a =) where V is the velocity of light. This effect would there- 


fore aN shall for velocities much below that of light, and if the velocity 
of light could be attained, the value of & in this direction would be 
zero. Hence the Faraday tubes, as the velocity increases, tend to 
become more and more displaced towards the equatorial plane, that 
is, into a position in which their motion is at right angles to their 
length, and their effective mass therefore increases. In the 
limiting case when v = V they are confined to an infinitely thin 
sheet at right angles to the direction of motion, the value of D, 
and likewise the electromagnetic mass of the charge, then being 
infinite. 

Sir J. J. Thomson? has calculated the mass of a moving charge in 
terms of its velocity. 


It is interesting to note that in finding the ratio < for the £ particles 


emitted by radioactive substances Kaufmann (p. 517) found the ratio 
to diminish as the velocity increased. Since it is very unlikely that 
e varies, we are driven to the conclusion that m increases, and 
Abraham,’ on the assumption that the mass is entirely electro- 
magnetic, calculated the deviations in electric and magnetic fields and 
found these to be very well in agreement with Kaufmann’s observa- 
tions. 

More recently it has been shown to follow from the principles of 
relativity that the mass of any moving body is not independent of its 


1 
ees 


whereas the linear Simonse in the direction of motion decrease in 


velocity but increases in the ratio with increasing velocity v; 


the ratio we 1- ca Thus the dependence of mass upon velocity first 
deduced by Heaviside and Thomson from electromagnetic considera- 
tions in the case of a moving charge is now known to be a special case 
of a universal principle applying to all matter. 

Moving Charge equivalent to an Electric Current.—Since a charge 
moving with constant velocity is accompanied by its Faraday tubes 
moving with the same velocity, the magnetic field at any point may be 
expressed in terms of the movement of the tubes ; in fact, the energy 
found for the moving tube on p. 541 is possessed on account of this 
magnetic field. On p; 424 we saw that the magnetic field is 47Dv sin 0. 


! J. J. Thomson, ‘‘ Recent Researches in Hlectricity and Magnetism,” 
2M, Abraham, Phys. Zeitschr., 4, p. 57. 1902, 
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Now, in Fig. 450, the value of D at the point P is —— and therefore 


the magnetic field is 


ev sin 6 
xj. a se 


aa 

It is directed from back to front if the moving charge e is positive and 
from front to back if e is negative. The value is the same for all points 
‘upon a cirele having Q as centre and QP as radius, whose plane is at 
right angles to the direction of motion, and its direction is along the 
circle, The magnetic lines of force are therefore circles having their 
centres upon Ox and their planes at right angles to it. 

On comparing this expression for the magnetic field with that due 
to a current element 7. ds at point O, which, 
according to Ampére’s rule given on p. 53 is 
t.ds sin 6 

a» We see that, for purposes of cal- 
culating magnetic field, the quantity ev for | NZ 
the moving electric charge is equivalent to 
i. ds for the continuous current. 

In the case of a charge e moving round 
a circle of radius r in periodic time T 
(Big. 451), the Faraday tubes continually 
pass the centre of the circle O with velocity Fic. 451, 


2 
~ , since each tube at the instant of passing O is moving at right 


angles to its own length and has the same velocity as e. 
Now, at O the value of D is i 


.. magnetic field at O = 4rDv 


é Qrr 
wee Pr a ie 
ees 

Tr 


aah. i Y) 
Now, a current i flowing in the circle has magnetic field e at the 


centre, and hence for the moving charge to have the same magnetic 
field at O as the current— 

Si 
. tS are 
_ Zeeman Effect.—It has been suggested that the motion of an 
electron in an orbit within an atom would give rise to pulsations in the 
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tubes of electrical induction arising upon the electron. These pulsations 
would travel outwards with the velocity of light and might be con- 
sidered to constitute the light radiation from the atom. ‘The origin of 
the radiation is not in reality such a simple matter as this would 
suggest (see p. 574), but the consideration is of importance. 

If the circular motion be resolved into two simple harmonic com- 
ponents parallel to OX and OZ (Fig. 452), the motion parallel to OX 
means a lateral displacement of the ends of those Faraday tubes which 
are parallel to OZ and OY, and hence disturbances travel in these 
directions. Similarly, the motion parallel to OZ causes waves to travel 
in the directions OX and OY. In the direction OY, the corresponding 
waves would at each point be represented by a rotating electric 
displacement, consisting of the two harmonic displacements, of which 

“one is 90° in phase ahead of the other. 

If the periodicity of the rotation of the charge is equal to that of 

light waves, the electromagnetic waves emitted are in all probability 
waves constituting light, and 

z according to the electronic 

theory of Larmor and H. A. 

Lorentz light is due to the 

rotations of electrons within 

. the atom. So long as these 

orbital motions of the elec- 

trons are undisturbed, it is 

Ee X extremely difficult to put the 
matey theory on an experimental 

basis, but the discovery | of 

Zeeman? in 1896 that the 

v7 light emitted by incandescent 
Bia. 452. sodium vapour is modified by 

a magnetic field, supplied 

the necessary evidence. If a sodium burner be. placed between 
the poles of a powerful electromagnet, and the emitted light analysed 
by means of a spectroscope, the D lines of sodium are both broadened, 
and if the resolving power be sufficient, are split up into several 
components. When the light is received in the direction of the 
magnetic field, having passed through a hole bored longitudinally 
through the pole pieces of the magnet, there are two components of the 
line, and these are found to be circularly polarised in opposite direc- 
tions. When the light leaves the flame in a direction at right angles 
to the magnetic field there are three components; the middle one, 
which occupies the undisturbed position of the line, is plane polarised, 
the direction of the electric displacement being parallel to that of the 
magnetic field, and the outer two are also plane polarised, but in a 
direction at right angles to the first. 

These results are in accordance with the theory, and in the cases in 

1 P. Zeeman, Phil. May., 48, p. 226. 1897. 


XVII. ZEEMAN EFFECT 545 


which they are of the form described, the simple explanation given by 
Lorentz’ suffices. In most cases, the behaviour of the spectral lines is 
more complicated, but the complete theory of Lorentz still accounts for 
the facts. 

Consider all the atoms concerned in the emission of light; their 
rotations may all be resolved into simple harmonic vibrations along the 
three rectangular axes OX, OY, and OZ (Fig. 453). Those parallel 
to OY give rise to waves (a) spreading out in the plane ZOX, with 
direction of electric displacement parallel to OY, but not to waves 
travelling in the direction OY. The vibrations parallel to OZ and 
OX may, for convenience, be considered to be compounded into two 


Fig, 453, 


equal and opposite rotational movements, which will give rise to plane 
polarised waves (b) in the plane ZOX, and to two circularly polarised 
waves, one of which is shown at ¢, travelling in the direction OY. 

If now the magnetic field be in the direction OY, the vibration of 
the electric charge in this direction is unchanged, as are the waves (a). 
But the charges rotating in the circular paths are moving at right 
angles to the magnetic field, and consequently will experience forces of 
value Hew at right angles to their motion and to the field, the force 
on one being directed away from O, and on the other towards O. 
Assuming that the electron is subject to a restoring force acting 
towards the centre O of the atom and proportional to its distance r 
from O, there is equilibrium without the magnetic field when the 


2, 
centrifugal force — is equal to the restoring force fr, f being the 


restoring force for unit displacement, and m the mass of the electron, 


Tf T be its period of vibration, 


1H. A. Lorentz, Rapports aw Congres Internaticnale de Physique, 8, 1900. 
/ 2N 
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Now, the presence of the magnetic field produces a radial force 
Hey, and the restoring force fr must be increased or diminished by this 
amount according to the direction of rotation and the sign of the 
charge. : : 

If then T, be the period of rotation in the magnetic field, 


Dan 
aon = In at ELCs 
nf 
by 4 2, 
or, t= ik — and since, f = a 
1 a 
4x?m 4°m Aa 2rHe 
“ay te 
ah 1 4: He 
a pa ie 
2 me 
Pel, ae He 
Ab ~ 2armT, 
HeT? 2 
a = AN = su on . . ° (i) 


if T? be written for T,T and 2T for T+), both of which are 
justifiable when the changes in the periodic time produced by the 
magnetic field are small in comparison with T itself. Equation (i) 


may be written in terms of wave-lengths \ if we remember that 
\ = VT, and then becomes— 


= + oo 
~ dmV (i) 
The periodic times of the two circular motions are therefore 


2 
changed, one being diminished by the amount i and the other 
T 


increased by the same amount, and since each gives rise to a plane 
wave (b) we should expect there are two such waves emitted, one having 
greater frequency and the other less frequency than the undisturbed 
wave (a). Thus in the case of the light emitted at right angles to the 
magnetic field, the single spectral line becomes a triplet, the central 
part being plane polarised with its electric displacement parallel to 
the magnetic field, and the two, one on either side of it, being plane 
polarised in a direction at right angles to this. 

The light emitted in the direction of the magnetic field gives rise to 


\ 
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a doublet, each component of which is circularly polarised. By means 
of a quarter-wave plate each of these circularly polarised rays can be 
rendered plane polarised, but the direction-of the electric displace- 
ment depends upon the direction of rotation in the circularly polarised 
beam. With the direction of magnetic field given in Fig. 453, it 
is found that the anticlockwise rotation, as seen on looking at the 
diagram, gives rise to the line displaced towards the blue end of the 
spectrum, and hence, applying the left-hand law (p. 239), we see that 
the rotating charge which gives rise to the light rays has the negative 
sign. 

It is only when the vibration of the electron within the atom is of 
the simple harmonic type that we should expect the simple separation 
of the components of any spectral line described above. In nearly all 
cases the decomposition is into a much greater number of lines, but our 
explanation would show us that the light emitted at right angles to 
the field should always give plane polarised components, and the light 
along the direction of the field to oppositely circularly polarised com- 
ponents, and this is found to be the case. Moreover, whatever be the 
complexity of the resolved spectral line, the separation of the most 
widely separated components is a constant quantity. 

According to Runge and Paschen,' for the normal triplet in the 


. » — 2d, 
spectrum of mercury vapour, the quantity a —, where i, and d, 


are the wave lengths of the displaced lines, was found to have the 
value 2°14 when the strength of magnetic field was 24,600, Hence, 
from equation (i1)— 


Ay — Ae Hr e 
| ee a 
@ wxrld4xV 628% 214% 3 x 10° 
she un H 7 24,600 
= 16 x 10”, 


Now, the value of < for the cathode rays is 1-77 x 10’ (p. 486), 


_ and hence it is extremely likely that the constituent of the atom 
whose motion gives rise to the emission of light is the electron met 
with in the cathode rays and in the B rays “emitted by radioactive 
_ substances. 
_ The Zeeman effect is generally more complicated than the above 
simple theory indicates, but it has been found that all the lines in 
_ similar series exhibited the same resolution in the magnetic field. The 
Is / problem has also been treated by the quantum theory (see p. 575), 
_ which has afforded « complete explanation of the effects observed. 


OC; Runge and F, Paschen, Abhandl. der Berl. Akad., 1902. 
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Stark Effect.—It has been found by Stark? that an electric field 
can modify the light emission by atoms in a manner somewhat similar 
to the Zeeman effect. Positive rays are allowed to pass between two 
metal plates between which a strong electric field is maintained. On 
examining spectroscopically the light emitted he found that in the 
case of the Balmer series of hydrogen, each line is split into components 
whose number increases with the frequency, and the difference of 
frequency from that of the undisturbed line is proportional to the 
electric field. The light emitted at right angles to the field is plane 
polarised as in the Zeeman effect. The quantum theory has been 
applied successfully to the explanation of the Stark effect. 

Dielectric Constant and Refractive Index—The presence of atoms 
each consisting of some framework in which one or more electrons are 
situated, may be used to explain many of the physical properties of 
matter. The neutral atom has no resultant electric charge, but if it 
loses an electron, its resultant charge is positive. We know that the 
atom contains and is capable of losing at least, one unit of electrical 
charge, the electron, which is equivalent to about 1:59 x 10~” electro- 
magnetic C.G.S. unit of charge. We may then draw a distinction 
between dielectrics or insulators on the one hand and conductors on the 
other ; the former is a substance in which the electrons are displaceable 
within the atom, but are not detachable from it, while in the latter 
the electrons can be detached from the atoms, and are free to move in 
the spaces between them. : 

If f be the restoring force for unit displacement, and a the actual 
displacement of an electron from its neutral position, the restoring 
force is fx, and this is equal to the force Ee due to the electric field 
producing the displacement. 

That is, He = fa. 


Within a mass of the material in which there are N atoms per unit 
volume, the component of the electric displacement due to one atom in- 
each unit of volume being ew, that due to the N atoms is New. That 


E 

corresponding to the original field is i (p. 130), and hence the total 
T 

electric displacement D within the material is the sum of the two 


quantities Nex and a 


. D= Lae 
dor 


4rD = E+ 4rNex 
4aN He? 


& B(1 me a), 


1 J. Stark, Berliner Sitzwngsber., Nov., 1913. 
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Now, the dielectric constant k = i (p. 130), 


4rNe? 
f 


‘ en Vv 
Remembering that the refractive index n =) where V, is the 


.k=1lt 


velocity of light in vacuo and V is the velocity in the medium, and 
further that— 


1 1 
= —,and, V = —— 
, MW eoptg V/ Ie 
we see that— 
n=, / be 
Keopg 


Now, for most substances is practically equal to po, and if k, = 1 for 
vacuum— 


i= kor, n° = k. 


Hence, n—l= 


In the case of a gas, N is proportional to the density, and since the 
atoms are at considerable distances from each other, f is independent 
of the density, 


*. n? — 1a density. 


On p. 422 we saw that for gases k=n*. It was shown by 
Boltzmann} that the quantity  — 1 is proportional to the pressure 
and therefore to the density of the gas. It should be noted that any 
theory which supposes the electric displacement within a dielectric to 
be due to the presence of small conducting bodies will lead to the 
above result. 

Refraction and Dispersion.—Many theories have been advanced 
to account for the phenomena of the refraction and dispersion that 
occur as light passes from one medium to another. The mechanical 
theories, notably those of Fresnel and MacCulloch, afterwards modified 
by Sellmeier, account in a more or less satisfactory manner for the 
_ observed facts. But the electronic theory of H. A. Lorentz not only 
accounts for these same facts, but has the great advantage that it is in 
' accordance with phenomena occurring in other branches of physics. As 


an example, we may cite the fact that the value of - for the electrons 


11, Boltzmann, Wien. Ber,, 69, 1874. 
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concerned in the emission of light, as measured by the Zeeman 
phenomenon, is nearly identical with that found for the electrons in 
the cathode and the £ rays. The mechanical theories suffered from 
the difficulty that it was almost impossible to reconcile the necessary 
properties of the incompressible ether with those of any known 
material substance. 

On p. 43l we explained the reflection of electromagnetic waves - 
from the surface of a conductor on the supposition that the electric 
intensity within the conductor is always zero. The reason for this 
last fact is clear, on the assumption that within the conductor free 
electrons exist which travel in a direction determined by that of the 
electric intensity. 

If in Fig. 372, p, 431, the incident electrical intensity is directed 
upwards, and therefore on account of it the free electrons travel 
Gownwards, since their charges are negative, and the electric intensity 
due to them in their displaced position is directed downwards, that 
is, in opposition to the incident intensity ; by their motion, as the 
harmonic wave arrives, they supply the equal and opposite harmonic 
variations of intensity which give rise to the two waves, one of which 
is the reflected wave, and the other a wave propagated into the con- 
ductor, and whose condition is everywhere equal and opposite to that 
of the incident wave, so that the two together have a zero resultant 
effect. 

If the electrons are subject to some constraint, their motion will 
involve the expenditure of energy, and the reflection is not in this case 
perfect. For the best conductors known, the energy of the reflected 
beam is not quite equal to that of the incident beam. When the 
electrons are not free to move there will then be no reflection ; the 
medium is perfectly transparent. No such substance is known; a 
certain amount of reflection always occurs as light passes from a 
vacuum to a material substance. But in the case of dielectrics, the 
electrons, although free to move within the atom, are confined to the 
atoms, and it is only in the case in which their own proper periods of 
vibration within the atom approach that of the incident wave that any 
considerable amount of reflection occurs. The reflection in this case, 
although powerful, differs from the case of metallic reflection, in that 
only those waves heving periodicity nearly equal to that of some par- 
ticular free vibration of the electron within the atom are reflected. 

Let us imagine that for a given substance the periodic time T, of 
the free vibrations of the electron within the atom is given by the 


equation T, = 27 = and let electromagnetic waves for which the 
electric intensity in the plane of incidence is E = E, sin 2m fall upon 


the substance. 
If « be the displacement of the electron from its position of 
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equilibrium, the restoring force due to this is fx, and if the disturbing 
force due to the incident wave is He, the resultant force acting on it 
is fe — Ee, and the equation of motion of the electron is— 


x 
m— _ = 22 
qe + fa — Ee =0(p 22), 
: [2 
or, moe + fx = eK, sin pt, 
Qa 
where, Cees. 
pace: Je e - 
. ae ge en sin pt. 


Whatever its motion when the light is first incident upon it, it 
will after a few oscillations settle down to a steady vibration with 
the periodicity of the incident waves, and our problem is to find the 
amplitude of this vibration. The most general equation for this 
vibration is,— 


x = A sin pt + B cos pt, 


where A and B are constants, at present unknown. 


d 
Hence, a = Ap.cos pt — Bp sin pt, 
a 
= = —Ap’ sin pt — Bp’ cos pt, 


2, 
and substituting the values for aa and « in the equation of motion, 


we have— 
Wat ain vt — But Lioae ff pee . 

—Ap* sin pt — Bp’ cos pt + poe sin pt + ae cos pi = pein) sin pt. 

This equation raust be satisfied for all values of ¢.. Now, when 

pt => cos pt = 0 and sin pt = 1, 

ay as 
m m 

and when ¢ = 0, sin pt = 0 and cos pt = 1. 


i 
= 2 —b= VU, 
*. —Bp' +B =0 
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It follows that, except when p? = f, 


m 
B = 0, and, A= 
ig — p 
m 
Therefore the equation— 
Ey 
nb 
2= sin pt 
Ae —-p 
m 
expresses the motion of the electron. 
- Gee ele 47? 
Now, p =p and, = tT.) 
. - = n pt 
eae zy Sl pl. 
Phas oe 
The amplitude of vibration of the electron is therefore 
ere or 
* TA) ora 
Ty te 


where n, and n are corresponding frequencies. 

We see, then, that when n, is very great, the amplitude of 
vibration due to the incident wave is infinitesimal, which means that 
if the electron is practically immovable, its presence does not affect 
the propagation of the wave. But if mn, approaches in value to n, the 
amplitude increases and would, if our equation truly represented the 
facts, become infinite when n, = n, which therefore corresponds to an 
ordinary case of resonance. We have, however, neglected all resistance 
to the motion of the electron, so that our result does not represent the 
truth when n = n,. 

The reasoning on p. 549 enables us to see the effect which, 
according to the electronic theory, this motion of the electrons will 
have upon the refractive index of the material, 

Putting D, sin pt in place of D, E, sin pt in place of E, and 

e 


m ° 


=a RESIS sin pt in place of & in the equation 47D = E + 4rNez, 
aaa i 
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_ When d is very great in com- 


_ and dropping the term sin pt Micon < si we soy 


47D, = E, + den 
or) 
or, ba 1 $=, 
on( 73 — qu) 


This may be expressed in terms of wave lengths instead of periodic 
times, if by A, we mean the wave length in vacuo which corresponds to 


_ the periodic time T,. Then A, = VT, and A = VT, so that— 


Meas yy Aa 
ae a Pia ae iN wee 
v= 1 + V2")? — 0 athe x ate) 
where n is the index of refraction for the waves. 

This equation will of course only represent the facts when the 
atoms are so far apart that 
the free period of the electron 
is not affected by the presence 25 
of neighbouring atoms, and when 
there is only one free period of 20 
oscillation. In the case of most 
substances, we have evidence of /5 
a great number of free periods, 
since each line in the spectrum /0 
of the light emitted is due to 
one suck ‘period. OS 

The reason for the disper- 
sion of light as it enters a @9 
refracting mediuin is now appa- 
rent, for the index of refraction 


Tie 


depends upon the wave length a 


dX of the incident disturbance. Fig, 454, 


parison with A,, the last equation becomes 


which is the refractive index for very long waves. Since \, = VT, 


a and T, = 2m. ma we see that this is the value found for n® on pw549. 


As i approaches the value \,, the denominator of the last term in 


equation (iii) varies rapidly, and the value of n increases, becoming 


BS enormous when X = X,. Thecurve AB in Fig. 454 indicates the manner ~ 
in which n? varies as X approaches ),, for a case in which n? is 1-25, when 


d diminishes from infinity, and \, = 6 x 10-°, WhenA <Q, the sign of 
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x : : - 
ne changes, and the denominator increases while the numerator 
— me 


decreases, As therefore \ decreases, the value of n? increases from a 
large negative value, until when X= 0,n = 1. This is indicated by 
the curve EF. Hence, for light waves of extremely short length the 
refractive index approaches the value unity. 

In the case of a substance for which the electron has one free period 
of vibration, light waves of this period are strongly reflected, and hence 
the spectrum of the light transmitted by the substance exhibits an 
absorption band in this part of the spectrum ; and, further, the light of 
this wave length is that which will be emitted when the temperature is 
raised sufficiently for the body to be visible. This is a well-known 
result of Kirchhoff’s laws of radiation. 

When the light absorbed has a much higher frequency than the 
visible rays, the refraction is ‘‘normal,” as in the case of glass, ete., the 
waves of greater frequency being refracted most. The curve for n? 
and X lies upon the part of AB (Fig. 454) remote from the origin, 
If, however, the absorption band occurs in the visible part of the. 
spectrum, the two parts on either side of the band change places, the 
red part being refracted more than the blue, although in each part 
the natural order of the colours is preserved. The dispersion is then 
usually said to be “anomalous.” Those substances, such as the aniline 
dyes, which have a strong absorption band in the visible part of the 
spectrum, exhibit the phenomenon of “anomalous” dispersion, and 
Professor R. W. Wood? has shown in a beautiful manner that this 
also occurs in the case of a prism of sodium vapour, 

Faraday Effect.—Some connection between magnetism and light 
was suspected by Faraday, but the only connection which he was able 
to find was that the plane of polarisation of a beam of light passing 
through a dense transparent medium, such as a dense lead glass, 
experienced a rotation when the ray travels along the magnetic lines of 
force. On boring holes longitudinally through the poles of a powerful 
electromagnet, and passing a beam of light, plane polarised by means 
of a Nicol’s prism, through these holes in such a way that it traverses 
a block of dense lead glass situated between the poles, it is found that 
the position of a second Nicol’s prism, used as analyser to produce 
extinction of the beam, depends upon whether the magnetic field is on 
or off. 

This phenomenon, known as the Faraday effect, bears some resem- 
blance to the rotation of the plane of polarisation when a beam of 
light .passes through certain crystallised media, such as quartz, in a 
direction parallel to the optic axis; but there is one great difference | 
between the two cases. In the crystal, the rotation of the plane of 
polarisation depends in some way upon the crystalline structure of the 
medium, and if on emergence the beam be reflected back so that it 
retraverses the crystal in the opposite direction, the opposite rotation 


1 R. W. Wood, Roy. Soc. Proc,, 69, p. 157. 1901, 


cee FF 
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occurs, and the beam emerges with its original direction of polarisation. 
But in the Faraday effect the direction of rotation is fixed in relation 
to that of the magnetic field, whatever be the direction of propagation 
of the beam, so that if the beam be caused to retrace its path through 
the field, the rotation of the plane of polarisation is doubled. 

The rotation of the plane of polarisation depends upon the presence 
of the material medium in the magnetic field, and according to the elec- 
tronic theory we can easily see why this should be. On p. 553 we saw 
that the index of refraction depends upon the free period of vibration 
of the electrons within the atom, and again on p. 546 we saw that the 
natural period of rotation of the electrons changes in the presence of a 
magnetic field, and also depends upon the direction of rotation. 

Consider a plane polarised beam of light failing upon the block of 
dense glass; in the absence of a magnetic field, the orbits of rotation 
of the electrons are circles, the two components of the motion at right 
angles to the direction of propagation being of equal frequency and 
clockwise and anti-clockwise respectively (see Fig. 453). We may, if 
we please, consider the plane vibration constituting the beam of light 
to be resolved into a clockwise and an anti-clockwise circular vibration, 
the relative phases of which determine the plane of polarisation 
(p. 375). These travel with equal velocities through the medium since 


_ the refractive index is modified by the electrons to the same extent for 


both components, and on emergence they are in the same relative 
phases as on entrance, and combine to form a plane polarised beam 
with its plane of vibration in the original direction. 

If, however, there is a magnetic field, the electronic orbits are 
modified, one periodic time being increased and the other diminished 
(p. 546), and the refractive indices for the two components of the beam 


_are now different (p. 553). Hence they differ in phase on emergence 


by an amount depending upon the length of path in the medium and 
the strength of the magnetic field, and will combine into a plane 
polarised beam, whose plane of vibration is rotated from the original 
plane by an amount proportional to the difference of phase between 
the two circularly polarised components. 

The rotation of the plane of polarisation was measured by Verdet 
for various substances and wave-lengths of light, and was found by him 


to fit the formula— 


mn? dn 


where / is the length of path traversed in the field, X the wave-length 
in air of the light used, n the index of refraction, and m a constant 
depending upon the medium, 


The quantity im or the rotation produced by travelling unit 


distance in unit field , is called Verdet’s constant, 
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Minutes 
of arc, 


Jena glass (densest silicate flint) . 0:0888 (Du Bois, Wied. Ann., 51, 1893) 
(HATE Ne se ie lates 6 balaatne 0:01664 | (Borel, Arch. Genéve, (4), 16, 1903) 
Methylalcohol. . . . . . . | 000989 | (Quincke, Wied. Ann., 24, 1885) 
Water. - + « « « « « | 0°01811 | (Roger and Watson, Zeitsch. Phys. 
Chem., 19, 1896) 


Kerr Effect.'.—It was found that plane polarised light, on being 
reflected from the polished pole of an electromagnet, was rendered 
elliptically polarised, and also that a transparent medium becomes 
slightly doubly refracting in a strong electrostatic field.? 

The Faraday and Kerr effects have been used by Du Bois® to 
measure strong magnetic fields and high intensities of magnetisation. 
A polished plate A (Fig. 455) of the metal under examination is 
placed on the flattened tip of the pole- 
piece of an electromagnet, and the plane 
polarised beam of light which traverses 
the hole B in the other pole of the magnet 
is reflected at A and returns along its - 

os Cae own path. The rotation of the plane of 
polarisation is proportional to the inten- 
A sity of magnetisation of A, the constant 
coefficient having been previously deter- 
mined. The magnetising field is measured 
Fia. 455. by placing a sheet of glass G, with its 
back ‘surface silvered, to reflect the beam 
of light as before. From a knowledge of the rotation of the plane of 
polarisation and the value of Verdet’s constant for the material, the ~ 
strength of the magnetic field is known, 

Paramagnetism and Diamagnetism.—The electronic theory has 
been adapted by Langevin‘ to account for the magnetic properties of 
materials. An electron rotating in a circular orbit is equivalent to 
a circular current, and corresponds very well to the hypothetical 
molecular currents of Ampére, Most atoms include many electrons, 
and the orbits of these may be so directed that the resultant magnetic 
moment for the atom is zero. In this case a magnetic field would not 
have any directive effect upon the atom. When, however, the resultant 
magnetic moment of the atom is not zero, either by reason of one 
electron uncompensated by another rotating in the opposite direction, 
or for any other reason, the atom would be rotated into such a direction 

1 J. Kerr, Phil. Mag., 8, p. 82 (1877) ; and 5, p. 116 (1878), 
2 J. Kerr, Phil. Mag., 50, p, 337. 1875, 


3 H. E. J. G. du Bois, Phil, Mag., 29, p. 293. 1890. 
4 P. Langevin, Comptes Rendus, 140, p, 1171. 1905. 
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that there is an increase in the magnetic induction. That is, the 
permeability of the substance is greater than unity and its magnetic 
susceptibility is positive. Substances of this kind are said to be para- 
magnetic, The susceptibility is always comparatively small, as in the 
case of aluminium, platinum, etc. (p. 560). There is one small class 
of metals, iron, nickel, and cobalt, in which the magnetic permeability 
is vastly greater than for any other substance. These are said to be 
the ferromagnetic metals, and their strong magnetic properties are 
probably due to the fact that the neighbouring atoms, of the para- 
magnetic kind, have sufficient influence upon each other to form larger 
groups, which are then influenced by the magnetising field. When 
the resultant magnetic moment of each atom is zero, the magnetising 
field will still have some effect, owing to its influence upon the elec- 
tronic orbits themselves. The effect will be to decrease the magnetic 
induction, as shown below. Thus the magnetic permeability is less 
than unity, and the susceptibility is negative. Such substances are 
said to be diamagnetic, as, for example, copper and gold (p. 569), 
antimony and bismuth (p. 561). 

It is quite reasonable, therefore, to suppose that there are two 
opposite processes going on when a substance 
is placed in a magnetic field, the resulting 
susceptibility being a measure of the difference 
of the two. The orientation of the orbits 
into a direction which will cause an increase 
in the magnetic induction is the first, and 
gives rise to paramagnetic properties, ‘To 
understand the second we may refer to a 
theory suggested by Weber and developed 
by Maxwell in his ‘‘ Electricity and Magne- 
tism.” If the molecule of the material be Bia, 456, 
an electrical conductor, the establishment of 
a magnetic field will cause a current to flow in it, Let the circle AB 
(Big. 456) be a line of flow of such a current within a molecule, OH 
being the direction of the magnetic field. While the field is becoming 
established, this current is clockwise, as seen in the diagram, and 
hence the magnetic field within it, due to its own presence, is in the 
opposite direction to the original field. The magnetic induction is thus 
reduced by the presence of the conducting molecule, and the presence of 
such conducting molecules would give to the material the diamagnetic 
property. If its electrical resistance be zero, the current, once started, 
will continue to flow until, on the removal of the magnetising field, an 
opposite induced electromotive force reduces the current to zero. 

Tf now we replace the conducting molecule of Weber and Maxwell 

by the atom with its rotating electrons, we can explain the para- and 
diamagnetism. For the rotation into the direction of the field increases 
the magnetic induction within the material ; and we will now proceed 
_ to show that the alteration in the orbits produced by the magnetising 
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field reduces the induction. The material will then be para- or 
diamagnetic according to which effect is the greater. 

For a mass of the material, the possible motions of the electrons 

may all be resolved, as described on p. 544, into a linear vibration 

along one axis OY (Fig. 453) and two equal 

and opposite circular rotations in a plane at 

right angles to this, Let the magnetising field 

H be in the direction OY; then the linear 

vibration along this axis is unaffected by the 

field, but the circular motions are affected as 

already described. For the rotation of the 

x electron shown by the arrow in Fig. 457, the 

Era. 457. equivalent current is in the opposite direction, 

since the electron is a negative charge; the 


force due to the field is Hev and is directed outwards along the 
radius, and hence, as on p. 546— 


os = fr, — Hen, 
Aa? iff He 2Qr 
or —$ a Sr — —, sieeat . . . . . 
“ een mT, hs) 


Now, for the rotation of the electron in the opposite direction, the 
force due to the magnetic field is directed inwards, that is towards O, 


me = fr, + Hew, 
An ie yee 
or, Te ee Me 


Subtracting equation (b) from (a), we have— 


1 ley Sere ad 

tT? TE ~ tem\VP, + TP 

1 1 He 

aye oy eae Cm 3 “ we) 1) (c) 


Again, we saw on p. 543 that a charge e moving in a circular orbit 


in periodic time T is equivalent to a circular current 7. and hence the 


magnetic moment of such an orbit is 7 where a is the area of the 
Hike If there are N, such orbits per unit volume of the material, 
16a 


7 is the magnetic moment, or the intensity of magnetisation due to 


\ 
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them. When the magnetising field is zero, the magnetic moment due 


to the electrons rotating in either direction is = , and these being 


oppositely directed, the resulting intensity of magnetisation is zero. 
In the presence of the magnetic field, the magnetic moment due to the 


; ge Tyee oe Sgt oa, 
electrons rotating as shown in Fig. 457 is .- and is directed from 
1 


O to Y; that due to the opposite rotations is ae and is directed 
from Y to O. 


7 
From equation (c)— 
N,ea Nyea N, He?a 


AN aR 2am : 


the left-hand side of which equation is the resultant intensity of 
magnetisation directed from O to Y, and the right-hand side shows us 
that this is always negative, and hence that the magnetisation is in the 
opposite direction to the magnetising field. Also the ratio of intensity 
of magnetisation to magnetising field is the magnetic susceptibility k ; 


In this case N, is not the total number of rotating electrons in unit 
volume of the material. If we imagine all the rotating electrons to 
be divided into six groups having for their axis of rotation the three 
rectangular axes respectively, the two rotations about any axis being 
opposite, only those having axes parallel to the magnetic field have any 
magnetic moment in this direction, and therefore only two out of the 
six groups, that is one-third of the total number of rotating electrons 
present, are concerned in determining the susceptibility, Hence, if N 
is the total number present, 


and, i= ts 


The above value of the susceptibility is calculated on the assumption 
that the electronic orbits are not rotated by the magnetic field so that 
_ their axes become parallel to the field and produce magnetisation in 

the direction of the field. If all the electronic orbits ae rotated in 


this way the intensity of magnetisation would be eee = , this value 
“cotresponding to saturation. his is the limiting value of the intensity 
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of magnetisation of a paramagnetic material. It should be noticed 

that there is no limiting value to the diamagnetisation of a material, 

NHe*a 
62m 


for the intensity of magnetisation — is proportional to the 


magnetising field. 

We see, then, that the property of diamagnetism is the result of 
effects occurring within the atom, and would therefore be independent 
of temperature. Such is found to be the case with most substances, 
antimony and bismuth being exceptions. Paramagnetism, on the other 
hand, we should expect to be influenced by temperature, since it is the 
orientation of the atom or molecule with which we are here concerned. 
If the opposite rotations of the electrons within the atom are sym- 
metrical, the diamagnetic property only would be exhibited, but if 
unsymmetrical there would be a resultant magnetic moment with 
exhibition of paramagnetism, and if, further, the atoms affect each 
other and form groups, the material may then be ferromagnetic. 

Weiss! found that for magnetite, increasing temperature was 
accompanied by sudden changes in the magnetic moment of the 
material, which changes were all multiples of one quantity. He con- 
cludes that all paramagnetic atoms contain a number of uncompensated 
electronic orbits, each constituting the ultimate unit of magnetic 
moment, just as the electron is the ultimate unit of electric charge. 
Weiss calls this the magneton. The magneton has a magnetic moment 
of about 16 x 10-* C.G.S. units, 

It was found by Curie” that the magnetic susceptibility referred 
to unit mass varies inversely as the absolute temperature in the case 
of the paramagnetic substances, and this is now known as Curie’s 


law. The quantity KT, where, K = aoe and T the absolute 
density 
temperature, is Curie’s constant. In the case of oxygen, Curie found 


the magnetic susceptibility to be represented very well by the relation 
ORS 


, and by measuring the force on small metallic spheres, 


first in air and then in liquid oxygen, Dewar and Fleming ® found the 
value of k for liquid oxygen to be 324 x 10-®, or w = 1:00407. 

In the following table are some of the magnetic constants for the 
elements found by Koenigsberger :*— 


Aluminium. =... . . . B= == 30s ahiee 
Copper < 0s 6.5, eae od ieee — 0:82 x 10-8 
Gold. ps rn ee ere — 151 x 10-8 
Platinum ee eee 4°22) Saves 
Silver’ 2b OAs a eee — 1:51 « 10-8 


P. Weiss, Comptes Rendus, 152, pp. 79 and 187. 1911. 

P. Curie, Jowrn. d. Phys., 4, p. ‘197. 1895. 

J. Dewar and J. A. Fleming, Proc, Roy. Soc , 68, p. 311. 1898, 
J. Koenigsberger, Wied. Ann., 66, 698, 1898. 
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According to Curie,’ we have— 


Water from 15°-189°C. . . . K = —0°790 x 10-* 
meanrte 3 IB7=430°°. 2 kk —0-441 x 10-° 
Rulphur,, 8°-225° .°. . . —0°510 x 10° 
Antimony at 20° ..... — 0-680 x 10-° 
SS de er ae —0:470 x 10-* 

Bismuth (solid) ree Us — 1-350 x 10-* 
‘ 273°C... —0-957 x 10-8 

» (fused) 273-405°C. —0:038 x 10-8 


Temperature Equilibrium of Electrons.—We shall now consider 
briefly the theory of electrical conduction by means of free electrons, 
first suggested by Riecke* and more explicitly stated by Drude.’ 
Remembering the distinction we have drawn between electrical con- 
ductors and insulators, that in the latter the electrons are bound 
within the atom, whereas in the former some of them are free to leave 
the atom and therefore move under forces exerted by an electric field, 
we may, by assuming that these free ions obey the ordinary laws 
found for molecules in the kinetic theory of gases, obtain certain 
results which are in agreement with experimentally observed facts. 

Let us consider for a moment the elementary form of the kinetic 
theory of gases. If a gas consist of N molecules per unit volume, 
which are entirely independent of each other, except that in their 
motions they will frequently collide, we may, as a first approximation, 
resolve all the molecular motions parallel to the three rectangular axes, 
and remembering that at any instant as many are moving parallel 
to an axis in its positive direction as in its negative direction, we can 
represent the indiscriminate motions of the molecules by dividing them 
into six groups of constant velocity, each moving in one particular 


direction parallel to one of the three axis, Thus we have 4 molecules 

moving in one direction with say velocity v. A plane surface of unit 
: ae : : N 

area at right angles to this direction will therefore be struck by = 


molecules per second. Each molecule has momentum +mv before 
striking the surface and momentum —mv on rebounding from it, so 
that the impulse at each rebound is 2mv. Hence the pressure on the 
. No 
surface is X 2mv, 
or, p = Nm? 
Nm is the mass per unit volume of the gas, or its density, and since 
pressure X volume = RT, where T is the absolute temperature, we 
see, since the volume is unity, that— 
1Nmv? = RT, 
1 P. Curie, Comptes Rendus, 115, Le: 803 vag aed 116, p. 137 (1892). 
2 Hi, Riecke, Wied. Ann., 66, pp. 353 and 545. 
* P, Drude, Ann. der Physik , 1, p. 566 (1900) ; a 3 , p. 869 (1900). 
20 
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If 1 gramme-molecule of the gas be taken, R is the universal gas 
constant, or 8°32 x 10’ (p. 193), m is the mass of one molecule, and 
N the number of molecules in unit volume, which is the same for all 
gases at the same temperature and pressure. 


R 
. 3me® = wh 
3 
2 


R 
or, dmv = NE 
Hence we conclude that for all gases in equilibrium, the absolute 
temperature is proportional to the mean kinetic energy of the molecules, 
3 R 
or, mv? = aT, where, a = aN 
Now, the most probable value of the ionic charge e is 1°59 x 10-” 
electromagnetic unit, and therefore the passage of 1 electromagnetic 
: : : 1 : 
unit of charge through acidulated water liberates 159 x 197 ns at 
each electrode. But this also liberates 0:0001044 gramme of hydro- 
gen, and therefore the number of atoms per gramme of hydrogen is 
19% 
1:59 x 1-044’ 
grammes, the number of atoms to the molecule being 2, the number 
of molecules to the gramme-molecule, or N 


and since one gramme-molecule of hydrogen is 2 


Nae ee 

= PB) Ode ee 
3. 8315 x10" | ef 
ne 6-03 x 108 = 20% x 10 ie 


In the case of hydrogen at 0°C. and 76 cms, pressure we may 
easily find the mean square velocity of the molecwG for f 
= aN mv" = } (density) v*, 
ut G & 18596 x Sia 210: 00008987)e%, 
from which, v = 3°38 x 10%: 
and, v= 114 x 10% 

If now the electrons within a conductor are in temperature 
equilibrium with their surroundings, we can find their velocity accord- 
ing to the kinetic theory ; for }mv* is the same for them as for any 
opher gas molecules at the same temperature. Taking their mass as 
of that of a hydrogen atom, 

4m1v;7 (for hydrogen) = 4m,v,? (for electron), 


2.02 =—*.3-38 x 10" 
Me 
1850 x 3°38 x 10° 


= 6-25 x 108 
= 7-91 3 10° cm permcee: 


i850 
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Electrical Conduction.—In addition to this motion of the electrons 
which takes place in all directions, we shall have, in the presence of 
an electric field, a drift in the direction of the field, or rather in the 
opposite direction, since the charges are negative. Assuming that 
after each collision with a molecule of the conductor, the electron starts 
afresh with the velocity corresponding to temperature equilibrium 
with the substance, it will in the time that elapses before the next 
collision, be subject to the influence of the electric field, and will on 


E 
that account have an acceleration f = — parallel to the field, where 


E is the electric intensity, 

The different electrons will have various distances of travel between 
two collisions, but the average distance is called the length of mean 
free path, A, and the time taken in describing this mean free path is 


2 Hence the distance travelled in the direction of the field on 


be, ee. 1 He A 
account of the acceleration —, is 5+-— - —,, 
m 2 m 8 


and the average velocity in this direction is— 


distance 7 1 Ke v 
time 2 m vA 
oy 1 Eea 
~ 2° mv’ 
2aT 
But, 4mv* = aT, or, m= ma 


Kev 
.. average velocity in direction of field = rar : 
(er 


The corresponding current is Ne x velocity, where N is the number 
of electrons per unit volume, 


Ff NE, 
“current = 7 = 4, 
7 ae i New Nera /2al  Ner 
and. conductivity, C= a> 7 aT m= del STS 


Hence Ohm’s law is obeyed, for the conductivity is independent of 
the current, but the conductivity should be inversely proportional to 
the square root of the absolute temperature. For most pure metals the 
conductivity is found to vary inversely as the absolute temperature, 
or, what is the same thing, the resistivity is proportional to the absolute 
temperature. ‘The curves for some of the pure metals, taken from 
Dewar and Fleming’s' results, show that down to quite low temperatures 


1 Dewar and J. A. Fleming, Phil. Mag., 36, p. 271. 1893, 
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the resistivity behaves as though it would vanish at the absolute zero 
of temperature (Fig. 458), : s 

In the above expression for the electrical conductivity, the only 
quantities that are likely to vary from one substance to another are 
N and i. Now, it is probable that X would vary greatly, so that 
it is concluded that the great differences in conductivity between 
different materials arises from the difference in the quantities of free 
electrons in them. ; 

Thermal Conductivity.—The close connection between electrical 
and thermal conductivity has long been known ; in fact, the law of 
Wiedemann and Franz? states that the ratio of the conductivity for 
heat to the electrical conductivity at any temperature is constant for 
all metals, and is proportional to the absolute temperature. Drude’s 
theory gives an explanation of this, by treating the electrons in the 
conductor in a manner similar to that in which molecules are dealt 
with in the kinetic theory of gases. Consider a plane AB in the 
conductor, and two others E and F parallel to it and at distances 
from it equal to the mean free path of the electrons (Fig. 459). 


E F 
a 20.000 : : 
8 ' ' 
8 ' 1 
15,000 ' { 
S ' 1 
2 i 
S 10.000 i 
i] 
' 
= 
S le coteeere 
3 5.000 i D-teN x 
Ri 
© 
=300° -200° =joo° - 0 100° 200°C B 
Fic. 458, Fic. 459, 


Returning to our method of dividing the total number of electrons N 


; N : 
per unit volume into six groups, we see that — are crossing unit area 


6 
of AB from left to right, while an equal number cross from right to 
left. The remaining groups are moving parallel to AB and will not 
further concern us. If the temperature is the same everywhere, those 
passing from left to right carry the same amount of energy as those 
from right to left, and the resultant energy transferred in any direction 
is zero, 

If now the temperature at the plane E is T, and is higher than the 
temperature T, at F, those passing from left to right have greater 
energy than those passing in the opposite direction, and there is a 
transference of heat through AB from left to right. Only those 


1 G. Wiedemann and R. Franz, Pogg. Ann., 89, p. 497. 1853. 


XVII, THERMAL CONDUCTIVITY 565 


electrons that lie between E and AB will cross without collision, since 
any on the left of E are at a distance greater than the mean free path 
and will experience collision without reaching AB, and their direction 
then becomes changed. 

Again, the number of electrons per unit volume travelling from left 


to right is Se and since their velocity when passing AB is v, the number 


crossing unit area of AB in unit time is ra and since each has kinetic 
energy 4mv,’, where v, is the velocity corresponding to temperature T, 
at 

Energy carried in one second from left to right through unit area is 


Se": 4mv? = Foal (since $mv* = aT), 
Similarly, energy passing from right to left = Fea, 
Therefore, balance of energy carried in one second through unit 
N 
area of AB = gout — T.). 


It should be noticed that the number crossing in each direction must 
be the same, since the pressure at all points remains constant. If this 
were not the case there would be a drift of electrons in one direction 
or the other, and the process of transference of heat would not be one 
of pure conduction. 

Now, if the thermal conductivity be k, then, since the temperature 


gradient at AB is cS T; “, the transference of heat per second through 


T, — T. 
unit area is k x — 5 = 
N T, —T, 
Hence, grat — Th) = eT? 
ss Nvadr 
eon 
Remembering that the electrical conductivity is given on p. 563 by 
Ne*Av 
a sigs ; 
we see that, t = (5): ar 


_ which is in agreement with the ae of Wiedemann and Franz. The 
following table gives a few of the ee determined by Jager and 
o 


_ Diesselhorst.* 
i W. Jager and H, Diesselhorst, Wiss. Abh. der Phys. Tech. Reichsanstalt, 8, 
— 1900. 
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I : Temperature 

oe coefticient. 
Copper 6'{1L & 10% 3°95 xX 10—-% 
Silver . 6°86 x 101° ST So L0-* 
Gold 7:09 10% 8°75 x 10-3 
Zine 6°72 x 101° 3°85 x 10—-* 
Lead 7:15 x 10% 4:07 x 10-® 
Juhi 7°35. x 10'° 3-4 x 10-% 
Platinum . 7:53 X 101° 4:64 x 10-* 
Bismuth . 9°64 x’ 101° Dbl x 10 -* 
Constantan . 11:06 x 10!° 23936 1=* 
Manganin O14 > 10% 2:74 x 10-8 


It will be seen that for the pure metals, with the exception of bismuth, 
k : 
the ratio - is very fairly constant, and the temperature coefficient is 


o 
nearly 3:66 x 10-*, the coeflicient of expansion of a gas. Hence the 
electronic theory gives some approximation to a true explanation of 
these processes. 
Again, since a = 2:04 x 10-%, and e = 1:59 x 10-, we have— 


k (204 x 1078)? 
co Gee 19) % $x 273 
= 599 x 10", 


This value is sufficiently near the observed value to stréngthen 
the theory considerably. It should be noticed that we have used the 
kinetic theory in its simplest form in assuming the electrons to be 
divided into six groups of constant velocity. The more exact partition 
of velocities, taking into account the motion in all directions and with 
all magnitudes, leads to results differing from the above in a numeral 
factor only. 

Emission of Electricity by Hot Bodies.—It has been known for a 
long time that an electric charge would leak much more rapidly from a 
hot body than from a cold one, and that ‘the rate of leak is different 
for charges of opposite signs. The phenomenon was investigated by 
Elster and Geitel.t| A wire is heated by means of a current, and a 
plate near it is connected to an electrometer. The charge received by 
the plate depends upon the gas present, its pressure, and also upon the 
nature of the wire. The temperature of the wire, however, is the most 
important factor in determining the electrification of the plate. With 
oxygen at atmospheric pressure, and the wire at a dull red heat, the 
plate receives a positive charge, its potential being 2 or 3 volts. With 
rise of temperature the charge increases, reaches a maximum, and then 


1 J. Elster and H. Geitel, Wied. Ann., 1882, 1883, 1884, 1885, 1887, and 1889, 
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falls to a very low value. Reduction in the pressure to that of a 
high vacuum reduces the charge, and even reverses its sign at very low 
pressures. With hydrogen the charge on the plate is negative at all 
pressures. The effects are exceedingly complicated, as the wire gives 
out occluded gas and may even give off pieces of its own substance. 

Harker and Kaye! have obtained currents as great as 10 amperes 
by means of an electromotive force of 8 volts between carbon rods at 
a temperature approaching 3000° C., the pressure being atmospheric. 
Between carbon rods at diflerent temperatures they have obtained 
currents on account of the different rates of emission of ions. 

Thermionics.—The phenomenon of the emission of electricity from 
hot bodies has been subjected to extended investigation by Prof. 
Richardson,*> who gave the name thermionics to the subject and 
thermions to the ions emitted. The general method of experiment is to 
heat the substance, in the form of a wire, by means of an electric 
current. ‘The wire is situated inside a metal cylinder in a very highly 
evacuated tube, and the current between the wire and the cylinder is 
measured by means of a capacity and electrometer (p. 511) for small 
currents and by means of a galvanometer for larger currents. 
Measurement of the resistance of the wire determines its temperature. 
It is found that at high vacuum, when gaseous contamination is 
eliminated, the emission of electrons is very regular and increases 
rapidly with the temperature. Applying the gas laws to the electrons 
in equilibrium with the metal at any temperature, Richardson found 
from thermodynamic reasoning that the ionisation current from the 
metal is of the form 


b 
7 = ATs 7. 


For, if an enclosure with a piston, and one side consisting of the 
metal be taken round a reversible cycle as described for the reversible 
cell on p. 188, and the cycle is started with an infinitesimal adiabatic 
expansion from T to T — dT, followed by an isothermal compression 
in which nv electrons are driven into the metal, then an adiabatic 
expansion followed by an isothermal expansion in which nv electrons 
pass from the metal to the space, n being the number of electrons 
per unit volume of space in equilibrium with the metal at temperature 
T, no work is absorbed or given out during the adiabatic changes. 
The resultant work done is then vdp, since the number of electrons 
in the space at the finish of the cycle is the same as at the beginning. 
Also the work done during the isothermal change at T is nfv + pv, 
where ¢ is the work required to remove one electron from the metal 
to the space; then, from the second law of thermodynamics, 


1 J. A. Harker and G. W..C. Kaye, Proc. Roy. Soc., A, 86, p. 8379. 1912, 
h # O, W. Richardson, ‘‘The Emission of Electrons from Hot Bodies,” Long» 
mans, Green & Co, 1922. 
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__work for cycle oT. 
work absorbed at T° 'T’’ 


i, aes 
nov +po T 
or, Tdp = npdT + pot. 


If the electrons in the space be considered to constitute a gaseous 
state, the gas equation applies to them ; that is, 


p = nkT, 
where k is the gas constant expressed in terms of one electron, 


dp = nkdT + Thon 
w. nkTST + kT’8n = npdT + nk TST 
én oh 
n = LT? die 
Integrating, we have, log n = | fat +C 
o a 
or, nm = Ae” KT? 


From the kinetic theory of gases the number of electrons meeting 


unit area of the boundary per second is an/ - a 
2am 


of an electron, and when equilibrium is reached this is equal to the 


> where m is the mass 


a § Gall ’ 
rate of emission, which is therefore a7 He ntedi ere? and the 
7m 


thermionic current from the metal is therefore e times this. If ¢ is 
considered to be independent of T, 


De wipe tl AP 
paar = ree 
b 
and, i=AT'e T 


where A and b are constants depending upon the metal. Richardson 
gives a thermodynamic reason for considering that ¢ = ¢) + 3kT, in 


which case, 
p = [* 3 (dT 
[geet = [inet +5 {F 
3 
= — fy Slog T; 
o 4, ? 
and e im = e Hie 8 
Pe 
= e erp? 
b 
so that, 4= AT’e-T 


XVII. AMPLIFYING AND RECTIFYING VALVES 569 


Both these equations represent the thermonic current very well, 


but the latter is probably the more correct, as the relation between 
b 


¢ and T has not been assumed. Taking the relation N = A,T’e 7 
Richardson has found that for platinum 


A, =75 x 10%, b= 4-93 x 104, and ¢, = 4'l volts, 


Richardson also applies the equilibrium condition of electrons near 
the metals to explain the contact difference of potentials between metals 
and the Peltier and Thomson effects. For an account of this and the 
effect of the presence of gases upon the metals and the application of 
the quantum theory to the phenomenon, the student is referred to 
Richardson’s book (p. 567). 

Edison Effect.—The Edison effect, made use of by Prof. Fleming 
in his oscillation valve (p. 444), is another result of the same phe- 
nomenon, If a metallic plate, D, be situated between 
the limbs of the filament of an incandescent lamp, 
then on connecting the positive end of the filament 
through a galvanometer to D (Fig. 460) a current 
will be observed to flow in the galvanometer, but 
none when D is connected to the negative limb’ B. 

We should expect that the negative ions emitted by 

the incandescent carbon would be more vigorously 

repelled from the negative limb, and hence on meeting D A B 
would lower its potential. The difference of potential 

between A and D is then much greater than that yg. 4go, 
between B and D. 

It has been shown by Sir J. J. Thomson,* by the method of finding 
the effect of a magnetic field upon the rate of leakage (p. 475), that 


the negative ions emitted by a hot wire have the same value of = 


as the corpuscles in the cathode rays, thus establishing their identity 
with these bodies. 

The emission of positive ions at temperatures below that required 
for the emission of negative ions has already been noticed, and their ratio 


: was also found by observing the strength of magnetic field required 


to affect, the leakage of a charge to a neighbouring conductor, and it 
was found that there were two sets of positive ions taking part in the 
leak, one set having a mass equal to that of the atom of the metal 
and the other that of the gas. In some cases there are bodies of 
greater mass still, taking part in the production of leakage. These 
ave probably metallic dust. 

Amplifying and Rectifying Valves.—The principle of the Fleming 
valve (p. 442) has been developed in recent years into a method for 
magnifying or amplifying extremely feeble electrical oscillations, by 


: t J. J. Thomson, Phil. Mag., 48, p. 547. 1899, 
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employing a vacuum bulb having three electrodes. This amplification 
has greatly extended the range of radio-telegraphy and has also many 
other applications. There are several forms of the valve, but they 
are alike in having a filament of tungsten, F (Fig. 461), heated by a 
current from a battery of two cells BD, a gauze or spiral wire G, and a 
metal sheath P which is outside the gauze. If the bulb is very highly 
exhausted no current can flow from the filament to the gauze or grid G, 
through the valve, but current can flow in the reverse direction, The 
reason is that the hot filament emits electrons, which travel from the 
filament to the grid when the electric field is directed from the grid to 
the filament, but when the field is reversed the electrons remain on the 
filament. The circuit PT'EDF contains the battery DE of 50 to 150 
volts, which tends to drive a current through the valve from P to F, 
making P anode. ‘The resistance of the valve between P and F is 


aii) 


[\ 


Fig. 461. 


controlled greatly by the electric field between G and F, that is, by 
the potential of the grid with respect to the filament. For when G is 
negative with respect to F no electrons leave F, and the resistance of 
the valve is practically infinite. But if G is positive with respect to F, 
electrons pass freely from F and may pass in quantity through the 
interspaces of the grid, when there is an electric field from P to F, 
The current produced in the valve between the anode P and the fila- 
ment depends, therefore, upon the p.d. between the grid and filament, 
and in order to understand the action of the valve, it is desirable to 
measure the grid current and anode current for various values of the 
grid-filament p.d. This may be done by replacing the telephone T by 
a micro-ammeter and placing a voltmeter between B and G, and a 
micro-ammeter in the circuit BOG. On varying the grid potential by 
varying the position of the potentiometer contact K, the three quan- 
tities are observed, and their values may be plotted. The curve 
obtained is called the static characteristic of the valve, The charac- 
teristic varies with different kinds of valve, but it is always of the 
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same type in the case of hard valves (Fig. 462), or valves where the 
vacuum is so high that there is no appeciable effect due to contained 
gas. ‘The anode current is much greater than the grid current, and 
the latter is drawn to a larger scale than the former. Consequently 
the valve acts as an amplifier of small oscillatory current occurring 
in the circuit L,C (Fig. 461). 

In order to use the valve as a rectifier in radio-telegraphy, many 
devices are used, In the method considered here K is connected to D 
and a very small condenser OC, is placed in the grid circuit, the con- 
denser having a high resistance R, of the order of a megohm, in 
parallel with it. When there are no oscillations in the circuit L,C, 
the grid potential acquires a steady value n (Fig. 462), a small 
current, nf, flowing from grid to 
filament. When electro-magnetic 
waves fall upon the aerial, oscilla- 
tions of potential, na and nb, are 
produced in the grid circuit, and 
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owing to the curvature of the grid 
current curve the increase of 
current ec is greater than the 
decrease fg, as in the case of the 
erystal detector (p. 444). This 
means that the stream of electrons 


Current. 


gi! 
bna@ Grid-filament p.d 
Fig. 462, 


from the filament to the grid is 

increased, while a train of waves is arriving, and the potential of the 
grid is lowered. The anode current therefore suffers a decrease, but 
recovers its value corresponding to the point n when the waves cease. 
This change of mean current in the anode circuit causes a sound in the 
telephone. In this way the waves which are of too high a frequency 
to affect the telephone, or to be audible if they did, are enabled to 
produce signals which can be heard. 

These three-electrode valves have also been used for 
continuous electromagnetic waves in 
a similar manner to the electric 
are (p. 447), On coupling the grid 
and anode circuits by means of a 
mutual inductance or by means of a 
capacity, and applying the battery to 
the anode circuit, it is found that, with 
suitable yrid current, oscillations occur 
in the anode circuit. One method of 
earrying this out is shown in Fig. 463, 
in which the inductance L, is placed 
in the grid circuit and the oscillatory 
circuit LC is placed between P and E. The theory of production of 
the oscillations is not simple, but it may be noted that for them to 
occur, the mutual inductance L,L must be negative, so that when the 


generating 


Fic. 463. 
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current in L first rises the E.M.F. in L, raises the potential of G above 
that of F. The action of the valve is therefore to increase the anode 
current on rising and to diminish it when falling, and thus to com- 
pensate for the damping of the oscillations that would occur in LC 
were there no valve present (p. 334), This is borne out by the fact 
that the oscillations can only be produced through a limited range 
occurring at the steepest part of the anode characteristic. 

There are many types of three-electrode valve or triode, including 
the audion and the French valve, both of which are hard valves. They 
may be used in groups to increase the amplification, and the variety 
of arrangement is very. great. 

Ionisation in Flames. —That the phenomenon of ionisation takes 
place in ordinary flames may be shown in several ways. For example, 
if two platinum wires are placed in a bunsen-burner flame but not 
touching each other, a current may be made to pass between them 
by connecting them to the terminals of a cell, and a sensitive 
galvanometer in the circuit will indicate a feeble current. If a 
bead of a sodium or potassium salt be placed in the flame below the 
platinum wires, the conductivity of the flame is enormously increased, 
owing to the presence of ions liberated from the substance at high 
temperature. 

The old experiment of discharging an electrified glass or ebonite 
surface by passing a flame over it illustrates the presence of the ions, 
since those of opposite sign to the charge on the plate are attracted 
to it and neutralise the charge. 

The increase in conductivity of a flame due to the introduction into 
it of a volatilisible metallic salt has been measured by several experi- 
menters. Arrhenius’ supplied the salt to the flame by spraying a 
solution into the gas which feeds\the flame, and the concentration of 
the salt in the flame was determined by observing the rate at which a 
bead disappears which gives the same illumination as the spray, The 
conductivity in the flame is found by observing the current in a circuit 
which includes part of the flame, and subtracting the current produced 
when there is no salt employed, The (electromotive force)-current 
curve exhibits the same characteristics as that for an ionised gas, but 
the straight portion is not quite horizontal, showing that complete 
saturation is not,attained. Using the same method, Prof. H. A. 
Wilson® found that for the salts of cesium, rubidium, potassium, 
sodium, lithium, and hydrogen, the conductivity is in the order of the 
atomic weights. 

Prof, Wilson also found the velocity of the ions in a given 
electrical field by arranging two electrodes in the flame, one above the 
other, with the bead of salt between them, and determining the field 
necessary to drive the ions downwards in opposition to their velocity 
due to the upward motion of the flame gases (Fig. 464). With the 


1 '§. Arrhenius, Wied. Ann., 42, p.18. 1891. 
2H. A, Wilson, Phil. Trans., A, 192, p. 499. 1899, Z 
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upper electrode positive, the presence of the bead will not affect the 
current unless the field is sufficiently strong to drive the positive ions 
downward with a velocity just greater than the velocity with which 
they are carried upwards by the flame. In this 
way the velocity of the negative ions for a 
potential gradient of one volt per cm, in a flame 
whose temperature is about 2000° C. was found 
to be about 1000 em. per second. The velocities 
of the positive ions of the salts of cesium, 
rubidium, potassium, sodium, and lithium were 
all about 62 cm. per sec. 

Using a stream of hot air at about 1000° C., 
the velocities were respectively 26 cm. per sec, 
for the negative, and 7:2 cm. per sec. for the 
positive ions, whereas for barium, strontium, and Pic. 464, 
calcium it is 3°8 cm. per sec. for the positive 
ions. These low velocities appear to indicate that the ions become 
loaded with neutral atoms, and the equality in velocities for the ions 
of the different atoms indicates that the size of these groups depends 
upon the charge on the ion, being larger in the case of the divalent 
ions than in the case of those which are monovalent. 

Atoms.—lIt has already been seen that some of the most important 
properties of the atom depend upon its atomic number rather than its 
atomic weight. Thus Moseley’s work on the characteristic X-rays 
p. 497) proved an intimate connection between the frequency of the 

-rays emitted and the atomic number, and Soddy and Fajans (p. 534) 
showed that the chemical properties of atoms depended upon their 
atomic number, not their atomic weight. The last decade has been 
characterised by attempts to represent the constitution of the atom, 
many of these attempts being highly successful in giving an explana- 
tion of particular properties of matter. The explanations differ in 
_ point of view, according to the particular properties that are considered ; 
but they concur in representing the atom as consisting of a nucleus 
surrounded by electrons, Some of these electrons are detachable from 
the atom; but in the ordinary neutral condition the total electrical 
charge of the atom is zero. It follows that the resultant positive 
charge associated with the nucleus is equal to the sum of the charges 
of the electrons surrounding it. Sir E. Rutherford’ has shown from 
experiments on the scattering of a rays on passing through matter, 
that the positive nucleus of the atom causing the scattering of the 
a rays is an extremely small body, and that the laws of force between 
the a particle and the nucleus of the atom which would cause the 
observed deflection of the former is the inverse square law. Further, 
the suggestion was made by Van der Broek* that the positive charge 
in the nucleus, measured in electronic units, is equal to the atomic 


1B. Rutherford, Phil. Mag., 21, p. 669 (1911); and 87, p. 537 (1919). 
# Van der’ Broek, Phys, Zett., xiv., p. 82, 1913. 
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number of the kind of atom considered, which result is now confirmed 
by Rutherford’s work on the scattering of a rays. These considera- 
tions suggest that the hydrogen atom is a nucleus with one electron — 
revolving around it; a helium atom is a nucleus of two positive units 
with two external electrons; lithum three, and so on, The atomic 
number is therefore the most important quantity in determining the 
properties of the elements. When these are arranged in order of 
atomic number instead of atomic weight, the anomalies of the periodic 
table disappear. If, then, the atomic number of an element be N, the 
electric charge of the nucleus is + Ne, and it is surrounded by N 
electrons. From Rutherford’s experiments on scattering of a rays, 
it follows that the radius of the nucleus of the hydrogen atom is 
extremely small in comparison with the orbit of the electron. The 
nucleus in all cases except hydrogen contains electrons as well as 
positive units or protons, and it is the net or resultant positive charge 
that is the atomic number. Thus the helium nucleus must contain 
four protons and two electrons. 

It is possible to form an estimate of the size of the electron and 
of the hydrogen nucleus if the mass of these is considered to be of 


2 
electromagnetic origin (p. 541). Taking »=1, mass = = and 
from Millikan’s values for the electron (p. 486), e = 1°59 x 10-”, and 
m= BS x 10, 

Je" 2 OO 
“= 3m 3x 88 x 10 
= 129) L0m sem: 


Since the mass of the hydrogen nucleus is 1850 times that of the 
electron, its radius would be 1:0 x 10%, 

From the experiment on scattering by Rutherford it follows that 
when a particles of range 7 .cm. approach to within a distance of © 
24 x 10-* em. of the hydrogen nucleus, swift hydrogen atoms 
result, 

Bohr’s Theory of the Atom.—One of the most important steps 
made in the atomic theory was made by Bohr’ by applying the 
quantum theory to the problem of the radiation by the hydrogen atom. 
A simple atom such as that of hydrogen, consisting of a nucleus and 
one electron, might be in equilibrium with the electron rotating around 
the atom -with such a velocity that the centrifugal force is equal to the 
attraction between the nucleus and the electron. In fact, the two 
would rotate about their centre of gravity as a planetary system. It 
was at first considered that the motion of the electron would give rise 
to electromagnetic waves of frequency equal to that of the orbital 
motion of the electron, but the difficulty then arises, that a radiation 
means loss of energy by the rotating system, with consequent decrease 


1 N. Bohr, Phil. Mag., 26, p.1. 1913, 
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in velocity, and the electron would continually approach the nucleus. 
To meet this difficulty Bohr considered that the radiation takes place 
according to Planck’s quantum theory,' which states that whenever 
there is an interchange of energy between radiation and matter, the 
radiation or absorption takes place in quanta, which are whole multiples 
of the quantity hy, where vy is the frequency of the radiation and h is 
a universal constant, known as Planck’s constant, the value of which 
is 655 x 10-”, Thus, if E is a simple quantum of energy radiated, 
Biss iy, 
E 


or, = 
Vv 


Thus the dimensions of h are given by 
eae MEL? CC} 

ea: ) MLPT-*}. 
Planck’s constant may therefore be considered as energy multiplied by 
time, or as an angular momentum. 

If we consider the orbit of the electron to be circular, the centre of 

gravity of the atom being at the centre of the nucleus, the centrifugal 

. } 2 
force is mw*r, and the force between electron and nucleus is 5 where r 
is the distance of the electron from the centre of the atom, and w 
the angular velocity of revolution. 


e 


. a 
oe ear. 


or, ae Pe ts ng wl dea GA) 


Further, the kinetic energy of the atom is }mw’r*, and the total 
energy is compounded of this and the potential energy. Considering 
the electrical potential to be zero at infinite distance from the charge 


+e of the nucleus, the potential at distance r is + =, and the potential 


2 
energy on account of the charge —e is -< The total energy is there- 


fore | 
: é 
W = mor’ — ri 
. e? 
But from (i) mor = = 
es 
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VM, Planck, Ann. der Physik, 4, p. 553. 1901, 
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If the orbit changes from radius r, to radius r, the change in 


2 2 
energy of the atom is PS - = and if this is accompanied by radiation 
2 afl 
of frequency vy, then, according to the quantum theory, 
ef. aa 
re hee - se eet) 


So far the theory fails to account for the fact that the atoms of 
hydrogen do not radiate light of all possible frequency, for y might still 
have any possible value, by giving an infinite variety of values to r. 
To meet this difficulty Bohr applied the quantum theory to the motion 
of the electron itself. It is considered that only certain states, called 
stationary states, are possible, and that when the atom is in a stationary 
state there is no radiation; but in passing from one stationary state to 
another, radiation occurs, which is given by (iii). It has been seen 
that / is of the dimensions of an angular momentum, and the assump- 
tion is made that the angular momentum of the electron can only 


h 
change by quanta an The foundation for this may be found in the - 
Tv 


quantum specification of Sommerfeld,’ that [pdq = nh, where q is any 
ordinate defining the system, p the corresponding momentum, and 
n a whole number, the integration being taken over a complete 
period, In the case of the hydrogen atom, in which the electron has 
a circular orbit, we may express the motion in polar co-ordinates, ¢, r; 


d 
r is a constant, and » = 4 which is also constant. Thus, g = ¢, and 


p= Mor, 
Qar 
a | mordd = nh, 
J0 
or, 2armur = nh, - 
nh 
mor = —s+ 
2a 
The whole angular momentum mwr” is therefore an integral number of 
ti i 
imes —. 
2a 
Now from (i), mor =e’, 
27,2 
. nh : 
mpm CY 
4re’m Gy) 


and the energy in the stationary state represented by (ii) is 
Qm*elm 
Wh? 


A, Sommerfeld, “ Le Theorie de Rayonnement et les Quanta.” 1911, 
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If n, and n, are two integers, then from (iii) 


Qr’etm = 2r*e*m 


ph = + —75- 
neh? nh? 
5 ot 1 1 ) ) 
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The justification for the assumptions made lies in the remarkable 
agreement between the frequencies of radiation given by (v) and the 
known spectrum of hydrogen. It had long been known that the 
Balmer series of lines in the visible spectrum of hydrogen could be 
represented by an equation R(, - = where n, = 2 and nis made 

a 2 

equal to the successive integers greater than 2, each integer corre- 
sponding to a line in the spectrum. from measurements on the 
spectrum, R, which is known as Rydberg’s constant, is found to have 
the value 109677°691 waves per centimetre. On substituting the 
values e = 1°59 x 10°-™, m = 88 x 10%, and h = 6°55 x 10°”, 


Q7’e!m 


ga = 3:2) x 10" 


or, dividing by the velocity of light to obtain corresponding units, the 
value for R is 1:07 x 10°. 

It should be noted that in considering the atom as a planetary 
system a correction should be made for the fact that the centre of 
rotation has been considered to be the centre of the nucleus instead of 
the centre of gravity of the system. A correction for this fact would 
improve the agreement with the known value of Rydberg’s constant. 

In the above equation (iv) substitution of the known values of h, 
é, and m gives r = 0°53 x 10°* cm. when n = 1, this being the most 
probable value of n for the normal state of the atom. The agreement 
with the value 1:1 x 10-* for the diameter of the hydrogen molecule 
as derived from the kinetic theory of gases is interesting. 

A further advantage is added to Bohr’s theory of the atom by 
observing that if n,= 1 and n, = 2, 3, 4, etc., a series is obtained 
whose frequencies correspond to the Lyman series in the hydrogen 
ultra-violet spectrum, while the numbers n, = 3 and n, = 4, 5, 6, ete., 
give the Paschen series in the infra-red. 

In the case of helium the nuclear charge is 2 and the number of 
external electrons 2. There are now two possibilities of radiation, for 
the ionisation may consist|first in removing one electron and then the 
other. In the latter case the process resembles that for the hydrogen 
atom, but the nuclear charge is 2 instead of 1, and equation (v) becomes 


; . a 1 1 ) 
; | pie 2 ae 
} meee Tse 
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Such a series is known, which again confirms the theory. The 
spectra of the more complicated atoms require much more complex 
analysis, in fact the problem has only partially been solved. 

Application to X-rays.—It was shown by Moseley (p. 497) that 
the square roots of the frequencies of the characteristic X-rays are 
related to the atomic numbers of the substances emitting the rays in a 
linear manner. Now relation (v), p. 577, may be written— 

27°'e’N sai 1 1 


i’ 1 ies 
1 1 
(Ope ihe 


where Ne is the positive charge’on the nucleus on the atom. 
Taking the simplest possible values, n, = 1 and n, = 2, 
pe NR .g 
or, N =Q/». 
It is clear from Moseley’s curves (p. 497) that if we take the K 
radiations N increases by regular amounts as we pass up the series of 
elements, and it was this fact that led him to the conclusion that the 


nuclear charge determines the characteristic radiation. 
If the case of copper be chosen, then for the Ka, line 


N= Le bAsOn 
35< 10" 
~ 154 x 10 
Also Rydberg’s constant R = 1:097 x 10° x 3 x 10%, 
N for copper = 29, and e = 1°59. x 10™, 
which give, VS 29? x POT oO LO ae ¥ 
= 2°01 LO 


= 1:95 e<alOe 


- Vv 


The agreement is surprisingly good, considering the assumptions 
involved. Molesley showed that there is still a correction to be made 
for the effect of the electrons upon each other. There is little doubt 
that the K radiation originates in the innermost ring of electrons, 
which is called the K ring. Bearing in mind the origin of the radia- 
tions, it appears that when an electron moving sufficiently rapidly 
through an atom removes one of the electrons from the K ring, the 
return of an atom from outside, probably the next ring, gives rise to 
the characteristic X radiation. The K radiations thus correspond, in 
the case of the heavier elements, to the Lyman series in the hydrogen 
spectrum. 

Following the analogy, if we put n, = 2 and n. = 3, 


v= NR-D=NR.S. 
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Taking platinum, \ = 1°32 x 10-*, and N = 78, 


3 x 10” i! i 
Peres ig = 287 X20", 
and, y= 78 x 1097 x 3x 10°x & 
= 2'78 «x 10¥. 


It is therefore reasonable to recognise the analogy between the L 
radiation and the Balmer series of the hydrogen spectrum. 
Again, putting n, = 3 and n, = 4, 


y= NRG — 3h) = NRE 
Taking M, for thorium as 4:14 x 10-* 


ox LO” 


= Tia x 1978 = 725 x 10", 


v 
and, since N = 90, 
v = 90?.x 1:097 x 3 x 10" x 54, 
= 1-24 x 10%. 


It must be remembered that with high atomic numbers the correc- 
tion for the interaction of the electrons in the rings is very great, 
Apart from this, the agreement is sufficiently near to recognise the 
analogy between the M radiations and the Paschen series of the 
hydrogen spectrum. 

From equation (i) (p. 575), it follows with increasing nuclear 
charge, that e* must be replaced by N*e* and that mw*r increases. ‘This 
implies that as r diminishes with increasing attraction, w, the angular 
velocity which determines the frequency of revolution of the electrons 
in their orbits, increases. 

Ionisation Potential—The numbers n,=1 and n,=2 are the 
smallest integers that can give any meaning to equation (v), and 
would probably correspond to some limiting condition of energy of the 


. 2re*m Afae 
atom. If n= 1, the energy of the atom is agcot and this is generally 


considered to be the energy in the normal condition. It will also be 
remembered that the condition of zero energy was taken to be that in 
which the electron is removed to an infinite distance from the nucleus 
and is at rest with respect to it, which condition is recognised as that 


. . ‘ . . . 27°e'm 

in which the atom is ionised. The energy aa may then represent 
the work necessary to ionise the atom. On putting in the values 
e@ = 4774 x 10%, <= 531 x 10", and h = 6-55 x 10-”, the 


energy for ionisation is 1-703 x 10 ergs. This is frequently repre- 
‘sented in terms of the potential through which an electron would have 
to fall in order to acquire this energy. 
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Now Ve = }mv” ergs, where v is the velocity acquired by the 
electron in passing through a difference of potential V. The value 
of e in electromagnetic units is 1:59 x 10-, and if V is in volts, 


V x 108 x 1:59 x 10-% = 1-703 x 1074, 
V = 10'8 volts. 


The agreement with the known value is sufficiently good to indicate 
the validity of the assumptions made. 

Tonisation potential takes a special importance from the relation 
between X-rays and the electrons producing them and the electrons 
produced by X-rays. For the production of any given quality 
of X-ray, the velocity of the cathode ray in the X-ray tube must 
have a certain minimum value. This minimum velocity in the 
case of the K radiation was found by Whiddington (p. 490) to be 
2(N — 2)108 cm. per sec., where N is the atomic number of the 
substance of which the anticathode is constructed. In the case of 
nickel, N = 28, so that 52 x 108 is the velocity of electron required 
to produce the K radiation. The energy of the electron is therefore - 
4mv? =} x 8:8 x 10-% x (52 x 10°)? = 1:2 x 10% ergs. If this energy 
is converted into radiation and the quantum theory applies to the 
process, 

12 10? = hy 
te aa a: 
~ 6°65 + 10 
ayes x 10" 6°65 x 10>” x 3 Ae 
ew Fae iy es 12 x 103 
= 1:66 om Os 


The observed values of A for the two K radiations of nickel are 
1:66 x 10-® and 1:51 x 10-*, so that the agreement is sufficiently 
close to justify the application of the quantum theory to this exchange 
of energy. Whiddington! has also employed the method of Ruther- 
ford and Robinson (p. 518) to the examination of the velocity of the 
electrons emitted by various substances when subjected to X-rays. 
He finds that the fastest moving electrons have velocities very well in 
accordance with the frequency of the X-rays producing them, as 
determined by the relation }mv* = hy. 

- Photoelectricity.—The Hallwachs phenomenon (p. 475) is only one — 
case of the liberation of electrons when light falls upon matter. The 
effect is very widely observed, and to it is applied the term photo- 
electricity. Experiments conducted in a vacuum have given us much 
more intimate knowledge of the process than we had previously, and 
have led to the discoveries that (a) the velocity of the electrons 
emitted is independent of the intensity of the light, and (6) the rate 


1 R. Whiddington, Phil. Mag., 48, p. 1116. 1922, 
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of emission of the electrons is directly proportional to the intensity 
of the light. A measure of the positive potential acquired by the 
illuminated plate enables the velocity of the emitted electrons to be 
found, for the emission ceases when the electric intensity produced by 
the loss of negative electricity is sufficient to prevent the further 
escape of electrons. Also the saturation current (p. 479) for a given 
p.d. between the illuminated plate and a parallel plate gives the 
number ef electrons emitted per second. In the case of the alkali 
metals maximum photoelectric effect occurs for light belonging to the 
visible part of the spectrum. This is probably due to a selective effect 
for the metal, as, for the normal photoelectric effect, the shorter the 
wave-length of the light the greater is the emission. The plane of 
polarisation of the incident light also influences the rate of emission 
of the corpuscles. 

The photoelectric phenomenon has been shown to be connected 
with those of fluorescence and phosphorescence as well as with that of 
the chemical changes occurring in the photographic plate. The subject 
is now such a large and important one that the student can only be 
referred to such works on it as that of H. 8. Allen.’ 

The above condition (a) indicates that the velocity of emission of 
electrons depends only upon the frequency of the incident light, and 
many observers concur in the conclusion that it is independent of the 
intensity of the light and the temperature of the metal. For any 
given metal there is a minimum frequency for the incident light, below 
which there is no emission of electrons. The electrons emitted have 
yarious velocities up to a certain maximum, but as those emitted 
below the surface probably lose energy in passing through the material, 
it is reasonable to suppose that the velocity with which the electrons 
are liberated from the atoms is the same for them all, and equal to the 
maximum observed velocity v. If V is the potential through which 
the electron must fall to acquire its velocity of emission, the relation 
Ve = kv — ™, has been found to fit relation between Ve(= }mv*) and 
v the frequency of the incident light: ww, has a definite value for each 
metal, and k is a constant, having the same value for all metals. The 
quantum theory has been applied by Einstein® to the photoelectric 
emission, by considering ik to be identical with Planck’s constant h, 
The atom can then absorb light only in complete quanta of energy (hv), 
and if vy is the minimum frequency of light which will produce 
liberation of electrons, hy, is the energy absorbed from the incident 
beam to liberate electrons with zero velocity. This is identified as the 
quantity w,, and the equation becomes— 


We = dmv” = h(v — v9) 
Experiments by Richardson* have proved the validity of this 


; 1H. §. Allen, ‘‘ Photo-electricity.” Longmans, Green & Co. 
2 Hingtein, Ann. d. Physik, 17, p. 132. 1905. 
70. W. Richardson, Phil. Mag., 24, p. 575, 1912. 
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equation, and Millikan’ has employed it for the calculation of h. It 
thus appears that when a light quantum hy is absorbed, the energy 
hv, is used in liberating the electron and the balance of energy hy—hy 
is available for producing kinetic energy, which may be distributed 
between the atom and the electron. 

The phenomenon of ionisation by X-rays may be looked upon as an 
example of the photoelectric effect, for it is now known that X-rays 
are of the same nature as light, but of higher frequency. This explains 
the greater ionisation produced by rays of higher frequency ; for the 
quantum of energy absorbed by the atom is hy, and is therefore 
proportional to the frequency. It also explains the fact that the 
corpuscular rays emitted when X-rays pass through gases, have the 
same velocity as the electrons which gave rise to the X-rays (p. 472). 

Absorption.—On the dynamical theory of radiation it would be 
expected that when a continuous beam of light, such as white light, 
passes through matter, the atoms would absorb just that frequency 
of radiation which they themselves emit ; the reason for this is that 
by resonance they will be set in oscillation and so absorb energy from 
the incident beam. But radiation has been accounted for (p. 576) 
by the passage of the atom from its ionised state to its normal state 
through a series of stationary states. We should therefore expect 
that the absorption of energy would transfer the atom back through 
this process from the normal to the ionised condition. The emission 
of radiation of a given frequency implies the presence of two stationary 
states, and absorption of radiation of this frequency will only occur 
if the one of these states corresponding to lower energy is present 
in some of the atoms of the substance. Since in the ordinary condition 
of a substance only the normal unionised condition is likely to exist, 
the only absorption that will occur is of such a frequency that the 
normal state is the stationary state of lowest atomic energy. Absorp- 
tion corresponding to states intermediate between the normal and the 
ionised condition may occur. Thus the lowest frequency of radiation — 
for absorption is the limiting frequency given by— 


hy = W, —Wy 


where W, is the energy of the atom in the ionised state and W, that 
in the normal state. If vis greater than this frequency, each quantum 
of energy absorbed is in excess of that required for ionisation and 
photoelectric emission results (p. 581). It does not follow that the 
atom once ionised will return in one step to its ionised condition ; 
in fact, it returns through the stationary states and emits the series 
defined by equation (v) (p. 577), which correspond to fluorescence. 
The above reasoning explains why the absorption spectrum in the case 
of hydrogen does not correspond to the emission spectrum. Since the 
condition of lowest atomic energy corresponding to (v) is W,, obtained 


1 R, A, Millikan, Phys. Rev., vii., 18, p. 855. 1916, 
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by putting n, = 1, the possible absorption frequencies are obtained 
by putting n, = 1, and n, = 2,, 3, 4, etc., that is, they correspond to 


the Lyman emission series. The series n, = 2, and n, = 3, 4, etc., 


will not correspond to an absorption spectrum, because atoms corre- 
sponding to the stationary state n, = 2 are not present in the gas 
under ordinary conditions, 

It is known that a certain critical velocity of cathode ray is 
necessary for the production of X-rays of any given frequency (p. 580). 
This velocity is generally given in terms of the voltage through which 
the electron must pass to give it this velocity. Since 4mv* = Ee, and 


eee 7 
— = 177 x 10" (p. 486), 


v=2x 177 x 10"E 
or, - v = 5°95,/ E 10’ em. per sec. 
and, E = 2°82v 10-* volts. 


It is found that on increasing the voltage in the X-ray tube the 
general emission of X-rays increases, but there is a sharp upper limit 
to the frequency for any voltage, which limit rises with the voltage 
for any given substance. Also in the absorption of X-rays by 
any substance there is a sharp limit to the absorption for the K 
radiation, known as the K absorption limit. On the quantum theory 
it would be expected that the absorption limit is given by the relation 
ly = W, — Wy, where W, is now the work required to remove one 
electron from the K ring. In returning to the normal condition the 
greatest frequency of radiation emitted is also given by hy = W,— Wy. 
which is the voltage necessary to produce the rays. 


* dmv = He = hy. 
Using the values e = 1:59 x 10°”, and h = 6°55 x 10°”, 
Seoul 2 O:DD x LOT x 3°. 10” 
~y 159x10™x Ex 10° 
_ 1:24 x 10-8 
Bees e 


A 


where X is in centimetres and E in-volts, 

Atomie Structure.—The suggestion that the atom consists of a 
central body with groups or rings of electrons round it is due to 
Sir J, J.. Thomson. As the number of electrons in any layer is 
increased, a stage is reached at which no more can be added without 


causing instability, and any further addition of atoms causes the 
formation of a new layer outside the others. There is therefore a 


probability that the properties of matter which depend upon the 


action of an atom upon its neighbours will be determined by the outer 


> 
, 


] 
y 
\ 
int 


layer of electrons of the atom. These effects are cohesion, surface 


tension, and particularly chemical affinity, All these exhibit periodic 
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variations with ascending atomic number, while phenomena, such as the 
production of characteristic X-rays, which proceed from the inner layers, 
exhibit a continuous progression, as shown by Moseley (p. 578), with no 
trace of periodicity. The suggestion of Van der Broek (p. 573) that the 
atomic number is the resultant positive charge on the nucleus involves 
the condition that in the neutral atom the number of electrons © 
surrounding the nucleus is also equal to the atomic number. Beginning 
then with hydrogen, there is unit nuclear charge and one electron. 
The helium atom has nuclear charge 2 and two electrons surrounding 
it. There is little doubt that the K radiations (p. 578) arises from 
disturbances in this, which is called the K ring. Lithium has nuclear © 
charge 3, but the third electron forms the starting-point of another 
layer or ring, and in the succeeding elements up to neon of atomic 
number 10 (p. 506) the additional electrons form a group reaching eight — 
in number, and from disturbances in this group the L radiations arise. 
Beyond this, from sodium (11) to argon (18), is the second ring, the M 
ring, and after this electrons are added until uranium with 92 in all is — 
reached. 
Octet Theory of the Atom.—A theory of the atom known as the © 
Octet theory has been built up by Lewis} and Langmuir,? which differs 
in many respects from that due principally to Rutherford (p. 573). 
Its chief advantage lies in the many ways in which it accounts for the 
periodic variations in the chemical and physical properties of the | 
elements. Chemical affinity is, on this theory, related to the stability — 
of the various possible groupings of the electrons in the atom, and to © 
| 
| 


the fact that one or more electrons may be shared by more than one — 
atom. The most stable groupings are He, with two electrons forming | 
a layer; Ne, with 8 electrons in the outer layer; A, with an outer — 
layer of 8; Kr, with 18 ; Xe, 18 ; and the emanations with 32. These | 
substances are known as the inert gases, and since the atoms of these — 
substances do not combine with other atoms, either like or unlike | 
themselves, their valency is said to be zero, Langmuir’s theory places — 
the electrons in complicated arrangements of layers and cells, but in the © 
elements of lower atomic number these reduce to an arrangement of © 
8 electrons at the corners of a cube for the elements up to argon, 

hence the name “octet” theory. It is considered that an atom Cee | 
tends to approach the stable state of one of the inert gases. Thus the 


Li atom easily loses its outer electron, and F easily takes up another 
electron. Hence Li is monovalent and electro-positive, and F is mono- — 
valent and electronegative. If the extra Li electron supplies the place { 
of the missing F electron, so that the two atoms share the common — 
electron, each has now a complete outer ring, and the om 
molecule is stable. Similar places are occupied with respect to the 

next rings by Na and Cl, and so on. The case of nitrogen is interest-_ 
ing. By taking up 3 electrons it completes its outer ring of 8; in > 


1 GN. Lewis, Am. Chem. Soc. Jowrn., 88, p. 762. 1916. 
eh Langmuir, Am. Chem, Soc, Journ,, 41, pp. 868, 1548, 1919, 
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this way it behaves like an electro-negative trivalent element, as in 
forming NH,. But if it loses its 5 outer electrons it acts like an 
electro-positive pentavalent element (N,O;). Similarly, carbon by 
losing 4 electrons becomes electro-positive and tetravalent (CCl,), 
or by gaining 4 electrons it becomes electro-negative (CH,), besides 
the other conditions in which it gains or loses 1, 2, or 3 electrons. 
In many cases, particularly that of carbon, it is probable that the 
atom cannot actually lose four electrons, although it is able to share 
four with other atoms. Thus, Langmuir draws the following distinc- 
tions between the different kinds of valency possible :— 

Positive valency is the number of electrons which an atom can lose, 
negative valency the number which it can acquire, and covalency is 
the number of pairs of electrons which it can share with other atoms. 
For a fuller account of the octet theory and its bearings the student is 
referred to the original papers. 

Structure of the Nucleus.—Very little is known about the nucleus 
of the atom. The simplest nucleus is that of the hydrogen atom, and 
this is probably the groundwork of other atoms. When forming part of 
the structure of other atoms the name proton is generally applied to the 
hydrogen atom. Since the atomic number is, for the lighter atoms, 
half the atomic weight, it’follows that there must be electrons together 
with protons in the nucleus. For example, the helium nucleus has 
a resultant charge +2; but the atomic weight is 4; hence there must 
be two electrons in the nucleus. Similarly, the difference between 
the atomic weight and atomic number is the number of electrons in the 
nucleus, 

That the atoms of the elements are built up of whole numbers of 
some unit has been shown by Aston (p. 504), but the unit has not the 
same mass as the free hydrogen atom (1:008). If, however, the mass 
of the nucleus is of electromagnetic origin (p. 540) it is certain that 
the modification of the electric field when the protons are associated as 
intimately as they are in the nucleus will have an effect on the mass. 
The discrepancy between the mass of the free hydrogen atom (1:008) 
and the mass of the proton (1) has been accounted for in this way. It 
follows that in associating together to form the helium nucleus, the four 
hydrogen atoms will lose considerable energy, and this energy has been 
used as an explanation of certain cosmical processes, Sir HE. Ruther- 
ford* has shown that by bombarding hydrogen with swift a particles 
from Ra, hydrogen atoms of very great range are driven forward 
where there is a direct collision. With a particles of range 7 cm. 
hydrogen atoms of range nearly 28 cm. could be detected by their 
scintillations upon a zinc sulphide screen. On using air instead of 
hydrogen, oxygen and nitrogen atoms are driven forward by impact 
of the a particles. It is shown that the closest distance of approach 
in the collision of an a particle is 1:9 x 10-* cm. in the case of 
hydrogen, and 3°8 x 10~* in the case of an oxygen atom. Further, 


1 i, Rutherford, Phil. Mag., 37, pp, 587, 562, 571, and 581. 1919. 
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when air or nitrogen is used, there are scintillations produced by long 
range particles, which were shown to be hydrogen atoms driven out of 
the nitrogen nucleus by the swift a rays. The maximum range of the 
particles is 28 cm.,as in the case of those produced from hydrogen, and 
their deflection in the magnetic field fixed their identity as hydrogen 
atoms. 

Later, Rutherford and Chadwick? have found the presence of swift 
hydrogen atoms with positive changes by bombardment with a rays in 
the case of boron, fluorine, sodium, aluminium and phosphorus. The 
atomic numbers of these elements are 5, 7, 9, 11, 13 and 15, and the 
other light elements do not give such particles. Both forward and 
backward ranges are found in all cases, the forward range always being 
the greater. They are B 58 and 38 cm., N 40 and 18, F 65 and 48, 
Na 58 and 36, Al 90 and 67, and P 65 and 49. The atomic mass is in 
all cases 4n + 3 where n is an integer, except in the case of nitrogen 
where itis 4n +2. Both backward and forward velocities are pro- 
portional to the velocity of the bombarding a particle, and are therefore 
due to impact and not to a trigger-like release of the swiftly moving 
particles. The simplest explanation of the behaviour of these particular 
substances is that the hydrogen atoms which are detached by impact 
are satellites of the main nucleus. The further the satellite is from the 
main nucleus, the less the main nucleus partakes in the impact and the 
greater the velocity of the ejected particle. 

_The view that the atoms consist of hydrogen nuclei or protons is 
strengthened by these experiments, but it is probable that many of 
them are already grouped into fours, forming the very stable grouping 
of the helium atom. The stability of the helium atom is well known, 
for in all the known radioactive changes in which positive particles 
are ejected they are always helium atoms, never hydrogen atoms, 


1 KH. Rutherford and J. Chadwick, Phil. Mag., 42, p. 809 (1921); and 44, p. 417 
(1922). 
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Examptes I. 


1. Two short magnets, with their axes horizontal, and perpendicular to the 
magnetic meridian, are placed with their centres 380 centimetres east and 
40 centimetres west respectively of a compass-needle. Compare the moments 

of the magnets if the needle remains undeflected, and show how to derive the 
formula employed in the calculation, (B. of E. 2, 1911.) 

2. How would you verify experimentally the law connecting the forces 
between two magnetic poles with the distance between the poles? Make some 
rough estimate of the percentage accuracy of which the method is capable. 
(Lond. Univ. B.Sc. Ext., 1906.) 

3. Find an expression for the potential at a point in the field due to a very 
short magnet of known moment. Hence deduce the components of the field 
intensity at the point, along and perpendicular to the line joining it to the 
centre of the magnet. (Lond. Univ. B.Sc. Internal., 1921.) 

4, Find expressions for the turning effect and for the attraction of one 

small magnet on another. (Lond. Univ. B.Sc. Hon. Internal., 1910.) 

5. Show how mechanical principles are not violated by the fact that the 
couple exerted by one magnet on another is, in general, not the same as that of 
the second on the first. (Lond. Univ. B.Sc. Hon. Internal., 1911.) 

6. Two magnets of the same length 7 are placed with their axes parallel and 
their centres at a considerable distance R from a point P, one with its axis 
passing through P, the other with P on the line through its centre perpendicular 
to its axis. Find how the magnets must be oriented, and what must be the 
relation between their moments in eee that the magnetic field at P due to them 


may be independent of powers of -~ lower than the fourth. (Lond. Univ. B.Sc. 


Ext., 1911.) 

7. Find the magnitude and direction of the magnetic field due to a small 
magnet of moment 30, at a point situated on a line passing through the middle 
of the magnet and at an angle of 60 degrees with its axis, the point being ata 
distance of 5 cms. from the magnet. 


: 


Examptes II, 


1. Describe, giving all necessary correcting terms, how you would determine, 
‘in absolute measure, the horizontal component of the earth’s magnetic field. 
(Lond, Univ. B.Sc. Internal., 1906.) 
2. Describe some method of comparing H and V, the horizontal and vertical 
components of the earth’s magnetic field. 


Show that the ratio H + V would be equal to © 


“ §, where @ is the latitude, 
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if the magnetic field were due to a magnet at the centre of the earth with its 
axis pointing north and south. (Lond. ‘Univ. B.Sc. Ext., 1907.) 

3. Describe the method adopted to determine the var ‘ation of the horizontal 
component of the earth’s magnetic field, and find an expression for the deflection 
produced in terms of the variation of the component. (Lond. Univ. B.Sc. Ext., 
1909. 

4. Give an outline of the determination of H—the horizontal magnetic field 
of the earth—by employment of a bar magnet and a magnetic needle. 

How is the effect of the length of the bar magnet eliminated by observing 
deflections of the needle by the bar magnet at two different distances of the 
latter? (Lond. Univ. B.Sc. Internal., 1910.) 

5. Write an essay on terrestrial magnetism, keeping in view more especially 
its probable causes. (B. of E. Hon. I., 1907.) 

6. Give a short account of how it is possible to neutralise the disturbing 
action of the magnetised iron and steel of a ship on a compass needle. (B. of H. 
3, 1908.) 

7. Explain how the daily variation of the intensity of the earth’s magnetic 
field may be continuously recorded. (B. of EH. 3, 1910.) 

8. A magnet weighing 15 grammes hasa small straight stem (length = 4mm.) 
fixed centrally at right angles to the magnetic axis. The whole is suspended by 
a silk fibre attached to the upper end of the stem, at a place where the dip is 
60°. Calculate the angle which the magnet makes with the horizontal, its 
magnetic moment being 100 units. (Lond. Univ. B.Sc. Internal., 1905.) 


Exameces III. 


1. What is the reason for using as small a suspended magnet as possible in 
the tangent galvanometer ? 

Describe an arrangement of coils by which the necessity for a very small 
magnet is removed, stating the reasons. 

2, Two similar coils of wire, having a radius of 7 cms. and 60 turns, have 
a common axis and are 18 cms. apart. Find the strength of magnetic field (a) at 


the centre of either coil, and (0) at\a point on their common axis midway ~ 


between them. 

3. Describe a method of calculating the resistance between two points in a 
network of conductors. (B. of E. 3, 1905.) 

4. Find the resistance of a cubic centimetre of copper (a) when drawn out 
into a wire of diameter 0°32 mm. and (6) when hammered intoa flat sheet of 
thickness 1°2 mm. the current flowing perpendicularly through the sheet from 
one face to the other. (Specific resistance = 1°59 x 10~°.) 

5. Find the most sensitive arrangement for the Wheatstone’s net when the 
galvanometer has a much greater resistance than the battery, and the resistances 
of the arms are very unequal. 

6. State the laws governing the distribution of current in a network of wires. 

A battery of 6 volts E.M.F. and 0°5 ohm internal resistance is joined in 
parallel with another of 10 volts E.M.F. and 1 ohm internal resistance, and the 
combination used to send current through an external resistance of 12 ohms, 
Calculate the current through each battery. (Lond. Univ. B.Sc. Ext., 1910.) 

7. State Kirchhoff’s Laws of distribution of electric currents in networks of 
conductors, and justify by means of them or otherwise the method of determin- 
ing the resistance of a voltaic cell by placing it in one arm of a resistance bridge. 
(Lond. Univ. B.Sc. Ext., 1911.) 

8. Define the ampere, and find the direction and intensity of the force on a 


\ 2 


. 
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circular coil of nm turns wound close together through which a current of A 
amperes is flowing due to a magnet whose poles lie on the axis of the coil. 
(Lond. Univ. B.Sc. Ext., 1911.) 

9. The reactions within a cell generate electrical energy at the rate of 
1 watt per ampere; a current of 10 amperes is being generated with the result 
that energy is dissipated within the cell in the form of heat at the rate of 1 watt. 
What is the difference of potential between the terminals of the cell, also what is 
the internal resistance of the cell? (Lond. Univ. B.Sc. Internal., 1909.) 

10. Show how to calculate the current through the galvanometer in the 
Wheatstone bridge arrangement of conductors when nearly balanced. (Lond, 
Uniy. B.Sc, Hon, Internal., 1910.) 


Exametes IY. 


1. Describe how you would determine a very small resistance accurately. 
(B. of E. 2, 1911.) 

2. Describe the moving coil galvanometer, giving its advantages and dis- 
advantages compared with the needle galvanometer. (B, of H. 2, 1911.) 

8. Describe carefully how you would use a potentiometer for measuring 
currents. How would you adapt it for use with large and small currents 
respectively? (Lond. Univ. B.Sc. Internal., 1905.) 

4, Describe the construction of the moving coil galvanometer, and explain 
how, with the addition of a shunt, it can be used as an ammeter for large 
currents. (Lond. Univ. B.Sc. Ext., 1908.) 

5. What difficulties are met with in measuring a very small resistance hy the 
Wheatstone’s bridge method? Describe a method of comparing low resistances, 
(Lond, Univ. B.Sc. Internal., 1909.) 

6. Describe some form of ammeter in which the reading is proportional to 
the square of the current. 


Examples VY, 


1. Why does a sharp point attached to an electrical machine prevent a high 
potential being obtained, while a knob has no such effect ? 

Describe some practical application of the above action of points. (B. of 
E. 2, 1911.) 

2. Give an account of the method employed by Cavendish and Maxwell to 
prove that the law of inverse square of the distance holds in electrostatics. 
How can the degree of accuracy attained in such experiments be estimated ? 
(Lond, Univ. B.Sc. Internal., 1907.) 

3. Define the term potential, as applied to conductors in electrostatics, 

Show that the potential must be the same at all points in the air space 
completely surrounded by a conductor. (Lond, Univ. B.Sc. Ext., 1908.) 

4, What is an electrical image ? 

A point charge is placed 3cm. in front of an infinite plane conductor. Show 
that the total induced charge on the portion of the plane which is contained by 
the circumference of a circle of radius 4 cm., and whose centre is the foot of ng 
perpendicular let fall from the point charge on to the plane, is numerically 2 of 
the point charge. (Lond. Univ. B.Sc. Hon. Tnternal., 1909.) 

5. Show that if the energy in the electrostatic field is regarded as distributed 
throughout the field the amount of energy per unit volume at any point P in 


2 
the field is where & is the specific inductive capacity and R the electric 
indenwity at P (B, of E, Hon., 1905.) 
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6. Show that the electric force close to a charged surface is normal to the 
surface and equal to 4x0, where o is the surface density of charge. 

Show also that the force acting on unit area of the surface is 2ro? along the 
direction ofthe normal. (Lond, Univ. B.Sc. Ext., 1912.) 

7. Discuss the application of the method of images to the solution of 
electrostatic problems. (B. of E. Hon. II., 1906.) 

8. Show that in passing from one dielectric to another, electric lines of force 
may undergo a change in direction. (B. of E. 3, 1910.) 

9. Compare the forces with which a point charge of electricity and a 
conducting sphere attract each other (a).when the sphere is earthed, (b) when it 
is insulated. (B. of E. Hon. IJ., 1911.) 

10. What is meant by an electrical image? A charge of electricity +q is 
situated at a distance / from a large earthed plane conducting sheet. Find the 
distribution of the induced charge in terms of the distance from the point. 
(Lond. Univ. B.Sc. Ext., 1905.) 

11. Can you reconcile Maxwell’s system of tensions and pressures in the 
dielectric medium with the theory which gives the energy per cubic centimetre as 


LE? 
ee ? (Lond. Univ. B.Sc. Hon. Internal., 1907.) 


Sar 
12. Find an expression for the force per square centimetre of surface on a 
conductor due to its charge. What charge must there be upon a soap bubble 
of radius 1} cm. if the air pressure is the same inside and outside of the bubble, 
assuming the surface tension to be 27? (Lond. Univ. B.Sc. Hon. Internal., 1907.) 
13. Show that if there is no force inside a uniformly charged spherical 


TeMeTO ; 
surface the law of force between two charges e; and eg is “als where r is the 


distance between the two points at which e; and e, are situated. (Lond. Univ. 
B.Sc. Hon. Ext., 1908.) 

14. Find the conditions that hold at the surface separating two media of 
different resistivity when a current flows from one to the other; and deduce a 
relation between the inclinations of the lines of flow to the normal on the two 
sides of the boundary. 

15. Show how the induced electrification distributes itself on a conducting 
sphere placed in a uniform field. (Lond. Univ. B.Sc. Hon. Internal., 1910.) 

16. Explain the method of electrical images for the solution of problems in 
electrostatics. 4 

Find the distribution of electricity produced. on a conducting sphere insulated 
without charge, when a point charge is placed near it. (Lond. Univ. B.Sc. Hon. 
Ext., 1911.) 


Exampues VI. 


1. Two spheres of radii 5 and 10 cm. respectively have equal charges of 
50 units each. They are then joined by a thin wire so that their charges are 
shared between them. Calculate the total energy before and after sharing. 
What becomes of the difference of energy? What difference would be caused 
by bringing the spheres into direct contact with one another? (Lond. Univ. 
B.Sc. Internal., 1905.) 

2. Describe some form of absolute electrometer and give the theory of its 
action. (Lond. Univ. B.Sc. Hon. Internal., 1907.) 

3. Define accurately the term capacity of a condenser, and show which has 
the greater capacity, the inside or the outside coating of a Leyden jar. 

Find the capacity of a sphere of 15 cms. diameter inside which there is an 
earthed concentric sphere of 10 cms. diameter. (Lond. Univ. B.Sc. Ext., 1908.) 
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4, The ends of a metal tube of radius 7, project into two larger tubes of 
radii 7, and 7,, the radii being small compared with the lengths of the tubes, and 
the axes being all in the same line. Find the force in dynes on the inner tube 
when the potentials of the three conducting surfaces are v,, v2, and v, respectively. 
(Lond. Univ. B.Sc. Hon. Ext., 1908.) 

5. A wire 1 mm. in diameter is stretched along the axis of a conducting 
cylinder where internal radius is 1 cm. Calculate the capacity of the structure 
per unit length. (Lond. Univ. B.Sc. Ext., 1921.) 

6. If one pair of quadrants of a quadrant electrometer is connected with the 
earth, and if a constant charge is given to the other pair of quadrants, the deflec- 
tions of the electrometer will be a maximum when the potential of the needle has 
a certain value, any increase of the potential beyond this value diminishing the 
deflection; explain this result. (B. of E. Hon. I., 1905.) 

7. How would you determine the specific inductive capacity of a solid sub- 
stance, being given a slab of the material in question? (B. of E. 3, 1908.) 

8. Given a standard condenser of 0°5 microfarad, how would you use it to 
determine a very small capacity (¢g., about the ten-thousandth part of the 
standard)? (B. of HE. III., 1905.) 

9. Find the capacity, per square centimetre, of a condenser formed of two 
parallel conducting planes of infinite extent when the intervening gap consists of 
8 mm. of air and 4 mm. of a substance whose dielectric constant is 5. (Lond. 
Univ. B.Sc. Ext., 1922.) 

10. Deduce an expression for the electrostatic capacity of two coaxial 
metallic cylinders separated. by a layer of air. Investigate the effect of inserting 
between the cylinders a coaxial cylindrical shell of a dielectric substance of 
thickness less than that of the layer of air. (Lond. Univ. B.Sc. Hon. Ext., 
1906. 

i? State Gauss’s theorem, and deduce from it the capacity of a long con- 
denser consisting of two concentric cylinders, (Lond. Univ. B.Sc. Ext., 1909.) 

12. Describe some form of quadrant electrometer and deduce a formula for 
use with it. (Lond. Univ. B.Sc. Ext., 1909.) 

13. Two parallel conducting plates are maintained with a constant difference 
of potential between them. Find the ratio of the attractions between the plates 
when air is the only medium separating them, and when a sheet of non-conduct- 
ing material whose thickness is two-thirds of the distance between the plates 
and whose dielectric constant is 6, is inserted. 

14. Describe some form of quadrant electrometer, and discuss the conditions 
on which the sensitiveness of the instrument depends. (Lond. Univ. B.Sc. 
Tnternal., 1911.) 

15. A cable consisting of a solid conductor of 6 mm. diameter is surrounded 
by two layers of insulating material, separated by a thin conducting layer, the 
inner haying a thickness of 8 mm. and a dielectric constant 7, and the other a 
thickness of 4 mm. and dielectric constant 5. Outside this is an earthed con- 
ducting sheath. Find the ratio of the falls of potential in the two insulating 
layers, On gradually raising the potential difference between the inner conductor 
and the earthed sheathing, which of the layers will first break down in insulation, 
assuming the electric strength of the two insulating materials to be the same ? 
(Lond, Univ. B.Sc, Hon. Internal., 1911.) 


Exampugs VII. 


1. Describe some method of determining accurately the specifio resistance of 


an electrolyte. (B. of E. 3, 1906.) 
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2. State the evidence, derived from the facts of electrolysis, that electricity 
is atomic in structure. (Lond. Univ. B.Sc. Internal., 1919.) 

8. Describe the phenomenon of electrolytic conduction and explain how our 
knowledge of ionic velocities has been obtained. (B. of E. 3, 1907.) 

4, Give a short account of the ionic theory of electric conduction in electro- 
lytes, and show why a difference in potential should in general be expected 
when diffusion of a salt takes place. (B. of E. Hon. I., 1910.) 

5. Discuss the relation between the E.M.F. of a Daniell cell and the 
chemical changes which take place in it. (Lond. Univ. Hon. Subsid., 1917.) 

6. What is meant by the velocity of an ion in electrolysis, and how has it 
been measured? (B. of HE. 3, 1911.) 

7. Describe Koblrausch’s method of determining the resistance of an electro- 
lyte; and explain how from a knowledge of the conductivity of salt solutions, 
the degree of dissociation of a solution of given strength is usually calculated. 
(Lond. Univ. B.Sc. Internal., 1906.) 

8. Explain how the velocities of the ions in an electrolyte have been ascer- 
tained, and describe a method of directly observing an ionic velocity. (Lond. 
Univ. B.Sc. Internal., 1906.) 

9. Find arelation between the rate of change with temperature of the electro- 
motive force of a reversible cell and the other constants of the cell. (Lond. 
Univ. B.Sc. Hon. Internal., 1906.) 

10. A sphere of unit radius contains a solution of hydrochloric acid in which 
the density of the acid is 10-* gramme per cubic centimetre. Calculate the 
electric force in volts per centimetre at the surface of the sphere if one per cent. 
of the chlorine ions were removed from the solution, the electrochemical equi- 
valent of hydrogen being 0:000104 gramme, (Atomic weight of chlorine = 35°5, 
hydrogen = 1°01.) 

Hence, show that it would be impossible by employing forces of the order of 
a volt per centimetre to produce any separation of H and Cl ions in the solution 
that could be estimated chemically. (Lond. Univ. B.Sc. Ext., 1907.) 

11. Two liquid resistances, A and B, of 5 and 10 ohms respectively, are 
connected in parallel, and a battery of electromotive force 8 volts and 2 ohms 
internal resistance is used to send a current through them. 

Find the currents in the two liquids, being given that the electromotive force 
of polarisation is 0'1 volt in A and 1°8 volts in B. (Lond. Univ. B.Sc. Ext., 
1908.) 


12. Explain how the electromotive force of a cell may be deduced from the ; 


quantities of heat evolved in the chemical reactions that take place in the cell, 
and show that the correction for the temperature-variation of the electromotive 


force 18 wee (Lond. Univ. B.Sc. Hon. Ext, 1908.) 


13. Give a short account of the theory of the conductivity of solutions of 
salts and dilute acids, and mention the principal phenomena which are explained 
by the theory. (Lond. Univ. B.Sc. Hon. Ext., 1908.) 

14. Give an account of experiments to determine the transport numbers for 
ions in electrolysis. (Lond. Univ. B.Sc. Hon. Internal., 1909.) 


15. Show how the velocity of electrolytic ions in an electric field can be | 


calculated from measurement of the specific resistance, and of the transport 
ratio. 

Describe, mentioning necessary precautions, experiments by which this 
velocity is directly measured. (Lond. Univ. B.Sc. Internal., 1911.) 

16. What is meant by the term Solution Pressure used in connection with 
Voltaic cells? Show how an expression for the electromotive force developed 


\ 
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has been deduced through this conception. (Lond. Univ. B.Sc. Hon. Internal., 
1911.) 

17. Explain the meaning of the expression “‘w and v the mobilities of the 
ions in electrolysis.” 

Show that if in the electrolysis of a solution 10°36 x 10-° gram equivalents 
of each ion are liberated by the passage of an ampere for a second, 


u+v = 10°36 x 10-%/N 


when & is the conductivity of the electrolyte and N the number of gram 
equivalents of dissolved salt per cubic centimetre of the solution. (Lond. Univ. 
B.Sc. Ext., 1911.) 


Exampues VIII. 


1. What are the Peltier and Thomson coefficients and how are they repre- 
sented on the thermo-electric diagram? (Lond. Univ. B.Sc. Internal., 1919.) 

2. Give the theory of thermo-electromotive force, and show that the co- 
efficient of the Peltier effect 

di 

=, ar’ 

T being the absolute temperature of the junction, and E the whole E.M.F. 
acting in the circuit. (Lond. Univ. B.Sc. Hon., 1917.) 

8. Describe the Thomson thermo-electric effect, and give the reasoning 
which led to its discovery. (B. of E. 3, 1909.) 

4, Write a short essay on the use of thermo-couples to measure temperature, 
taking as an illustration of the method the determination of the temperature at 
which a molten mixture of two metals solidifies. (B. of E. 3, 1910.) 

5. Prove that the coefficient of the Peltier effect at a given junction is the 
product of the absolute temperature of the junction and the rate of change of the 
whole E.M.F. of the circuit with the temperature of that junction. (Lond. Univ. 
B.Sc. Hon. Internal., 1907.) 

6. What is meant by the specific heat of electricity? Assuming that the 
E.M.F. of a circuit of two metals with the cold junction kept at constant 
temperature varies with the temperature of the hot junction according to a 
parabolic law, show that the difference of the specific heats of electricity in the 
two metals is proportional to the absolute temperature. (Lond. Univ. B.Sc. 
Hon. Internal., 1908.) 

7. The thermo-electric power of iron is 1734 micro-volts per degree at 0° and 
1247 at 100°, that of copper is 136 at 0° and 231 at 100°. Construct a thermo- 
electric diagram for these metals, lead being the standard; and state how the 
amounts of heat absorbed and given out in the different parts of a copper-iron 
circuit with its junctions at 0° and 100°, when there is a current of 1 ampere, 
are shown in the diagram. 

Caleulate also the electromotive force in volts. (Lond. Univ. B.Sc. Internal., 
1911.) 

8. Explain clearly what is meant by the “specific heat of electricity.” 

Along a metal rod whose area of cross-section is 1 sq. cm. there is a uniform 
temperature gradient of 1°C. per centimetre. The specific resistance of the 
material of the rod is 150 microhms per cm. cube. When a current of 0:05 
ampere is sent from the hot to the cold end the temperature gradient is unaltered. 
Calculate the specific heat of electricity for this metal. (Lond, Univ. B.Sc. 
- Internal., 1910. : 

j 
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9. The E.M.F. in a simyle thermo-electric circuit, one junction of which 
is heated while the other is keptat 0° C., is given by the expression H = bt + cé?, 
where ¢ is the temperature of the hot junction. Determine the neutral tempera- 
ture, and the Peltier and Thomson effects in the circuit. 

Explain the theory on which these determinations are made. (Lond, Univ. 
B.Sc. Hon. Internal., 1911 ) 


Exampies IX, 


1. Distinguish between a ballistic and a dead-beat galvanometer. Describe 
some form of suspended coil galvanometer stating the conditions under which it 
is (1) dead beat or (2) ballistic. (B. of E. 2, 1905.) 

2. Deduce an expression for the work done in taking a unit magnetic pole 
round a closed contour embracing an electric current. The internal and external 
radii of an anchor ring are 9 and 10 cms. respectively. If the ring is wound 
with 1,000 turns of wire carrying a current of 2 amperes, find the magnetic 
intensity at a point 9°2 cms. from the axis. (Lond. Univ. B.Sc. Ext., 1922.) 

3. Prove the formula for calculating the magnetic field inside a long helix at 
points distant from the ends. Suggest a method for measuring the field inside 
experimentally. (Lond. Univ. B.Sc. Internal., 1905.) 

4, Find an expression for the magnetic potential at any point due to an 
electric current flowing round a closed circuit. Hence, or otherwise, calculate 
the galvanometer constant of the Helmholtz form of tangent galvanometer, in 
which two coils are placed parallel to each other at a distance apart equal to the 
radius of either. (Lond. Univ. B.Sc. Internal., 1908.) 

5. A solencid of 1,000 turns is wound uniformly in a single layer on a tube 
50 cm. long and 10 cm, diameter. Determine the strength of the magnetic field 
in C.G.S. units, (a) at the centre of the solenoid, (b) at the centres of ends when 
a current of 0°1 ampere flows through the wire. (Lond. Univ. B.Sc. Hon., 
1912. 

Gs oie electric current of one ampere flows round a circular metal ring, the 
radius of which is 10 cms. Determine,the strength and direction of the magnetic 
field at a point on the line drawn through the centre of the ring perpendicular to 
its plane and 10 cms. distant from the plane of the ring. (B. of H. 2, 1908.) 

7. Show that a uniformly magnetised sphere produces the same effect at 
external points as that produced by a small magnet at the centre of the sphere. 
(B. of E. 3, 1908.) 

8. Explain the method of measuring the earth’s magnetic field by means of 
an inductor and ballistic galvanometer. (Lond. Univ. B.Sc. Internal., 1919.) 

9. Two circular coils of wire are placed with their planes parallel to each 
other at a distance of 5 cms. apart. The larger coil has a radius of 10 ems. 
and 380 turns of wire, the smaller a radius of 2 ems. and 20 turns of wire. 
Calculate approximately in grammes weight the mechanical force between 
the coils when a current of 1 ampere is passed through both, proving any 
formula used. 

Show how the principles thus illustrated are applied practically in the 
ampere-balance, (Lond, Univ. B.Sc. Hon. Ext., 1906.) 

10. Find an expression for the mutual potential energy of a magnetic shell 
and an external magnetic system. Show that if the shell forms a closed surface 
it will exert no action on amagnet inside it, (Lond. Univ. B.Sc. Hon. Internal., 
1910.) 

11. Explain what is meant by a simple magnetic shell, and find the potential 
of such a shell at any point. 
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Calculate the magnetic force at a point inside a long solenoid of m turns per 
centimetre carrying a current of A amperes. (Lond. Univ. B.Sc. Ext., 1910.) 

12. Find the law of refraction of magnetic lines at a surface at which the 
permeability of the medium changes. 

Draw incident and refracted lines for media whose permeabilities are in 
the ratio 15, when the incident line makes an angle of 45 with the normal to 
the surface (a) in the medium (1), (6) in the medium (2). (Lond. Univ. B.Sc. 
Hon. Ext., 1910.) 


EXxAMPLes X. 


1. In what respects do the magnetic properties of iron and steel differ ? Define 
the terms intensity of magnetisation (1), induction (B), and magnetic force (H). 
How do you obtain the relation 


B=H 4+ 4rI, 


either theoretically or experimentally ? (Lond. Univ. B.Sc. Ext., 1907.) 

2. Show in what features a magnet circuit is analogous to an electric circuit. 
In what respects does the analogy fail? (Lond, Univ. B.Sc. Internal., 1907.) 

3. Show that the work per cubic centimetre performed in taking a specimen 
of iron through a cycle of magnetisation is represented by the area of the cycle 
upon the H—I diagram. Describe how the energy loss, due to hysteresis may 
be determined for a given material. (Lond. Univ. B.Sc. Hon, Internal., 1907.) 

4, Define magnetic induction B and magnetising force H, and give an 
account of an experimental method of determining their relation for a specimen 
of soft iron. (Lond. Univ. B.Sc. Internal., 1909.) 

5. Explain what is meant by residual magnetism, coercive force, permeability. 

Draw a curve showing the manner in which the magnetism induced in a soft 
iron rod varies as the magnetising field is taken through a cycle, and state in a 
general way how from this diagram you would obtain the residual magnetism, 
coercive force, and permeabflity of the iron. (B. of H. 2, 1911.) 

6. Define magnetic force H and magnetic induction B. Show that the 
energy per unit volume of the magnetic field between two plane poles is given by 


Gq (Lond. Univ. B.Sc. Ext., 1905.) 


7. Give an account of Ewing’s theory of magnetism. In what respect does 
it differ from Weber’s? (Lond. Univ. B.Sc. Hon. Internal., 1905.) 
8. Discuss the effects of and the methods of dealing experimentally with free 
magnetism in the measurement of magnetic permeability. [ind an expression 
for the effect of a thin radial crevasse upon the magnetisation of an anchor ring 
(Lond. Univ. B.Se. Hon, Internal., 1906.) 
9. What is the general character of the magnetic permeability of iron (a) in 
very strong, (>) in very weak fields? How has the latter been experimentally 
investigated? (Lond. Univ. B.Sc. Hon. Internal., 1906.) 
10. What is meant by hysteresis, and by a cycle of magnetisation ? 
Prove that the area of the H, B cycle denotes 4m times the energy dissipated 
per .¢, of metal during each magnetic cycle. (Lond. Univ, B.Sc. Internal., 1910.) 
11. A long solenoid of ten turns to the centimetre contains an iron rod 2 cm. 
diameter cut in two. Find the force necessary to separate the two halves of 
the rod when a current of 3 amperes is flowing in the solenoid; given that on 
‘reversing this primary circuit 60 micro-coulombs flow through a secondary 
circuit of ten turns wound round the iron rod, and haying a total resistance of 
100 ohms. (Lond. Univ. B.Sc. Internal., 1911.) 


as 
i; 
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12. Describe the effect of temperature on (1) the magnetic permeability of 
iron under small magnetising forces; (2) the maximum intensity of magnetisation 
of the iron. (B. of E. 2, 1905.) 

18. Describe the ballistic method of determining the relation between the 
magnetisation and the magnetic force of iron in the form of a ring. (B. of 
E. 3, 1905.) 

14, Explain, in detail, some method of measuring the energy lost through 
magnetic hysteresis, and describe some of the principal results of experiment. 
(B. of E. Hon, I., 1906.) 


Examries XI, 


1. Define the coefficient of self-induction of a circuit. Calculate approxi- 
mately the coefficient of self-induction of a long straight cylindrical solenoid of 
radius 7 and length 7, wound uniformly with N turns of wire per unit length. 
(B. of E. 3, 1906.) 

2. Discuss the production of electric oscillations in a circuit containing 
capacity and self-induction, and find the effect of damping on the frequency. 
(B. of E. Hon. 3, 1906.) 

3. Describe some accurate method for the measurement of a high resistance. 

A condenser of capacity 0°5 microfarad and resistance 10 megohms is charged 
to a certain potential and then insulated. Find the time the potential will take 
to fall to half its original value (loge 2 = 0°6931). (Lond. Univ. B.Sc. Internal., 
1922.) 

4, Define “self-inductance of a circuit,” and describe in detail any two 
phenomena which depend upon it. (Lond. Univ. B.Sc. Internal., 1905.) 

5. Establish the equation representing the discharge of a condenser through 
an inductive circuit. Under what conditions will the discharge be oscillatory ? 
Determine the frequency of the oscillation in the case of a Leyden jar of 
capacity 0:001 microfarad, discharged by “‘ tongs,” the circuit having an induct- 
ance of 0°003 henry. (Lond. Univ. B.Sc. Hon., 1917.) 

6. Assuming the equation 

R=H- Sr 
for the current ¢ in a solenoid of m turns wound round a long iron bar of section §, 
show that B = H + 4zI, where I is the intensity of magnetisation of the iron and _ 
H the magnetic force due to the current in the solenoid. (Lond. Uniy. Ext. 
Hon., 1908.) 

7. A solenoidal coil 70 cms. in length, wound with 30 turns of wire per 
centimetre, has a radius of 45 ems. A second coil of 750 turns is wound upon 
the middle part of the solenoid. Calculate the coefficient of self-induction of the 
solenoid and the coefficient of mutual induction of the two coils, Will the 
inductance of the solenoid be affected by short circuiting the ends of the secondary 
coil? (Lond. Univ. B.Sc. Internal., 1909.) 

8. Find whether the discharge of a condenser through an inductive circuit is 
oscillatory when _ 

(a) Capacity = 2 microfarad, L = 0°15 henry, and R = 150 ohms 

(b) C2=itom-,; L=0015 hy., and R = 1000 ohms 

(c) Ci LOmeamet, L = 0:0125 hy., and R = 100 ohms 
and when oscillatory, find the frequency. 

9. Find approximately the frequency of oscillation when a condenser of 0°75 
microfarad capacity discharges through a circuit consisting of a solenoid of 1200 
turns and length 80 cms, wound upon a long iron rod of diameter 0°75 cm. and 
permeability 850. 
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Examptes XII, 


1. Two points, to which an alternating E.M.F. is applied, are connected by a 
circuit containing capacity and inductance: describe a graphic method by which 
the current and its lag behind the E.M.F. may be determined. 

Example.—E.M.F. = 200 volts, frequency = 50, resistance = 10 ohms, 
inductance = 0°1 henry, capacity = 1 microfarad. (B. of E. 3, 1905.) 

2. Distinguish between the mean value and the root mean square value of an 
alternating current, and find the relation between them. [ 

Prove that the power absorbed by a coil traversed by an alternating current 
is EC coe 6, where E and C are the root mean square values of the E.M.F. and 
current respectively, and @ is the difference in phase between these two quantities. 
(B. of E. 3, 1908.) 

3. Find an expression for the current at any moment in a circuit of given 
resistance and self-inductance when subject toa simple harmonic E.M.F. (B. of 
E. Hon. I., 1908.) 

4, An alternating E.M.F. is applied to a circuit A. Show that the presence 
of a neighbouring circuit B has the apparent effect of increasing the resistance 
of A and diminishing its self-induction. (Lond. Univ. B.Sc. Hon., 1922.) 

5. Explain how telephone currents may be measured experimentally. What 
function of the current is it that is directly determined? (Lond. Univ. B.Sc., 
1904. 

6. Describe Kelvin’s ampere-balance, and explain its advantages asa standard 
for calibrating ammeters and voltmeters for alternating currents. (Lond. Univ. 
B.Sc. Hon. Ext., 1907.) 

7. Explain the apparent increase in resistance of a wire with the frequency 
for a rapidiy alternating current. (Lond. Univ. B.Sc. Hon. Internal., 1907.) 

8. Describe the construction of an electrostatic voltmeter. An electrostatic 
voltmeter gives deflections of 15,18, and 21 scale divisions for constant potentials 
of 50, 60, and 70 volts respectively. What deflections will be produced by an 
alternating electromotive force E sin pt (a) when the amplitude E is 70 volts, 
and (6) when E is 90 volts? (Lond. Univ. B.Sc. Ext., 1908.) 

9. Show that two alternating magnetic fields at right angles to each other 
may be made equivalent to a rotating field, and explain how this has been utilised 
in the construction of electric motors. (B. of E. Hon. I., 1910.) 

10. What is meant by impedance? Show how to calculate the current 
which passes through a circuit on applying a given alternating E.M.F,, the 
resistance and inductance being known. (B. of E. Hon. I., 1910.) 

11. Describe a method of measuring the self-induction of a coil depending 
on the use of an alternating current, particularly mentioning any precautions 
necessary to secure correct results. (B. of E. Hon. I., 1910.) 

12. What is an alternating current? Describe some type of instrument 
suitable for measuring it. 

An incandescent lamp is joined in series with a 4 microfarad condenser to an 
alternatirg supply of 50 cycles per sec. If the current is + ampere and the 
potential difference across the lamp terminals is 100 volts, what is the supply 
voltage? (Lond. Univ. B.Sc. Internal., 1921.) 

13. Discuss the difficulties encountered in making an accurate determination 
of the power given to an inductive circuit such as the primary of a transformer, 
and describe some satisfactory method of making the measurement. (Lond. 
Univ. B.Sc, Hon. Ext., 1909.) 

. 14. An alternating E.M.F’, of 200 volts and 50 periods per second is applied 
to a condenser/in series with a 20 volt 5 watt metal filament lamp. Find the 
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capacity of the condenser required to run the lamp. (Lond. Univ. B.Se. Hon. 
Internal., 1910.) 

15. Show how the closing of the secondary circuit affects the phase and 
current in the primary of an ironless transformer due to an applied alternating 
electromotive force. (Lond. Univ. B.Sc. Hon. Internal., 1911.) 


Examries XIII. 


1. Describe carefully one method for determining the ohm in absolute 
measure. (B. of E. Hon. II., 1908.) 

2. What is meant by the expression “the dimensions of a «physical 
quantity ” ? 

Taking as your fundamental quantities time, length, and force, deduce the 
dimensions of energy and electrostatic potential. (Lond. Univ. B.Sc. Ext., 
1905.) 

8. Find the dimensions in mass, length and time, of electric current, 
capacity, and inductance, on both the electrostatic and the electromagnetic 
systems. What important relation involving » and « can be deduced from these 
expressions? (Lond. Univ. B.Sc. Hon. Subsid., 1922.) 

4. Determine the dimensions of electric resistance in electrostatic and in 
electromagnetic units, and the condition of their identity. (B. of EH. 3, 1905.) 

5. Give Lorenz’s method of determining the ohm in absolute measure, and 
describe in detail the apparatus required for the purpose. (B. of E. Hon. L., 
1906. 

6. aa the dimensions of the quantity ku where « denotes permeability 
and & specific inductive capacity. How is the value of the quantity 4 practically — 
determined? (B. of E, 3, 1907.) 

7. How is it that the ratio of the electromagnetic units to the electrostatic 
units is so intimately connected with the velocity of light? (B. of E. Hon. L., 
1908.) 

8. Describe some one method of determining experimentally the quantity “v” 
involved in the ratio of the two systems of electric units, explaining the precau- 
tions necessary for an accurate result. (Lond. Univ. B.Sc. Hon. Ext., 1906.) 

9. Describe some methods by which the units of current and electromotive 
force may be found in the electromagnetic system. (Lond. Uniy. B.Sc. Ext., 
1907.) 

10. According to the usual definitions, the dimensions of capacity on the 
electromagnetic system are those of the reciprocal of an acceleration, while on 
the electrostatic system they are simply a length. Show how these results are 
obtained, and explain the apparent discrepancy. (Lond. Univ. B.Sc. Internal. - 
1908.) 

11. Define the terms—magnetomotive force, magnetic flux, and reluctance of 
a magnetic circuit. Find the dimensions of these quantities. (Lond, Univ. 
B.Sc, Hon. Internal., 1909.) 


Exameies XIV. 


1. How has it been shown experimentally that the current in discharging a 
condenser may be alternating in character ? 

Explain shortly how this ‘fact has been utilised for telegraphing through pee 
without wires. (B. of EH. 3, 1910.) 

2. Write a short essay on the production of tuned trains of electrical. waves 
and their employment in wireless telegraphy. (B. of E. Hon. I., 1911.) 
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8. Give a short account of how the wave-length of electromagnetic waves in 
air has been determined. (Lond. Univ. B.Sc. Internal., 1906.) 

4. What method would you adopt to determine the dielectric constant of a 
slightly conducting liquid? (Lond. Univ. B.Sc. Hon. Internal., 1907.) 

5. Explain the conditions necessary for periodic electromagnetic disturbances 
to be transmitted through a cable without distortion. (Lond. Univ. B.Sc. Hon., 
1912.) 

6. An electric current oscillates in a circuit, the frequency being of the order 
10°. How would you determine the strength of the current? (B. of E. 3, 
1908.) 

7. Prove that in a plane electromagnetic wave both the electric force and 
the magnetic force are in the wave front and in directions at right angles to one 
another. (B. of E. Hon. L., 1908.) 

8. Show that the discharge of a condenser is in general oscillatory, and 
describe one method by which the period of the oscillations may be measured. 
(B. of E. Hon. L, 1909.) ~s; 

9. Describe experimental methods of finding the velocity of electomagnetic 
waves along wires. (Lond. Univ. B.Sc. Hon. Ext., 1907.) 

10. Write down the fundamental equations of the electromagnetic field, and 
deduce from them the velocity of propagation of a plane electromagnetic wave in 
a medium of dielectric constant & 88 permeability ». (Lond. Univ. B.Sc. Hon. 
Internal., 1907.) 

11. Describe the production of electromagnetic waves by means of Hertz’s 
oscillators, and show that there is necessarily a relative change in phase of the 
electric and magnetic components accompanying the progress of the disturbance 
outward from the oscillator. (Lond. Univ. B.Sc. Hon. Internal., 1907.) 

12. Describe any three methods of detecting electric oscillations, and discuss 
their relative advantages. (Lond. Univ. B.Sc. Hon. Internal., 1908.) 

18. Write down and criticise the expressions usually employed to represent 
the electrostatic and electrokinetic energy in an electromagnetic field. 

Deduce Poynting’s method of representing the flow of energy in the field. 
(Lond. Univ. B.Sc. Hon. Ext., 1909.) 

14. Show that the magnetic effects of a current may be regarded as due to the 
motion of the Faraday tubes, and find the paths along which the energy travels. 
(Lond. Uniy. B.Sc. Hon, Internal., 1910.) 


EXAMPLES XY. 


1. Describe experiments which show that the cathode rays are small particles 
charged with negative electricity. How has the velocity of these rays been 
determined? (B. of E, 3, 1906.) 

2, Describe some method of measuring the velocity of the ions in gases, 
(B. of i. Hon. I., 1906.) 

3. Giye a brief account of the principal phenomena of cathode rays, and 
explain how the charge carr ied has been experimentally determined. (B. of E. 
Hon. Il., 1907.) 

4, Give an account of some recent determination of e the electronic charge, 
and give the theory of the method. 

‘Taking e as 4°7 x 107° electrostatic units, the electrochemical equivalent of 
Teese as 00000104 gm. per coulomb, and the standard density of hydrogen 

as 000009 gm, Por c.c., estimate the number of molecules per c.c. of hydrogen 
under standard t mperature and pressure. (Lond. Univ. B.Sc. Hon., 1917.) 
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5. Give a short account of the principal phenomena to be noted in connec- 
tion with the passage of electricity through gases at reduced pressures. (B. of 
E. 3, 1911.) 

6. How may the electrical conductivity of an ionised gas be determined ? 
What is meant by the saturation current? (Lond. Univ. B.Sc. Ext., 1905.) 

7. Describe the general character of the discharge in a partially exhausted 
tube. (Lond. Univ. B.Sc. Hon. Internal., 1905.) 

8. Give two methods of finding the ratio of electric charge to mass in the 
case of an ion in a gas. (Lond. Univ. B.Sc. Hon. Internal., 1906.) 

9. Find the conditions that the effect of a charge situated upon a small 
spherical drop shall be equal and opposite to that due to surface tension. (Lond. 
Univ. B.Sc. Hon. Internal., 1906.) 

10. A small mass m moves with speed v into (a) a magnetic field, (b) an 
electric field, each field being perpendicular to the initial direction of motion of 
the charge. Find the path of the charged particle in each case and explain how, 
by arranging the fields in a suitable manner, the quotient e/m may be found. 

How have such methods been applied to the resolution of isotopes? (Lond. 
Univ. B.Sc. Hon., 1921.) 

11. Give several well-established examples of isotopes, and indicate the physical 
means by which they were discovered. (Lond. Univ. B.Sc. Subsid., 1921.) 

12. Explain the diffraction of X-rays by a crystal. Examine especially the 
case when parallel atom planes are of alternating strengths and spacings, and 
give examples. (Lond. Univ. B.Sc. Hon., 1922.) 

13. Explain the method by which an absolute determination of an X-ray 
wave length has been made. (Lond. Univ. B.Sc. Hon., 1922.) 


Exampies XVI. 


1. Write an essay on radium, in particular discussing the changes which this 
substance is supposed to undergo. (B. of E. Hon. I., 1908.) 

2, Describe experiments by which the nature of the rays emitted by radium 
can be determined. (B. of E. Hon. I., 1911.) 

3. Give an account of the various kinds of radiation emitted by a solid com- 
pound of radium, explaining how the properties of the different rays may be 
investigated experimentally. (Lond. Univ. B.Sc. Hon. Ext., 1906.) 

4. Give an outline of the theory of the disintegration of radioactive materials, 
and deduce equations showing the amounts of two consecutive products present 
at any time subsequent to the isolation of the higher product. (Lond. Univ. 
B.Sc. Hon. Internal., 1909.) 

5. Find by calculation the expression for the growth of a radioactive substance 
(a) when the parent substance undergoes very slow transformation, and (b) when 
the parent substance is one whose decay is rapid. (Lond. Univ. B.Sc. Hon. 
Subsid., 1922.) 

6. Describe a method of determining the quotient of the mass by the charge 
of an electron. 

Show that the value of this quotient may depend on the velocity of the 
electron, and describe experimental work dealing with this effect. (Lond. Univ. 
B.Sc. Hon. Ext., 1909.) 


Exampies XVII. 


_ 1. Write an essay on the application of the electron theory to the explana- 
tion of electric conductivity. (B. of E. Hon. 1., 1907.) 
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2. When radiation of frequency n falls on matter electrons are given out 
possessing a maximum velocity given by the formula: 


dmv? = h(n — n) 


Explain how this has been verified. 

Radiation falls on a target within a solenoid of 20 turns per cm., carrying a 
current of 24 amperes. The electrons then move in circles, the largest of which 
pseh of radius 1 em. Find the frequency of the radiation assuming ‘the following 

ata :— 
e/m = 1°77 x 107 em. units. h = 6°55 x 10-*' ergs.-sec. 
m='9 x 10-7 gm. NM = 


(Lond. Univ. B.Sc. Hon., 1922.) 

3. Explain why there is an apparent increase in mass produced by charging 
a body with electricity. (B. of E. Hon. I., 1908.) 

4, "Find the magnetic field due to a point charge moving with uniform 
velocity ; the velocity of the point being small compared with that of light. 
(B. of E. Hon., 1905.) 

5. Give a short account of the Zeeman effect, and of its explanation on the 
electronic hypothesis. (B. of E. Hon. I., 1909.) 

6. Give an account of Bohr’s theory of atoms, considering more specially the 
hydrogen spectra. (Lond. Univ. B.Sc. Hon., 1921.) 

7. Distinguish between diamagnetic, paramagnetic and ferromagnetic sub- 
stances, giving the characteristic differences which make it necessary for these 
divisions. (B. of E. Hon. I., 1911.) 

8. Give a theory of the production of Réntgen rays, and discuss how it 
explains the leading experimental results. (Lond. Univ. B.Sc. Hon. Ext., 1909.) 
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